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PREFACE 


The papers in this third volume of Contributions fall under two 
distinct categories. The second beginning with the paper by Hufford, to 
the end of the collection, consists of contributions by Hufford, Dlliberto 
and students of the latter, essentially on biperlodlc systems. This part 
of the volume offers a certain degree of homogeneity and may be left to 
speak for itself. 

The first category is more heterogeneous. In the paper by Seifert 
there is discussed an equation arising in the study of the oscillations of 
a synchronous motor about its average velocity. 

L. Markus considers the equation 
X » f(x; t) 

(x, f are n-vectors) where f(x; t)-► f (x) as t —► + «> and compares 

initial and limiting systems. 

Pinney attacks the problem of "practical” determination of os¬ 
cillations in n-th order systems. 

The paper by Violet Haas deals* with the general problem of ap¬ 
proach of a solution of 


€X + f(t, X, X, e) = 0 

as €-► 0 to a solution of 

f(t, X, X, 0) = 0. 

Gomory's paper is a contribution (the first so far) to the re¬ 
lation between the critical points at infinity of a system 

, X = X(x), (x, X are 2-vectors) 

and the periodic solutions of 

A = X(x) + E(t) 

where E is a periodic vector. He also analyzes the behavior in the large 


V 
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Of the solutions of 


X + r(x)i + g(x) « 0 

where f and g are polynomials with degree f > degree g, and applies 
this to periodic solutions of the same system with a periodic rlg^t 
handsIde. 

Baroclo fully analyzes the critical point at the origin of a 

system 

X « X(x, y), y * Y(x, y) 

where X, Y are analytic and have first degree terms whose coefficient 
matrix, although not zero, does have both characteristic roots zero. 

Felix Haas studies equations on a two-dimensional manifold with 
vector not necessarily a gradient, and obtains relations extending those 
of Morse for the gradient case. These relations involve not only the 
numbers of critical points but also the numbers of limit■>cycles of various 
types. 

A nmber of the papers of this collection have been written under 
sponsorship by certain governmental agencies. The nature of the agency and 
the contract number are Indicated in each case. 


Solomon Lefschetz 
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I. A ROTATED VECTOR APPROACH TO THE PROBLEM OP STABILITY 
OP SOLUTIONS OP PENDULUM-TYPE EQUATIONS 

George Seifert 

We consider the differential equation 

( 1 ) ^ + f(e, a)^ = g(e) 

dt^ dt 

where 

(i) f(e. Of) is defined and has continuous second partial 

derivatives for a > 0 , - oo<0<oo, and in this domain 

f(e, a) > 0, -^ > 0 , 
and f(e + 2 n, a) - f(e, a). 

( 11 ) g(e) has continuous second derivatives everywhere, 
g( 6 ) = g(& + 2 it), g( 0 ) has zeros for each of 

which g*(ej^) / 0 , and 

2k 

J g(e)de > 0 . 
o 

This equation, of the so-called pendulum-type, arises in the study 
of the oscillations of a synchronous motor about its average angular 
velocity [i]. If it has a solution e(t, of) such that if a) » 

y » Of) is periodic in 0 with period 2 k, then e(t, of) will be 

called a periodic solution of the second kind of Eq. (i). With respect to 
the performance of the synchronous motor such a solution woxild correspond 
to a continuous slipping of the rotor; that is, asynchronous performance. 

It is known [3] that for fixed of if such a solution exists, it 
is unique and its time derivative is non-negative, while if no such solution 
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exists, then each solution of Bq. (i) tends to a finite limit as t — 
i.e., is stable. 


Define the set L* to be the set of 
solutions of the second kind of Eq. (i) exist, 
functions y(e, a) = where e(t, a) 

Eq. (1 ) of the second kind and where or e L*; 


Of for which periodic 
Define the class P* of 
is a periodic solution of 
i.e.. 


Po - U y(e> «); 

ofeL* 


denote by Pg the subset of P* consisting of the positive functions of 

P* and by L the subset of L* for which y( 0 , a) c P^ exist. 

In this paper a method analogous to that of rotated vector fields 
used by G. P. D. Duff ik] is used to obtain information on the structure 
of the set L*, primarily with respect to upper botinds. In Part i we show 
that L* is an interval, that the functions y( 0 , of) c Pg move 

analytically as a ► 0 , a e L*, and obtain an equation for 

in terms of y(e, a) for y(e, a) € Pg. In Part 2 the special case 
f( 0 , a) = af(e) is considered, and using the results of Part 1 , a method 
is given such that corresponding to a known of t L, an upper bound of* 

on the set L can be determined; i.e., a value of* can be determined such 

that for a > a*, all solutions of Eq. (i) will be stable. 

Our point of departure is the equation of the phase trajectories 
of Eq. ( 1 ): 

(2) y.(e, 

y( 0 ,a) 
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obtained by putting = 7 ^ noting that ^ = g( 0 ) - f(e, of)y from 
Eq. (l ), and dividing the latter equation by the former. Here, as in what 
follows, the prime denotes differentiation with respect to the first indi¬ 
cated variable. 

The singularities (in the sense of Poincare) of Eq. (2) consist 
of the points (0^, 0) of the phase plane (0, y), the 0^^ being the 
zeros of g( 0 ). We note that as a consequence of condition g'( 0 j^) ^ 0 
for each 0 ^, the number of zeros of g( 0 ) in (o, 2 jt) is finite. An 
analysis of these singularities shows that the points (®2l^ which 

> 0 are saddle points, each other singularity being either a focus 
or a node. 

Since the functions f( 0 , of) and g( 0 ) have period 2jt in 0, 
a cylindrical phase space (see Mlnorsky [5) pp» 116-117) may also be used. 
On it, the phase trajectories of Pg solutions are closed c\irves en¬ 
circling the phase cylinder and the Bendixson criteria for existence of 
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Closed phase trajectories become applicable. In view of the fact that 
Americas work [3] to which we will frequently refer, employs the usual car¬ 
tesian phase plane, we will suggest the use of cylindrical phase space in 
an auxiliary capacity only. 

Part 1; The General Case 

We shall assiane in this case that the set P^ is non-void and be¬ 
gin by proving two non-Intersection theorems for integral curves of Bq. (2) 
corresponding to distinct values of of. 

THEORSM 1.1. Let <0^2, and y(e, ) and y(a, ) 
be solutions of Eq. (2) positive on a < 0 < b such 
that y(a, a,) > y(a, a^). Then y(0, ) > y(e, ce^) for 

a < 0 < b. 

PROOF. Suppose c to be the smallest value of 0 in (a, b) such that 
y(c, ) = y(c, a^). Prom Eq. (2), y‘(c, a, ) - y'(c, a^) . f(c, a^) - 

f(c, ) > 0; l.e., y’(c, ) >y'(c, a^). Since y(d, ) and y(0, ) 

have continuous derivatives for a < 0 < b, this is Impossible. 

THEOREM 1.2. Let and y(0, ) and y(0, 

solutions of Eq. (2) positive on a < 0 < b. Then the in¬ 
tegral curves of y(0, ) and y(0, a^) cannot be tan¬ 

gent nor Intersect more than once in this Interval. 

PROOF. If at 0 » c, a < c < b, we have y*(c, ) = y'(c, a^) and 

y(c, a^) = y(c, ofg)/ an impossibility. Hence the integral curves cannot 
be tangent. If there are two points of intersection, then at one of these 
two points, say 0 = c^, we must have y»(c^, a^) < y'(c^, a^), which 
implies f(c^, ) > f(c^, cx^), a contradiction. This conpletes the proof. 

The next theorem shows that each integral ciirve of a P^ function 
has a neighborhood, each point of which contains an Integral curve correspond¬ 
ing to another Pg function, and that in this neighborhood the Pg curves 
vary analytically with a. 

We shall need the following 

LEMMA. Each Pg solution of Eq. (2) is stable; i.e., 
given 0Q and 7 ^( 6 , cx) e Pg, there exists an e > 0 
such that if ly(eo, a) - y^Ce^, Qf)| < c where 
y( 0 . Of) is a solution of Eq. (2), then 

11m |y(0, a) - y (0, a)| = 0. 

0 -». « o 

PROOF. Let i(e, a) - y(0, or) - y^Ce, a). Then for |e| small, the well- 
known equation for this first variation 5 is 
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Of) » —i(e# Of) 


from which we obtain 

S(0, Of) » c exp 



g(t) 

yo(t,o[) 


dt 


But since g(e) = 7q(^> «) + of)y^(e, a), we have that 


i (e. Of) 




exp 


Hence S(0, a) -► 0 for 0 ->«. 


/ 


f(t,Qf) 1 

-dt . 

7 Q(t,(x) J 


THEOREM 1.3* Let 7 q(s, a^) e and 0^ be fixed; 

then there exists an > o such that to each c, 

lei < there corresponds an a » a(€) and a 

y(e, «(€)) € Pg for which yCe^y of(€)) = 7(^Qf 
the ofCc) being differentiable for Icl < e^. 


PROOF. We shall prove the theorem only for lower neighborhoods. The 
corresponding proof for upper neighborhoods follows along the same lines 
and will be omitted. 

Let a > Oq and denote by y(e, of, e) the solution of Eq. (2) for which 
y(0. Of/ €) - 7o(^of Qfo^ “ € > 0 . Define h(e, of, e) * yo(ey - 

y(0, Qc, e) and note that for of - of^ and c sufficiently small, 
h(e. Of, c) is defined and hence differentiable with respect to each vari¬ 
able for ©Q < 0 < ©2 ^ ®o ^ what follows, these restrictions on 

a and c are presumed. 

We show first that ^(eg, a, €) > o. By Eq. ( 2 ) 

h’(0. Of, €) « —-f(e, a )-— + f(0. Of). 

yo^®'®o^ y(©>Qf,€) 


Differentiating with respect to a, we have, after changing the order of 
differentiation on the left. 


— Ti(0, Of, c) + — ( 0 , a) 


y^(0,cif,€) 


hoc 


(3) 


Tj’(0, a, 6) 
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where Tj(e, of, c) = ^ h( 0 , oc, c). Miiltlplylng Bq. (3) by the usual In¬ 
tegrating factor, and integrating from e to 0 g we obtain 


nCOg, Of, €) exp [-/ G( 0 , Of, €)d 0 j - 

®o 

(^) 

®2 0 

- J H [ - J* G(t, Of, €)dt jde 


where G( 0 , a, €) = g( 0 )/y^( 0 , or, e ). Since by Theorem 1.1 y( 0 , of, e) < 


Yo(e, 

Qf^) for 0 < 0 < 

0 N vJ “ — 


and 

since 

e) = 0 , 

we have 

that 

n ( 02 ^ 

= -35 “ 

, e) > 0 . 

Now for fixed 

“1 > “0 

we have 


h( 02 > 

Qf^, 0 ) - h( 02 , 0 ^ 0 ^ 

0 ) = 

h (02 

’ “1' 

i. 

0 )](o^ - 

“o>> 

where 

1 = |(Qf^, QTq) is 

such 

that 

ot^ < 1 < a, . 


h( 02 ^ i, 

0 ) = 

Mo( 5 ) 

and note that 

( 1 ) > 

0 . 

Since h( 02 , o:^ 

, € ) Is 

continuous in 

there 

exists an ^ 

such 

that 

€0 < Mq(s)( 0 !, 

- “0^/2 

and for 

€ < 


(5) h(02, a^, €) > — (a^ - of^) > > e. 


If, now, is sufficiently small, we also have for e < h(02, of^, e) 

7 q^^ 2 * “o^ ” of^, €) < €; for if not, h( 0 , of^^, €> would not tend to 

0 for 0 -► w as is required by the lemma. (On the phase cylinder, the 

curve of y( 0 , e) must move up after one circuit in the positive 9 

direction in order that it approach the closed curve of yQC^^ Qf^) for 

0 ->00.) Hence for sufficiently small corresponding to each e, 

0 < € < there exists an or = Qr(€) > such that h(02, Qr( 6 ), c) = €. 

This shows that y( 0 , ^(c), e) € P^- 

That this aCc) is differentiable for 0 < e < is a consequence of the 
implicit function theorem. This completes the proof. 

From this last theorem we see that L is open; the next theorem 
shows that the set L is an Interval, not necessarily finite, and that for 
fixed 0 , y( 0 , a) € Pg is a strictly decreasing function of a for 

or € L. 


THEOREM If y( 0 , a^) € P^, then for any of, 

0 < Of < Qf^, there exists a y( 0 , a) > y( 0 , or^) such 
that y( 0 . Of) € Pg; i.e., if of^ € L, then the in¬ 
terval 0 < Of < Qf^ is contained in L. 
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PROOF. Fix 0 “ ^ consider the solution of) of 

Bq. (2) such that 7q(s^, of) » ®o^‘ Since fie^, of) < f(e^, a^) 

we have of) > y'( 0 Q> cf^)* Hence, by Theorem 1.2, we must have 

7 q(Qq + 2 rt, Of) > y( 0 Q + 2 rt, of^) = yCe^, of^) = y^Ce, a). From this we con¬ 
clude that there exists a j(e, a) c (Of. [2], [3]); and since the 
curves of Pg functions cannot intersect by Theorem 1 . 2 , y( 0 , of) > 7{&} of^ 

This proves the theorem. 

This theorem shows that the function ofCe) determined in the 
proof of Theorem 1.3 is strictly decreasing; hence has an inverse e(of) 
which is also strictly increasing and differentiable and may be defined by 
the equation: €(of) » yC^o^ «) - y(®o^ *^0^^ °^o^ 

each of class P^ and jof - of^j < 8 ^, 8 ^ sufficiently small. 

Consider now the function €*(of) = y( 0 Q^ of) - y(®Q^ 
y( 0 , Of) and y( 0 , of^ ) of class P^; of^ € L is fixed and or € L is the 
variable. Suppose at of = e L, €*(of) is not differentiable. By 
Theorem 1.3 €(a) » 7 (^Qt Qf) - differentiable with respect to 

Of at Of = of^; but €*(of) = tyCSo' “ 

y(0Q, of^)] = €(of) + C where C is independent of of, and we conclude 
that €*(cf) is differentiable on L. 

We now consider the set L*. Clearly, if L is the interval 
0 < a < “, then since L C L*, we have L = L*, and everything we have 

proved for the sets L and P^ holds also for the sets L* and P|. 

Suppose now L is bounded, let of^ be its least upper bound. 

If y € P^ then for each 0 , lim y( 0 , a) = y*( 0 ) exists. 

Of —> Of - 

Suppose first y*( 0 ) > 0 for all 0. Consider the solution 

7 o^^> " y*(®o^* + Q')" 

yQ( 0 Q + a, Qf^) = € > 0 for some positive a < 2 n, then there exists an 

Of € L so close to of^ such that if y(0, of) c Pg and y(0Q^ a) = 7Qf 
the solution y^ ( 0 , of^) for which y^ of^) ^ 7q will be such that 
y^(0Q + a, of^) - yQ(0o + a, Qf^) < I , and that yCe^ + a, of) - 

y^(0Q + a, a^) < j • Hence y*(eo + a) - y^C^Q + a, of^) < y(0Q + a,Q!)- 

7 ^( 0 ^ + a, of^) < €, a contradiction. Suppose now that for some positive 
b < 2jt, 7q(^q + h, a^) '',y*(0Q + b) > €^. This is also impossible since 
we can find a y(0, or) € Pg with a e L so close to of^ that y(0, of) 
must Intersect y^C^^ of^) at some point 0 = 0 ^ + c,, 0 < c < b; this 
is impossible by Theorem 1 . 1 . 

Hence we can only conclude that yQ( 0 > Qf^) * y*( 0 ); l*e., 

ofQ e L, which is a contradiction, since L is open. 

Thus we see that y*( 0 ) > 0 is impossible; i.e., y*( 0 ) must 
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have zeros. Since the slope of solutions of Bq. (2) on the line y * 0 is 
00 or undefined except at the saddle points, the zeros of y*(e) must 
clearly he found among these saddle points. If we denote one of the zeros 
of y*( 0 ) by e^, then the solution 7 ^( 0 , for which ° 

can be shown to be coincident with y*(e) in a manner similar to that of 
the previous case. Hence e L*, and y*(e) e P*. 

Suppose now that for some of^ > of^, € L*. Then the corre¬ 
sponding y(e, ) € P* must also have a zero at the saddle point 8 = e^. 
The slope of the Integral curve of y(e, ) approaches the value 


-f(e^,a^) - ^f^(e^,a^ )+ 4 g»(e^ ) 


as 8 -> 8 ^ from the left. Since this is less than the slope of 

y*(0) = 7 Q(^f defined above, it follows that for values of 8 < 8 ^, 

y( 8 , ) must pass above 7 Q(^f Hence there exists a solution 

y( 8 , a) € Pg whose curve is intersected by y( 8 , oc^ ) twice. This is im¬ 
possible by Theorem 1.2. Hence an such that € L* is 

impossible. 

We can now assert that if L is bounded, then L* simply con¬ 
sists of L plus its least upper bound also that in this case P* 

consists of Pg plus a periodic solution of Eq. (2) which has zeros. 

The next theorem gives an expression for 
y(e. Of) e P^. 

THEORM 1 . 5 * Let y(e, a) € P^. Then for 0 = 0 ^, 




^ y( 0 ,a)E( 0 ,a) f( 0 ,a)d 0 

E(02,of)”‘' 


where = ©q + 2 n, and 


0 - 

E(e, or) . exp [ J dt ] . 


PROOF. If we put Ti(0, Of) = y(®> or), differentiate Bq. (2) with 

respect to of, and interchange the order of differentiation on the left, 
we obtain 
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Ti'(e, Of) = —■ ■ Tj(e, a) - — {e, a), 
y (d,a) da 


Multiplying this equation by the usual integrating factor, and integrating 
from ©Q to Sp, we obtain 


( 7 ) 




a) exp 


/ 

( 


j 


y^(e,cc) 


8a 


exp 





I 

y^(t,a) 


a) 


dt 


de. 


Since r\{ 9 ^, a) = since, as before. 


f' dt = log - 2 ii^ + r dt; 

y (t,Qf) fi y(t,a) 


we obtain, solving Eq. (?) for nC^o' ” 'Sa ^^®o' 


f y(e^, or) 
da 


y(©, 


I- / 


^ y(e,a)E(e,a) f(e,a) 
E{e^,a)-^ 


de 


from which Eq. ( 6 ) follows easily. 

COROLLxARY. Let y( 0 , a) € P^, M, (a) = max [g(e)/f(e, a)], 

^ ' e 

M2(a) = max f (e, a) j , 


and 


then 


E- = exp [—^- ( f( 0 , a) de ; 

' Lm, (a) J- J 


( 8 ) 


. t«M, (a)M„(o)E, (a) 

Ay'2(e, „) >-!-^- 

8a E^(a)-l 


PROOF. We show first that if y(e, a) e Pp, then y( 0 , a) < M^(a). Con¬ 
sider the graph of y = g(0)/f(e, a) in the phase plane. In the region 
R^ of the phase plane bounded by this graph and in the 0 axis, the phase 
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trajectories have positive slope; on the graph the slopes are zero, and 
elsewhere the slopes are negative. Let be a value of e at which 
g(0in)/f (®ni' Of) * (or) and suppose 7(6, of) € Pg Is such that 

y(e^. Of) > M^(Qf). Then clearly yCe^jj - 2 n, a) > y(0jQ^ oc), which is a 
contradiction. This shows that y(e, of) < M^(of). 

To complete the proof we note that 



Of) — f(d, of)de < 2jtE(02, 
da 


cr)M^ (Qf)M2(a) 


and that since ECSg, a) >E^(a), we have 


E(02,a) E^(q:) 

E(02^Of)-1 E^(Qf)~1 

Using the above inequalities in Eq. (6) we obtain (8) which completes the 
proof. 


The usefulness of inequality (8) in obtaining information on 
values of a for which a c L clearly depends on the availability of a 
lower bound on j^(e, a^) - y^(0, ) for some fixed e, of^ < of^, a^ and 

a^ being members of L. Since this lower bound seems rather difficult to 
obtain, the special case f(0, a)=af(0) in which an inequality of type 
(8) from which dependence on j(e, a) e can be eliminated is of inter¬ 
est. We also note that the equation of the synchronous motor given by 
Bdgerton and Pourmarier [ 1 ] contains a damping function of the type of 
this special case. 


Part 2; The Special Case f(0, a) = af( 0 ) 

We first note that the conditions previously Imposed on f(0, a) 
imply that if f (0, a) = af (0), -then f(0) has a continuous first deriva¬ 
tive everywhere, is of period 2n, and has a positive lower bound. The 
equation of the phase trajectories is now 

(aa) y,(9, „) = . 

y(0,cif) 

We also note that for a sufficiently small, a y(e, a) € P^ may exist 
[2]; l.e., the class Pg is in this case non-empty. 

Let us replace f(0, a) by ciff(0) in Eq. (6) and consider the 
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numerator of the fraction on the rl^t. Since 

E'(e, at) = E(e, a) 

jle,a) 

Where E(e, of) is defined as in Theorem i. 5 > we have 

J j(e, oc)f(6)E(e, or) dd * ~ J 7 ^(e, Qr)E*(0, of) do 


[E(0p,Qf)-i ]y (e ,Qf) 


J y^’(e, a)E(e, a) de. 


But by Eq.. ( 2 a), a) = 2 [g( 0 ) - Qff(e)y( 0 , of)]; hence 

®2 ®2 
i f of)E( 0 , Of) de = I J g(e)E( 0 , Of) de 

"o "o 

- 2 I y(e, of)f(e)E(e, a) de. 


Substituting this in Eq. (9) and solving for 


J jiOf of)f(e)E(e, Of) de 


r E(ep,of)-i 2, 

J j(e, Qf)f(e)E(e, a) de ----y^'Ce, of) 


^ J g(e)E(0, Of) de. 


Using Eq. (i 0 ) in Eq. ( 6 ) we obtain 






'q E(e2,of)-i 



PENDDLUM-TyPE BCiUATIONS 


11 


We now consider the integral 


( 12 ) 


f g(9)E(e, a) d9 . J E(e, a) A [ f g(t)dt] 
o o 

= ECSg, Of) J g(0) d9 - J g(9) de - J E*(e, or) J g(t) dtde. 


The critical points of the function 

®(0) - f g(t) dt 
6 

are clearly the zeros of g(0) and are Independent of the 

choice of 0. Denote hy ^2k+^* ^ values of 0 

at which ®(0) has a relative minimum. We now prove the 


UElMk. There exists an odd Integer m such that for 
all n = m + 2k, k » i, 2, 3# •••> for which 
+ 2 n we have 

n m 


/ 


g(e) de s «j,{ej^) 


> 0 . 


PROOF. Assume the lemma false; that Is, suppose for each odd Integer m 
there exists an odd Integer n^ > m for which © < + 2n and 


■(>); ” 
%(•».) 


Starting with m 


< 0 where 0^ < 0, 


"m 

we determine an n^ for which 
Consider the Interval 


(®n ' + 2jt). Clearly, 0 + 2« is contained in it. Now correspond- 

\ / ^O /V 

Ing to n^ there exists an ng in this Interval for which 

' «n ^ 2*' \(\) " \(\) ‘ * 4 \) ' \(\ ^ 

a contradiction. Hence suppose 0 / + 2Jt. Next, consider the inter- 

/ \ ^ ° 

It must clearly contain 0^^ + 2jt and a point of 

+ 2jrp, P » 1 or 2. Now corresponding to Ug ‘ 


the form 0, 


“3 
p = 1 


^o 

such that 


is in this interval and 


^ 2 , 


< 0 . 


there is an 
If 0„ 


or 2, w® would have *n^(enj + %(%) ^ %(\) ' *4S) ' 

then 


K; 

< 0, while if 

|9_ W •_ 1 

0 

V 

OJ 

+ 

1 '^3 1 '‘l' 



«n, * 2*' 
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0, 1, p 


1 , 2 . 


®n, ®n + 2«p, 

5 3 

By continuing in this way we must, since the number of zeros of g(0) in 
any interval (e, e + 2«) is finite, eventually arrive at integers s, r, 
and p, with s < r - i, such that 

♦v, W 2, r. Since we have again. 


®n which 


i (v) ■ \ {\) ■ \ (\ • < ”> 


i*S+l 


a contradiction, the proof is complete. 


It may be observed that if we put 


/ 


'^ 21+1 


g(e) de, i = 1, 2, .n 


2i-1 


where is a zero of g(e) such that g'(0T) > o, and 2n is the 

number of zeros of g(e) in < e < + 2«, then the lemma may be 

formulated as follows; there exists a cyclic permutation of the nimbers 
(c^, Cg, ..., c^) ->(c^», Cg*, ..., c^*) such that 

k 

^ >0 for k = 1, 2, ..., n. 

i=i 


(This was pointed out to the author and proved by Professors L. K. Jackson 
and H. Ribeiro.) 

As in the proof of the lemma we may for convenience denote by 

0,, the e assured us, and since *(0) has a relative maximum at the 
I'm „ 

zero immediately preceding 0 ^, we have, setting 0 = 0^, that 

0 

g(t) dt = f g(t) dt > 0 

for 0 Q < 0 < Oq + 2« * 02 where 0^ is the greatest zero of g(0) less 
than 0^ * 

This shows that if 0 q and 0 are chosen in the manner indi¬ 
cated above, the last Integral in Eq. ( 12 ) Is positive and we have 


L 
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(15) 


E(e^ 





/a 

'a' 

f 

g(0)d0 - ^ 

1 g(0) d0 





1 - 

(E(02, Of) 

- / 

g(e) d0. 



®0 


'i' 

we have. 

using Eq. 

(2a), y» ( 0 , Of) < 

®o 

to 0^, 

we obtain 




®i 


' 0 ' 

a) < - Of 

f tie) d 0 . 




y(0Q, Of) > Of J* f(e)de + y(e^, of) > a J f(e) 


ae 


for j(6, Of) € Pg. 

Using inequalities ( 15 ) and (U) in Eq. (n) we obtain 


at) > otF,® + I [ / g(e) de 


( 15 ) 


where 


Define 


E(0p,of) 



E(02,a;-i J 

/' 

f(0) d0. 

0 ^ 


0 


r ^2 

1 

[TT 

J f(0) dej 


whe]?e M = max[g(0)/f( 0 )], and note that as In the proof of the corollary 
of Theorem 1 . 5 ^ y(0# a) < M/cr provided y(0, a) € P^. 

Hence E^ (a) > E( 02 , of), and we have 
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(16) 


(17) 


E(e„,a) E, (or) 

-^-< —2 -s H(ot) 


E(eg,cit)-i E, (a)-i 
Thus (15) teoomes 

i ^ ■ I ^*^1 H(ot)G2] 


where H(of) Is defined In (16), and 

®i 


G, - - J g(e)de, Gg = f g(e) de. 


Let oc^ € L; then by Theorem l.li- if oe < oc^, jie, a) e ex¬ 
ists also. Integrating (17) from to of^ we obtain 


y^(V“i „ 2 , 

--- > - - - F, - 2 


/ 


G,+H(or)G2 
-5-da, 


but since ■^y^(®0> o) < o for y(e, a) e Pg we have 


(18) 


2 2, 2 r°‘' G,+H(a)Gg 

(“1 -“0 )^1 < '* J -s— 


Since this last Integral is in general non-elementary, we maJce the observa¬ 
tion that H(Qf) is a strictly decreasing fmction of or; and that there¬ 
fore we may replace (18) by 

(a ,2 - j p^2 < ^ ^ jj j ^ 

which we can also write in the form 

(19) oTq exp[« (a^) (a ,2 - a^^j j < 


where 


K(a) 


4 [G,+H(a)G 2 ) 
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We now state and prove the following 

THEORM 2.1. Let K(cif) be defined as above and let 
Of € L. Then the equation 

( 20 ) Of exp [^K(a)(x^ - ^ 

has a solution x = a* such that oe* > a, and such 
that Of* ^ L. 

PROOF. Consider the function \k(x) = a exp [K(cif)(x^ - c?)] • Clearly 
^^(a) = a. To show that \lf’(a) < l we note that >|^’(a) = 2a^K(of) < 1 by 
( 17 ) since < 0- Hence Eq. ( 20 ) has a solution or* > a. 

If Of* € L, then ( 19 ) must hold, which is a contradiction. 

COROLLARY 1 . There exists a finite positive number 
Qf^ such that for each cif<of^ a y(e, a)€P 2 
exists, while if a > a^, no such solutions exist; 
l.e., the set L is bounded. 

PROOF. We have already noted that the set Pg is non-void in the case 
under consideration. Hence, if € L, we have a finite a* ^ L. Take 
as the least upper bound of this set L which is an open Interval 
(Theorem 1.4), and the proof is complete. 

COROLLARY 2. The solution of* = a*(or) of Eq. ( 20 ) is 
a strictly decreasing function of or. 

PROOF. Define F(x, a) = a exp [K(a)(x^ - of^)] - x; then 

dx bF / dF 

da “ ■ "ga / dx 

exp[K(cif)(x^-Qf^ )] (l-fK* (a)(x^-a^ )-2a^K(Qf)) 

2 axK(a)exp[K(a)(x^-a )]-l 

Putting X * a*(a) we have 

(21 ) -^a*(a) = - exp[K(a)(a*^-a^ )] (n-K* (a)(of*^-a)-2Qf^K(Qf)) 

da 2aa*[K(a) (a*^-a^ )]-1 

But if \|r(x) is defined as in the proof of the theorem, we must have 
2aa* exp[K(a)(a*^ - a^)] » '►’(a*) > 1 which shows that the denominator of 
the fraction in Eq. (2i ) is positive. Since K*(a) > 0 , and since, as in 
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the proof of the theorem 2a^K(a) = (oc) < 1 the mmerator Is also posi¬ 
tive. This completes the proof. 

To summarize, we have In Theorem 2.1 a method whereby In the 
special case f(e, of) = ocf{e) corresponding to an or e L, we can deter¬ 
mine an Of* such that for or > or* no periodic solutions of the second kind 
for Eq. ( 1 ) exist] i.e., for which all solutions will be stable. Further¬ 
more, the use of the largest available of € L obtains the smallest possible 
ce*. 

We also note, in conclusion, that better results may be obtained 
at the expense of the greater complexity of a better approximation to the 
integral 



in ( 18 ), and that one could have carried through most of the procedure of 
Part 2 in the more general case f(0, a) * f^(of)f 2 ( 0 ). 
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II. ASYMPTOTICALLY AUTONOMOUS DIFFERENTIAL SYSTEMS 


L. Markus^ 

1. Introduction 


In this paper we analyse topologically the solution ciorves of 
real, first order, ordlnaiy differential systems, such as, 

(1) ^ : Xj, = f^(x^, x^, ..., x^; t) = fj^(x; t) (1 = i, 2, n). 

The vector field {fjL(x; t)) Is assumed (precise hypotheses later) to 
approach an autonomous (time-Independent) vector field (f^(x)) for large 
values of the time t. The solutions of C* are compared with those of the 
limiting autonomous differential system 

(2) : x^ = f^(x) (1 = 1, 2, ..., n). 

Our purpose Is to extend the global qualitative theory of non¬ 
linear autonomous differential equations [see Reference 5 ] to certain time- 
dependent equations. We apply our results to generalize the Polncare- 
Bendixson theory of two-dimensional systems. As a partlc\ilar example, we 
analyse a Ll@nard-type equation which contains a varying damping coefficient. 

DEFINITION. Let ^ : x^^ = f^(x; t) and : x^ = f^Cx) 

(1= 1, 2, n). The real-valued functions fj^(x; t) 

and fjL(x) are continuous in (x, t) for x € e an 
open subset of real Euclidean n-space E^, and for 
all t > t^, a right half-line, and there satisfy a 
local Llpschltz condition in x. We say C* —y ^ 

( ^ is asymptotic to in case for each compact set 

K C 0 and for each € > 0, there Is a T = T(K, €) > t^ 
such that |f^(xj t) - fjj^(x)l < e for all 1 = 2, ..., n, 

all X € K, and all t > T. 

^ Presented to the society September 1953« 
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EXAMPLE. Bessel *3 equation t^x + t± + (t^ - )x = 0, for each real oc, 

■becomes, in the phase plane e * E^ and for t > t^ = o, the system 

S’ : A = y. y — iy + - i) X. 

Here ^ is asymptotic to the equation of the harmonic oscillator 

^00 ‘ ^ ^ - X. 

The technique of comparing a time-dependent differential equation 
with its limiting autonomous equation was originally developed by Sturm for 
certain linear equations [see 4]. Also, in the case where is linear, 

there are many known results concerning the asymptotic rate of growth of 
the solutions of ^ [i]. However, we shall consider a qualitative theory 

which includes non-linear ^ and which relates such global properties as 
boundedness and recursiveness of the solutions of C* to certain aspects 
of the solutions of such as the distribution of the critical points 

and the closed (periodic) orbits. 


2. BoiJndedness and Recursiveness of Solutions of ^ 

Through each point x^ € e and initial time t^ ^ 
a \anique solution S(t) of C" which is defined for a maximal interval 
t^ < < t^, t < < + «. The escape times, and [73> of ^ 

are not determined by those of In fact, it can happen that every so¬ 
lution of has a positive escape time of + <» and yet < » for 

each solution of ^; and vice versa. 

For each solution S(t) of ^ one defines the usual positive 
and negative limit sets 


= n U SW7 

m<T_j^t>m>tQ 

and 

3. = D U 3(t) 

m>T t<m 


Then and S_ are closed, connected subsets of 0. If S(t) is bound¬ 

ed in the positive sense,*Jbhat is, S(t) lies in a compact set K C 0 for 
all large t -then is compact and non-empty. 

THEOREM 1. Let 3(t) be a solution of C* - > 

in 0. If is not empty, then 

Furthermore, is the union of solutions of 

PROOF. Let P € and let B^ C Bg be closed balls, centered at P, 
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with radii r^ < Pg and lying in e. If S^ C Bg, then * + «>, since 
S(t) does not approach the boimdary of e. Otherwise, S(t) must traverse 
the set Bg - an infinite number of times. Since the "speed” 

[i 

1 “ 1 

of ^ is bounded above in Bg, so is the speed of ^ bounded above in 
Bg for t > t^ + min[i, ^ Therefore, S(t) is defined in e for 

arbitrarily large t and 

Prom the unlfom convergence of ^ to on compact subsets of 

6, it is clear that C where is the solution of through 

P. Thus is the union of solutions of 

We now relate the asymptotic behavior of the solutions of ^ to 
certain distinguished solutions of such as critical points and period¬ 

ic solutions. 

THEOREM 2. Let ^ ^ in e and let P be a 

critical point of Assume that the variational 

equations of based on P have oharaoterlstlo 
values with negative real parts. Then there is a 
neighborhood N of P and a time T such that 
= P for every solution S(t) of P inter¬ 
secting N at a time later than T. 

PROOF. There is a neighborhood (with compact closure in 0) N of P such 
that each solution So^Ct) of in N has (after an affine coordinate 
change) a radial velocity toward P ; (x^), that is, ^<-Kr<0 where 

n 

r® = ||S„(t) - ?f = Y. 

i-1 

and K is a positive constant. Then for sufficiently large t > T, P 
approximates P^ so closely in N that each solution S(t) of P on N 
has radial velocity towards P. Therefore » P. 

The exanple = y - o, t>0 which is asymptotic to 

^:± = o,y»o in shows that every solution of P can be unbound¬ 

ed even thou^ every solution of P^ is bounded. The next theorem shows 
that the converse situation is not possible. 
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THEOREM 3. Let ^^ in © and assume that 
every solution of Is unbounded in the positive 

sense. Then every solution of P is unbounded in 
the positive sense. 

PROOF. Suppose a solution S(t) of P is bounded, that is, when 
t -> T_^ S(t) C K, a compact subset of 0. Then S_j_ is compact and non¬ 
empty. But then is the union of solutions of P^* However, every 

solution of P^ is unbounded and this is a contradiction. 

We next determine a criterion that a solution 3(t) of P be 
eventually periodic, that is, there is a T > t^, such that, for t > T, 
S(t) is periodic. 

THEOREM 4. Let S(t) be a solution of P -^ 

in 0. Assume S(t) is eventually periodic for 
t > T > t^. Then S^ is a closed orbit of P^- 

PROOF. Since S^ is boionded, S^ is a compact non-empty set. Let 
P € S^ and say S(t^ + mp) = P where t^ > T and m = o, i, 2, ... 

Let S^(t) be the solution of P^ initiating (at t = o) at P. 

Since ||S(t + t^ + mp) - S^(t)|| on 0 < t < p can be made 
arbitrarily small when m is large, S«,(t) has period p. Moreover, 

S(t + t^) = S^(t) for t > 0. Therefore, S^ = S^^ which is the simple 
closed curve traced out by S^(t). 

We recall that a solution S(t) of P, with = + «, is 
Poisson stable at a point P € S(t) in case P e S^. G. D. Birkhoff [ 2 ] 
brought attention to the Important case, called recursive, where the re¬ 
turn times t^, for each given neighborhood N of P, are not separated 
by arbitrarily large gaps. 

DEFINITION. Let S(t) be a solution of P which is 
Poisson stable at P. Suppose for each neighborhood N 
of P there is a constant T such that S(t) inter¬ 
sects N in every time Interval t^ < t < t^ + T, for 
all large t^. Then S(t) is recursive at P. 

TEIEOREM 5 . Let S(t) be a solution of P - * in 

0 . Assume S(t) is recursive at P € S(t) and that 
the solution S^(t) of P^ initiating at P has a 
positive escape time of + ». Then S^(t) is re¬ 
cursive at P. 
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PROOF. Let B be a closed ball centered at P with radius c. We shall 
show that S^(t) retiims to B in every Interval 0<t* <t<t' + T+ 1 
where T is the maxlmim duration between return times of S(t) to the 
concentric ball B^ C B with radius c/a. 

On 0^t<t'+T+i, 3^(t) lies in an open set K with 
compact closxare K C e. Since P c S^, there is a large t^ such that 
S(t^ ) € B^ and is so near to P that S(t) remains in K for 
t^ < t < t^ + t' + T + 1 and therein ||S(t) - S^(t - t, )|1 < c/2. But in 
the Interval t^ + t» <t<t^ + t* + T+ i there is a return of S(t) 
to B^. Thus in the Interval t’ <t<t' +T+ i there is a return of 
S„(t) to B. 

We note that if a solution S(t) of ^ is eventually almost 
periodic for t > T, then, a fortiori, S(t) is recursive at each of its 
points P € S(t) for t > T. If also e = E^, S(t) is bounded in the posi¬ 
tive sense and S^ contains the closure of the positive ends of all so¬ 
lutions St„(t; P) of ^ which intersect S(t) for t > T. Clearly, 
each S„(tj P) is also bounded in the positive sense and thus has in¬ 
finite positive escape time. Thus each S^(t; P) is recursive. 

3* Applications to Two-Dimensional Systems 

Certain results in the plane are immediate consequences of the 
general theorems of the preceding section. 

THEOREM 6. Let P > ^ in E^. If has no 

critical points, then 

1 ) each solution of ^ is unbounded in the 
positive sense, 

2) no solution of ^ is reciirsive at any point, 
provided = + « for every solution of . 

2 

PROOF. If Pgg has no critical points in E , then each solution 
approaches infinity along both ends. Thus no solution of ^ is periodic 
or even Poisson stable. 

For two-dimensional autonomous systems we have precise knowledge 
on the nature of the limit sets of solutions. The following theorem is a 
generalization of the famous result of Poincare and Bendixson [53* 

THEOREM 7. Let P in e C E?. Let a solu¬ 
tion 3(t) of ^ lie in a compact set K C 9 for 
large t and suppose contains no critical points 

of Then S_j_ is the union of closed orbits of 
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PROOF. Let P € and S^(t) be the solution of through P. Clear¬ 
ly# ^ ^ ^ also S^(t) does not approach 

(as t —>+ «) any critical points of Therefore, by the classical 

Poincare- Bendlxson theorem, 1® ^ closed orbit of 

COROLLARY. If 3„(t) C Is an Isolated closed 
orbit of then S^(t) - S^. 

COROLLARY. If 3^(t) is an Isolated closed orbit 
of and is stable on both sides, then there is a 

solution S(t) of P with 

PROOF. Both corollaries follow immediately from the known structure of the 
solution ciirves of a plane system near an Isolated closed orbit. 

EXAMPLE. Using polar coordinates in the plane with the origin deleted, 
consider ^ : r = sin log t, d = i for t > 0. Then P —► : r = 0, 

0 = 1 which has solutions of concentric circles about the origin. The 
solution S(t), r = 2 - cos log t, 0 = t of P through r = i, e = i, 
t = 1 intersects Itself infinitely many times and also is the closed 
annulus i < r < 5* 

We complete our studies of two-dimensional systems by an analysis 
of Llenard equations with varying damping coefficients. This Includes the 
generalized van der Pol equation x->i(t)(i -x^)x + x= 0 where 
u(t) > 0 is continuous for t > t_ and 11m \i(t) = n >0 (cf. [ 3 , 5])« 

° t=oo 

THEOREM 8. Consider x + n(t)f(x)x + g(x) = 0 where 

1 ) f(x), g(x) in C^^^ for all x; ^(t) 
is continuous for t > t^ 

2 ) xg(x) > 0 for X y 0; f(o) < 0 and 

F(x) = /Qf(l)d& approaches + » strictly 
raonotonely for x > x^ and - » strictly 
monotonely for x < - x^. 

3 ) M>n(t)>2m>0 for all t > t^. 

Then each solution S(t) has infinite escape time 
= + 00 and S(t) is bounded in the phase plane. 

PROOF. In the phase plane the system is P : x » y, y = - jji(t)f(x)y - g(x). 
If a solution 3Q(t) passes through the origin, then by the uniqueness 
theorem 3Q(t) * 0. 

We Introduce the Llenard coordinates x = x, y«y + mP(x) which effect 
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a ^-homeomoridiism of the phase plane onto Itself. In the Lienard co¬ 
ordinates the system ^ becomes 7 ": x = y - mP(x), 

y = - (ix(t) - m)f(x)x - g(x) = - (n(t) - m)f(x)(y - mP(x)) - g(x), where 
we have simplified notation by dropping the super bars. If a solution of 
^ is bounded, then It is defined for all large t and the theorem Is 
valid. 

Let S(t) ^ 0 be a solution of ^ and we shall show S(t) spirals clock¬ 
wise around the origin and Is, In fact, bounded. Consider the auxiliary 

curve C : j - mF(x) = o In the Lienard plane. On C k ^ 0 so the 

solutions of ? cross vertically from above to below In x > 0 (where 

y = - g(x) < o) and from below to above In x < 0. Above C the 

x-veloclty Is positive and below C it Is negative. 

In order to show that S(t) Is a spiral define the following eight sub- 


regions 

of the Lienard 

plane; (See Figure i.) 



I. 

0 < X < Xq, 

y > mP(x) 

V. - Xq < X 

< 0, 

y < mP(x) 

II. 

Xq < X , 

y > mP(x) 

VI. X < - 


y < mP(x) 

III. 

Xq < X , 

y < raP(x) 

VII. X < - 

-o^ 

y > mP(x) 

IV. 

0 < X < Xq, 

y < mF(x) 

VIII. - Xq < X 

< 0, 

y > mP(x). 

Suppose 

S(t) lies in region I 

at some instant. If 

S(t) 

remains in 


1, then it either becomes mbounded or approaches C since 
x=y-mP(x)>0. The first alternative is impossible since 

|g|< (M - m)|f(x)| + 

which is bounded on 0 < x < x^ for y > i + mP(x). Also S(t) can not 
approach C and remain in region I since then y Is negative and bomded 
away from zero. Thus 3(t) must leave I and enter either II or IV. 

If S(t) Intersects region II, then, since x > 0, y < 0 and C increases 
monotonely to + », 3(t) must enter III. 

If 3(t) Intersects III, then, since x < 0, S(t) either enters IV, 
approaches C or becomes unbounded In III. But 3(t) does not approach 
C since near ^ ^ is arbitrarily great and, furthermore, the last 

possibility is excluded since |^| is bounded on S(t) in III if y < - i. 

If S(t) intersects IV, then, since x < 0, either S(t) enters V or re¬ 
mains in IV. This last alternative is excluded since S(t) remains bound¬ 
ed in rv because |^| is bounded on S(t) if y < mP(x) - 1. Yet S(t) 
does not approach C in IV since ^ —y - » at points of C , not the 
origin, and y < 0 for small |x| near the origin. 

Prom V, using similar arguments, we see that S(t) continues clockwise 
around the origin \intil it again itersects the positive y-axis. Thxis each 
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FIGURE 1 

solution S(t) spirals clockwise around the origin, alternately intersect¬ 
ing the positive and negative y-axes infinitely often. 

We shall show that solutions having a positive y-intercept of y* and re- 

pop ^ 

malnlng outside the circle x + y = R (defined below) spiral Inwards 
so that y^, < Furthermore, such solutions are shown to lie entirely 

within the circle x^ + y^ = <J>(i.3yj^) (defined below) for the entire 
revolution. 

Consider the Ldenard radial distance p defined by = 2G(x) + y^, where 

X 

G(x) = J g(| )ds. 
o 

Then ^ (p^/ 2 ) = - 6^ - Sg where 6^ = mF(x)g(x) and 6^ = (^(t) - ra)f(x)yx 
along a solution S(t) lying outside the circle of radius R. We shall 
show that ^s(t)^^l ^2 ^ ° ^ single revolution of S(t) and thus 
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that y^, < y^. 

Now on AB + EF + PG + JA' we have 


provided > R^ 




gw = max |g(x)| 

-Xo«<Xo 

and 

p = max |P(x)| 

and R^ > R^^ > + ^o' /S^dt > 0. 

Prom C to D and also from H to I both lx I and lyl decrease and 
so /(^i + Sg )dt = ~ / ^^(p^/2)dt > 0 on CD and HI* On BC^ DE^ GH^ 

IJ we have /s^dt = /(^(t) - m)f(x)ydx > o. 

On AB, KFQ, and JA', lyl > (R^ - > %! + "i^M’ ^ > Rg = 

(Sm ^o' 



On AB, .97p^ < 7 < ' • ’Ja 



Where the constant 


(M - m) 

if Ya 

< (M - 


max |f(x)| + 1 = K. 

> R > R^ = 

1 oKXq. Then 


B 

m)(l • lyA) 

J |f(x)|dx < K^y^ 


K. = l.i(M-m)x max |f (x) I 

-x^<x^o 


does not depend on R, provided R > Rg + ^3* 

Now p(B)^ < 2 G(Xq) + (l.iyA)^ p(E) < p(B) 1 

lygl < p(E) < p(B) < ■»*2y^ provided yA > R > R4 = [ioG(Xq)] . Therefore, 

on EPG, ly I < 1.2y^ + 2 KXq < 1 -SyA provided y^ > R > R^ * 20 KXq. Since 

p(J) < p(G), we have yj < ly^l < 1-3 Thus y < i-SYa ^ ^ ^ 

on JA*. 

Now it is easy to complete the estimate of /Bgdt on EP + K} + JA’. Here 



26 


MARKUS 
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Xq 

Sgdt < 3(M - m) J |f(x)| dx 


Thus, provided R > we have /(^i + ^2 ^ 

- 1 - 5K^y^ on the complete revolution AA’' omitting BC. We shall show 
that /(6^ + Bg ^ ^ large. 

If we require that R > 3 ^^, then we need only consider 

J ^ 2 ^^* 


Now on BB^, 

^1 < (M - m) max lf(x)| + ( max g(x)] /pp 

1^1 x^<x<R^ \Xq<x<Rq / /‘^^o 


Ka- 


Thus on BB, we have y > -97^ - ^ Provided 

y^ > R > Rg = 1 OKg(Rg - Xq). Then 

0 ®1 ^R 

/ (5, + Sg)dt > / Sgdt > .Sy^m f f(x) dx > 1 + 5 K^y^ 

B B x^ 

provided Xp is such that 


5K, 


and 


Thus, take 


F(xr) > 1 + 


y^ > R > R^ - . 


> r| > [P"' ( 1 + ^ + ni^fM * ^l)] ^ TTO ] • 

Therefore, if R > R^ + R^ + Rg + + ^5 + ^6 have the de¬ 

sired result that ^(6j'+ Bg)dt > 0 for a complete revolution. Thus 
y|, = p(A» ) < p(A) = y| and y^, < y^. 

On AB, y < so r^ = x^ + y^ < x^ - 1 - (i*iy^)^* On BC, y < i*iy^ 

r^ < [F‘^(i.iy^)j + (i-iy^)^ • 


so 
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On CD, r T 2 

On DE, 

< 4 + p2 < r2 + p2 < J.2 + [ 2 G(Xd) ] ^ 

< Tq + |^2G(rjj)J < [p^'C'-'Ya)] +('-’Ya)^ 

+ itG I [p‘'(l.iyA)^ + ^ f ‘ ♦(’•’Ya)- 

On EPG, lyl < and 30 

< F“^l. 3 yA)^ + (l- 3 yA)^* On HI, + (i. 3 yA)^- On IJ, 

< Pj + p| < <t>(i.3y^). On JA*, < x^ + (i.iy^r. Thus on the complete 
revolution < r^ < ♦(i*3yA) where ♦ Is a monotone increasing function. 

If a solution S(t) remains outside the circle about the origin of radius 
R, then it is bounded. Therefore S_^ is not empty and t = + « for 
S(t). 

To complete the proof of the theorem we need only show that if a solution 
S(t) intersects the disc + y^ < R^ on a certain revolution, then 
r < K2, a constant, on that entire revolution. But by the same procedure 
as used above we obtain r^ < <(• (1 . 3R) = . 

We have shown that if S(t) has an Intercept y^r^ on the positive y-axis, 
then, on S(t), r^ < ♦(i.BYa) ‘^(i»3K2) for all times after that inter¬ 
cept. Thus each solution S(t) is bounded in the phase plane for 
t -> and has an escape time = + ». 

COROLLARY. The positive limit set of S(t) ^ 0 is 

non-empty but does not contain the origin. 

PROOF. In the phase plane the contours of = 20 (x) + y^ are simple 
closed curves encircling the origin for near zero; because p^ = c > 0 

is compact and grad ^ 0 except at the origin. But ^ (p^/2) = 
g(x)x + yy = - p(t)f(x)y^ > 0 for small |x| and all t > t^. Thus, 

near the origin, the solutions of ^ are all directed outward across the 
2 

contours of p and thus they do not approach the origin. 

THEOREM 9 * Consider ^ ; x + >i(t)f(x)x + g(x) = 0 
in the phase plane (x, y = x), where 

1) f(x), g(x) in C^^^ for all x, n(t) 
is continuous on t > t^. 

2) g(x) = - g(- x) and xg(x) >0 in C^^^ 

X 4 0; f(x) = f(- x) and 


for 
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X 

p(x) = r f(i)di 
o 

is negative for 0 < x < x^ but is positive 
and approaches + « monotonely for x > x^. 

3 ) ii(t) > m > 0 and llm ^(t) = 
t=«> 

Then each solution S(t) of ^ Is bounded In the phase 
plane and has an infinite escape time Moreover, if 

S(t) i 0 , 3(t) approaches the unique closed orbit z 
of and hence = z. There is an eventually 

periodic solution of ^ if and only if |i(t) = 
for all siifflciently large t. 

PROOF. By the preceding theorem each solution S(t) of is bounded, 
has = + «»> and has a positive limit set which is the union of closed 
orbits of Thus 3^ = z and 3(t) lies in any prescribed neighbor¬ 

hood of z for all sufficiently large t. 

If ^(t) = for t > T > t^, then there is an eventually periodic 
solution of namely, any solution of which traces out z and 

initiates at t = T. Conversely, if there exists an eventually periodic 
solution 3*(t) of then 3* = z and, for large t, S*(t) is a 

solution of tracing z. 

In the phase plane the equal velocities of S*(t) and z(t) at (x, y) e 
are x = y = y, y= - n(t)f(x)y - g(x) = - ti^f(x)y - g(x). Thus, on Z 
and where yf(x) ^ 0 , M(t) = But yf(x) is analytic and vanishes 

at only a finite number of points of z. Thus n(t) = at all large t 
excepting a discrete set of t. But by continuity ^(t) = for all 
large t. 

The hypotheses of the above theorem could be weakened so that 
^) f(x), g(x), \x(t) satisfy the hypotheses of the 

preceding theorem and, in addition, 

2 ) there exists just one periodic solution of 
[ 6 ] and, moreover, 

3 ) f(x) has no accumulation point for its zeros. 
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III. NONLINEAR DIFFERENTIAL EQUATIONS SYSTEMS^ 
Edmund Plnney 
1. Introduction 


The literature dealing with nonlinear ordinary differential equa~ 
tions systems is largely concerned with existence, uniqueness, and bound¬ 
edness theorems. These theorems are of theoretical Importance and occasion¬ 
ally have practical applications. However, the rather more difficult theory 
of oscillations in nonlinear systems has received very little attention, 
and that of a type not well adapted to application. 

As a result, although the theory of oscillations in mechanical 
and electrical nonlinear systems of a single degree of freedom Is fairly 
well understood, we know very little about multiple degree of freedom sys¬ 
tems . It is most probable that matters of considerable practical impor¬ 
tance are yet to be discovered in this field. 

The general theorems mentioned above are useful in the sense that 
an airplane is useful In prospecting for oil. They cover a wide territory 
but don’t penetrate very deeply. An intimate knowledge of the field can be 
obtained only by detailed investigations of particular differential equa¬ 
tions systems. 

The purpose of this paper Is to develop a practical method for 
carrying throu^ such detailed investigations. Although the systems con¬ 
sidered are somewhat less general than those of some other writers, the 
present theory has a wider scope within this limitation. Thus we have con¬ 
sidered only polynomial nonlinearities, but we have been able to avoid 
restricting our attention to periodic solutions, a restriction that has 
seriously curtailed the usefulness of most previous theories. We may, for 
instance, treat some problems in which several oscillations of incommen¬ 
surable periods occur. A novel feature of the present theory is that cases 
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of multiple characteristic roots can be treated. 

An approximate solution to the nonlinear differential equation 
system ( 3*1 ) below will be developed, based on the linear system gotten by 
setting € » 0 in ( 3*1 )• Such a theory cannot In itself settle the 
question of unboundedness of the solution, for as the dependent variables 
Increase, the nonlinear terms must ultimately dominate, thus Invalidating 
the base of approximation. It must therefore be emphasized that a pre¬ 
diction that one or more of the dependent variables tends to Infinity mere¬ 
ly means that the theory falls. Indeed, the theory may fail for a pre¬ 
diction of large finite values of these quantities (when conditions ( 4 . 3 ) 
and (10.7) fall to be satisfied). This will be called "large solution 
failure." 

Sections 2 through 9 are concerned with development of the theory. 
In Section 10, the procedure for solving a system of equations is summar¬ 
ized for reference purposes. It can be applied without detailed familiar¬ 
ity with the theory. Section 1 1 is an Appendix in which some results used 
in the theory are proved. 

The following notatloit is employed. References are to the numbers 
of the equations in which or near which the notation is defined. 


A 

(7.3) 

%s;rQf^^ ^ 

(2.3) 

a 

( 5.1 ) 

E(z) 

( 9 . 1 *) 


(2.1), (3.1) 

t) 

(3.1) 


(9.2) 

t) 

(9.3) 


( 2 . 8 ), ( 3 .l^) 


( 7 . 1 *), 


(6.13) 

P(z, y, t) 

(3.5) 


(7.1 ) 

P*(z, y, t) 

(9.10) 


( 2 . 6 ) 

y, t) 

(3.6) 


(9.2) 

Gj^(z) 

(2.9) 

B(z) 

(2.10) 

gjq(t) 

( 7 . 1 *), 


(9.7) 

Gj(z, a) 

(5.7) 

C(z) 

( 9 ; 6 ) 

Gt(z, a) 

(9.11 ) 

D(z) 

( 2 . 2 ) 

gJ^)(z, a) 

(3.6) 

S(z) 

(2.3) 

Gj(z, a, T) 

(5.3) 

D 3 (z) 

(2.3) 

8 j ^ ) 

(5.7) 

Er(z) 

(2.3) 

g 5 (z, a, t) 

( 9-11 ) 

D_ji(z) 

( 2 . 2 ) 

g^P^(z, a, t) 

(3.6) 



NONLINEAR DIPTPERENTIAL EQUATIONS SYSTEMS 


33 


gj ( Z/ 8 .f T) 

( 5.3 ) 


yi(t) 

(2.7), 

Gjq(R, 0 , t) 

( 7 .a) 


y(a, t, T) 

(5.3) 

Hjq(R, 0 , t) 

( 7 . 2 ) 


yjL(a, t, T) 

(5.1) 

K 

(it.i ), 

( 10 . 6 ) 


( 2 . 1 ) 


( 9 . 7 ) 



(5.3) 


(9.1I*) 


"“jp 

(9.8) 

m 

(a.) ), 

( 3-1 ) 

“jp 

(9.9) 

n 

(3.1 ) 


€ 

(3.1) 


(9.7) 


e 

(7.3 ) 

R 

(7.3 ) 



( 7-1 ) 

Rjq(t) 

(7.1 ) 


K 

(7.4), 

Rjq(t) 

( 7 .'^) 



(2.3) 

AR.q(t) 

(7.it) 



(2.1) 

s ► 

(2.1 ) 


''r 

(2.3) 

S' 

( 5 . 4 ) 


pjq(t) 

( 6 . 6 ) 

^ia 

(2.13 ) 


A|Pjq(t)l 

( 7 . 4 ) 

t 

(3.1 ) 


A arg(pjq(t)] 

(7.4) 

Ui(t) 

U(z, t) 

(2.1 ) 

(2.to) 


K 

s^ 

( 6 . 1 ) 

""j 

(7.1) 


0 

(7.3) 

y 

(3.1) 



(7.1 ) 

^i 

( 2.1 ), 

(3.1 ) 

0 jq(t) 

( 7 . 4 ) 

y(t) 

(3.1 ) 


A 0 jq(t) 

( 7 . 4 ) 


2. A Nonhomogeneous Differential Equation System 

As a preliminary to our discussion of the nonlinear system (3«i) 
below, we will consider the nonhomogeneous differential equation system 


( 2.1 ) 


dyjL 

wr 


ra 




i 


2, m. 


The quantities Aj^^ are constants. To discuss this system, let 3 denote 
the set of characteristic roots Zj (of multiplicity ^j) of the 


characteristic equation 
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( 2 . 2 ) 


D(z) = - zb^. I = 0, 


and let Djj_( 2 ) be the cofactor of ^ij - z 5 ^j in the determinant of 

(2.2) . Let be an arbitrarily chosen set of constants not 

all of which are zero, and let v^, v^, be another such set. 

Define the quantities 

m m 

3=1 r=i 

m m mm 

(2.3) 5 (z) = ^ Vj.Dj.(z) = Y " Z Z 

r =1 3=1 r=1 s=1 

m m 

= Z Z "3‘'r0l3;ra(2^' 

r =1 3=1 

where %s.2^(2) is the cofactor of - •^^ar determinant •Di 3 (z). 

Then 


(2.i^) 


S - z8j^p)Dpj(z) = 5^jD(z), 


P=1 


(2.5) 


- D^(z)D^(z) + D(z)D^^(z) = 0 . 


(2.5) l 3 derived by multiplying (n.l ) in the Appendix by summing 

over r and s from 1 to m, and using (2.3)- 


THEOREM 1. The differential equation system (2.1) 
has a unique solution set y^^ = y^^Ct) for which 

(2.6) yi(o) = b^, 1 = 1, 2, ..., m, 


where b^, bg, ..., b^^ are arbitrary constants. If the Xg and 
quantities in (2.3) are so chosen that D(z) and D(z) have no common 
zeros, then for i = 1, 2, ra. 


(2.7) 


= Z.® 

s 


Zjt 






(Zj) q =0 




where 
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^jq 

( 2 . 8 ) 


J ® ^ (t - T * air) T)(iTl /ql, 

0 ^ 

where 

( 2 . 9 ) 

0 ^( 2 ) = 

- D^(z)/D(z), 


m 

m 

( 2 . 10 ) 

B(z) = X 

U(z, t) = ^ D^(z)u^(t). 


Of=1 

a= 1 

PROOF. 

The Picard theoiy of successive approximations may be used to show 


that the system ( 2 . 1 ) subject to the boundary conditions ( 2 . 6 ) has a 
unique solution set yj^(t), which we will now show can be represented in 
the form 

= -1 Tu;? Z [® •’ 

2 ^ D ^ (zj) ^Zj*^ a=l 

z.(t-t) n 

+ J e • 


( 2.11 ) 


In fact. 


- Z = - Zj "nTn"^— Mpr Z { Z 

^=l D J (z.) bz.^ a=l b=l 

^ J J 

r z.t z^(t-T) 1 




SO by (2»h), 

( 2 . 12 ) 


dy. 


Z ^ic/a Z 


a=l 


where 
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( 2 - 13 ) 


ha - - S.^o^lcr^ <2jVD ^ (Zj). 
3 ^ 


By (2.11), 


( 2 .lit) 


yj^(o) = Y, 3iQ,l^a 


To evaluate let C be a circle centered at the origin en¬ 

closing all the characteristic roots of ( 2 . 2 ). Then by ( 2 . 9 ) and the theory 
of residues 


( 2 . 15 ) 




k / [%a(z)/I>(z) ]dz- 


Now as z -► 00 , 

( 2 . 16 ) D^^(z)/D(z) = - + o(z"^). 

This may be derived readily from (2.4) and the fact that D^c^(z) is of 
degree n - 1 or n - 2 according as or = 1 or cc ^ ±, respectively. 

Now, allowing C to tend to infinity and Inserting ( 2 . 16 ) into ( 2 . 15 ) we 
get Substituting this into ( 2 . 12 ) and ( 2 . 1 4), it follows that 

both ( 2 . 1 ) and (2.6) are satisfied by ( 2 . 11 ), which is therefore a solution. 

Now let C be a contour surrounding all the roots of D(z) but 
none of the roots of D(z). Then by ( 2.11 ), 

m 

f Z [Di,(z)/D(z)J[e% 

C a=i 
t 

+ J* ^^u^( T)dT J dz . 


Solving ( 2 . 5 ) for Dj_^(z) and Inserting in this^ 

J I ; 

''c ^ D(z)D(z) D(z) JL “ 


J T)dT Idz. 
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The second term Inside the braces has no poles inside C and therefore 
does not contribute to the integral. The first term has poles at the 
characteristic roots only. By the theory of residues. 


a 


o D J (z.) dz.J 


r Z:jt 

' e ^ ) 


I 

I 


z .(t-x) 


U(Zj, T)dT 


Applying Leibnitz’s rule to this expression ve get ( 2 . 7 ) with 


a.^Ct) 




r 

z.(t-T) -1 

e B(zj ) + 

J e J 


( 2 . 8 ) follows from this because B(z) and U(z, t) are polynomials in z. 


3» The Nonlinear Differential Equation System 
We will consider a nonlinear differential equation system 

(3.1) “ L t), 1 - 1, 2, m, 

a=i 


the quantities in which are defined as follows: 

1) the are constants and € is a parameter 

11) y = y(t) is the matrix (y^(t), ygCt), Yj^^Ct)); 

iii) fj_(Yi t) is a polynomial of degree n in the elements 

of y; of the terms of degree n, some have coefficients 
of the order of magnitude of unity in e, and the re¬ 
mainder have coefficients of an order less than unity 
in €; 

Iv) fjL(y^ t) depends on t explicitly only as a polynomial 
in circular functions of t; 

v) for b^, bg, arbitrarily preassigned quantities, 

( 3 . 2 ) Yi(o) * i 2 , ..., m 

Picard theory may be used to show that the system (3•O has a 
unique Integrable solution for t > 0 such that the initial conditions 
( 3 * 2 ) are satisfied. AccoiMlngly fj^(y, t) in ( 3*1 ) is integrable and 
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Theorem i may be applied, using n^(t) » f^(y(t), t). We get 

j q=0 qlD J (Zj.) J 


for 1 = 1 , 2 , ..., m, where by ( 2 . 8 ), 

t 


(3.4) 


where 


( 3 . 5 ) 


(3.6) 


® ^ ( t - T + -jI- ) P ^Zj, y(T), t) dt 

O J 

^ ] /‘i* ' 

m 

F(z, y, t) = ^ t)- 

a= 1 

By (3.4), If F^^^(z, y, t) denotes ( 3 ^/^z^)P(z, y, t), 

q 

= Z - t)^'''/(q - r)l 


r=o 


(€/ql ) J e J |t - T + .glj y('r)^ T j dT, 


(3 


. 7 ) (^/qOe 'J |zj, y(t), tj. 


q 

Z Q'jr(t)(T - t)^"^/(q - r)l 
r=0 

( 3 . 8 ) '' ^ 

. (e/ql ^ * -jIj ) ^(^j' 

for Zj In S, q = 0 , 1 , ..- 1 , and for aj.iCt) s 0 . ( 3 . 6 ) Is 

derived from ( 3 * 4 ) by means of the binomial theorem. Differentiating ( 3 . 6 ) 
with respect to T and letting T -»t we get ( 3 . 7 ). Differentiating 
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(3.6) with respect to t we get ( 3 ‘ 6 )* 

So far the theory is exact, but It provides no method to compute 
the quantities main problem is to obtain approximate ex¬ 

pressions for these quantities. 


4. Bounded Solutions 

As noted in the Introduction, we will use an approximation pro¬ 
cedure which depends upon the dominance of the linear terms in (3*0* In 
particular, it is essential that the solution be bounded if this procedure 
is to succeed. 

z .t 

The boundedness of the lanknown quantities b. (t) = e ^ 

z.t 

may be determined in terms of the approximation ® J Pjq(t) to 

these quantities derived below. will be known, so an upper 

bound K* for it may be computed. However the difference between 
and estimated in terms of the quantities, whose bounds 

are unknown, and e. 

Suppose less than some quantity K. Moreover, 

suppose we know that so long as 


( 4.1 ) 


1 1 

q= 0, 1, ..., 


there is a quantity E(€, K) such that 

(I..2) - Pjq(t)l = - Pjq(t)] |< E{p, K), 

and that 


( 4 . 3 ) E(€, K) < K - K', K' < K, 
where K' is an upper bound for |cTjq(t)l: 

( 4 . 4 ) ’ 
Then 


lb_jq(t)| < Ibjq(t) - ffjq(t)l + IPjqCt)! < E(e, K) + K' 


< K - K' + K' = K. 
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That Is, If a K may be found which satisfies ( 4 . 3 ) and which is greater 
than |bjq(o)|, then always remains less than this K. 

To illustrate this idea, think of as a boy who enters a 

haunted house (condition (4.i ) at t = 0 ) with his father (t^ . The boy 
is €Lfraid to get farther away from his father than E(€, K) (condition 
( 4 . 2 )). We don’t know where the boy is, but we do know where the father 
is. However, so long as the father remains a distance at least E(€, K) 
away from the door (condition ( 4 . 3 )), we know that the boy remains inside 
the house (condition (4.i) for t > 0 ). 

This process can be carried through if we are able to select a 
K greater than K’ (which may depend on e) for which (4-3) holds. 

When this cannot be done the theory suffers large solution failure. It 
should be emphasized that K is not necessarily a least upper bound to 
the quantities |bjq(t)| . Indeed, the present theory will not enable us 
to calculate this bound. K may depend on e. Without loss in generality 
we can, and will, for convenience, assume that K does not tend to 0 as 

€ - * 0, l.e., i/K = 0(1 ). In addition, we will bound K above by the 

assumption that as c -► 0 , 

(lt.5) K = b- 


This eliminates from consideration bounds on the quantities and 

their derivatives so large that the linear terms in ( 3 »i ) do not dominate 
the nonlinear terms. Our method of approximation depends on this dominance 
although we would not be forced to assume (4.5) until later, some simpli¬ 
fication results from using this assumption from the outset. 

The "trend functions" Pjq(t) will be defined below as the solu¬ 
tions to the differential equations ( 6 . 6 ). To complete the theory we must 
calculate the form of the function E(€, K). This is done beginning with 
the assumption (4.i), where K is not specified beyond conditions (4.5) 

and i/K = 0 ( 1 ) as c -► 0 . With E(€, K) and K’ obtained from (4.4) 

we seek to specify K more particularly so that (4.3) holds. Usually 
there are infinitely many possible values of K. When K’ satisfies 
( 8 . 7 ) below, a value K = o(K') is particularly convenient. In general we 
wish to render E(€, K)^ as small as possible. 

By (3*3 )j (3*5)^ and ill) of Section 3, 


(4.6) 


j^(t) = o(K), 

P^^^(zj, y(t), g) = 0 (e5^), 


i = 1 j 2 , ..., m, 

z^ in 3, q = 0, 


^j-1. 


By (3*6) - (3*8)/ (4.6), for T - t = 0(i) as e 


0, Zj in 
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S, QL = 0, 1, .. 

^ -z^t 

(U.7) ' Z "■ - r)I + e ^ o(€K^), 

r=o 

(4.8) + e ^ 0(€K^), 

N ^ -Z .t 

-k Z ajp(t)(T - t)1-^/(q - r)! - e ■> oCeK"). 
r=o 


(5.1 ) 


Expansion of the Function F(z, y, t) 
For 1 = 1, a, ..., m, define 

Yj^(a, t, T) 


= I 


^.le 


Zjt 


nrrr 




Z 


(Zj) q=o 


G (z .) 


z 

r=o 


aj,q-rTVrl 


where a denotes the matrix of the quantities a^^ for z. in S, 
q = 0^ 1 , ..., iJij - 1 . Then by (3*3 

(5.2) y^ct) = (a(t), t, o) 


Let Y(a, t, T) denote the one-row matrix of the quantities 
Y^(a, t, T). Then 

„ z .t 

P(z, Y(a, t, T), t) = 2. ® ^ a, t, T) 

j 

S 


( 5 . 3 ) 


y e G^(z, a, T), 

j ^ 

S* 


where the following conditions hold: 

1) the terms in the S summation must be such that 

gj(z/ a^ tif T) = e 0 (€K^ )j 


(5.4) 
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il) the S’ sioramatlon is over all terms in the expansion of the 
left-hand side of (5*3) not included in the S summation. 
However, we will impose the further restriction that 


(5.5) 


1 / |Zj - z^l = 0(1 ) 


for all z j in S and z^ in S'. 

Condition i) simply defines the terms which are to be included 
in the S summation. However, condition (5*5) in 11) Implies a new re¬ 
striction on P and on the characteristic roots. 

By ( 5 . 2 ), (5.3), 

z .t 

P (z, y(t), t) = ^e ^ (z, a(t), t) 

S^ 


( 5 . 6 ) 



a(t)) , 


where 


(5-7) g.*(z> a, t) = gAz, a, t, 0 ), G.(z, a) = G.(z, a, O). 


When T = 0 ( 1 ), 


z .t 


( 5 . 8 ) 


Sj 


(z, a(t), t, T) = e J O(K^), 


-z^t 

G. (z, a(t), T) = e o(K^), 


and when T-t = o(i) as € 




g. (z, a(t), t, T - t) 




(5-9) 


-z\t 


Gj (z, a(t), T - t) = e ^ 


( 5 . 8 ) follows from (U. 6 ) and (5'3)- By (U. 9 ) axid (5-1 ) as e -» 0 , 

<a( 3 ), t, T - s) = 0 (el^^). 


By ( 5 - 6 ) 
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P (z, Y(a(3), t, T - s), t) = e ^ gj (z, a(s), t, T - s) 
z-t 

+ G_j (a, a(3), t - s) . 

S' ^ 

Therefore, since the derivative of P(z, Y, t) with respect to any ele¬ 
ment of Y is a polynomial of degree n - i at most in the elements of 
Y, by (^. 6 ), the derivative with respect to s of the left-hand side of 
this expression is o(€K^^”^ ) as c -y o. Therefore, 

gj (z, a(s), t, T - s) = 0(eK^^“''), 

Gj (z, a( 3 ), T - s) = 0(eK^^“M‘ 

These, together with (5*^), give (5*9)‘ 


6 . The Trend Equations 

For Zj in S, q = 0, i, ..., |i^ - i , define 

- Z Z (^j. a(t), t, ^1- 

r -0 ^ 


( 6.1 ) 


- i; Z ‘""V’ (-J. •“>. 4r)l-l - 


g,'" r-0 


Where 



denotes the sum over all roots 


Zj^ in S except the root Zj, 


and where the superscript (r) denotes the r-th derivative with respect 
to the first place. Since polynomials in T, 
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- € 


( 6 . 2 ) 

-€ 


gkr-o 

Z, Z - 

3' 


-'•3^)[>''‘V-«j>--l/-' 

*'*^)[® ^ ^ (4 - Sj)^‘'^]/rl . 


By (5.8), (6.1), 

( 8 . 3 ) + e 0(£K''). 

Therefore when T= o(i), by (5.1), (5.3), 

gj’^^(z, a, t, T) = gj^^(z, a, t, T) + e ^J^ 0 (€K^^"’), 

( 6.0 

aj’^^z, a, T) - Gj’^^( 2 . a, T) + e ^'>'^o(eK®"-'). 
mfferentlating (6.2), by (5.7), (5.9) for aj^_,(t) $ 0, 

■ ® (^J' ^ 

s“ 

Z ^k"^^ ( ^j' 'slj )®^ ^ J^/ql+e 0(€K^'^"') 

- «e -5 ^ ®.'^gk'^^ (2j» s(t)> t)/q‘ 

S^ 


ee "i ^ e 0^*1^ |zj, a(t))/ql + e 0(£K®'^"’). 
S'*' 
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Thex*efore, by (3*7), (5*6), (6.4), 


ajq^(t) - a-(t), t)/(il 


(6.5) 




for Zj In S, q = 0, 1, ..., nj - 1. 

We are Interested in the degree to which the functions 
may be approximated by the solutions system 


( 6 . 6 ) 




for Zj In 3, q - o, i, ..., nj - i, for Pj^_,(t) s o. This matter 
will be treated in another section. 

The equations (6.6) are called trend equations and the functions 
Pj^(t) are called trend functions because represents the trend 

of ajq^(t) after hi^ frequency oscillations have been filtered out. 


7» The Trend Functions 

Some sufficient conditions that the functions Pjq('t) approxi¬ 
mate the functions ajq^(t) will be given in this section. 

Write Xj * Re(zj), and define real quantities Rjq(t)/ 


Ajq(t), 0jq(t) by 


(7.1 ) 


10 ^^(t) x .t 
* e 

10 ^-(t) x.t 

Ajq(t)® -e^Sj^Ct). 


Substituting these Into ( 6 . 5 ) and (6.6), we get equations of the form 


( 7 . 2 ) 


R]q(t) - Gjq(R, 0, t). 


J]q(t) - Hjq(R, 0, t). 


( 7.3 ) 


A^q(t) - Gjq(A, e, t) + ), 

ejq(t) - Hjq(A, e, t) + 0 (e®K®""'), 
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where R, 0, A, and e stand for matrices of the quantities R, , 0 . , 
and 0^.^, respectively. ^ 

The solutions to the system ( 7 * 2 ) may be represented as Integral 
curves In a hyperspace H In which t, ^ jq coordinates for each 

pair jq. R^.^ and 0 ^.^^ may be taken as polar coordinates In a two- 
dimensional plane. The individual Integral curves of (7.2) will be called 
R-trajectorles in H. The individual integral curves of the system (7.3) 
may also be plotted in H and will be called A-trajectorles . We will be 
concerned with projections of these trajectories on Rj^^-planes and 
^jq”®ylinders. The R.^^-plane Is the two-dimensional plane having t 
as abscissa and Rjq as ordinate. The 0 cylinder is the two-dimension¬ 
al circular cylindrical surface having t as axial distance and 0 . as 
azimuthal angle. Slope will be defined in the usual way in the Rj^-plane. 
On the 0 j^^-cylinder, slope will be defined as the ratio of 0 displace¬ 
ment to t displacement. 

The A-trajectorles will cut across the R-trajectorles. Consider 
a point P on an A-trajectory. An R-trajectory will also pass through 
this point. Suppose these two trajectories are projected onto the various 
Rjq-planes and 0 jg^-cyllnders by straight lines drawn orthogonal to these 
surfaces. Then by (7.2), ( 7 * 3 ), the slopes of the two projections on each 
plane or cylinder will differ from one another by Therefore 

limits for the A-trajectory may be traced by starting with the projection 
Pj!, Of the Initial point P^ of the A-trajectory on each Rj^^-plane and 
jq”Cyllnder, and tracing the two curves which cut the R-trajectory pro¬ 
jections with slope Am greater than and Am less than the slope of the 
R-trajectory projection at the point of intersection, where Am = 

These curves are shown dotted In Figure 1, where a typical R. -plane pro¬ 
jection is shown. The solid lines are R-trajectory projections. The 
A-trajectory projections will lie between these boimdary lines. If the 
R-trajectorles are converging together with increasing t, these boundary 
cui^es may themselves remain near together, and the position of the 
A-trajectorles will then be determined within this error. A common situ¬ 
ation is dealt with in Lemma 1 below. 

o 



FIGURE 1 
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The R-trajectory for which called the 

"principal R-trajectory". Its projections on the Rj^^-plane and on the 
0j^-oylinder will be denoted by ^jq(^) respectively. 

LHVIMA 1. On the Rj -plane and the 0 cylinder let 
ARjq(t) and Zi0j^(t) denote the differences in 
ordinate and azimuthal angle, respectively, between 
the principal R-trajectory projection and neighboring 
R-trajectory projections. Suppose that 

(T.lt) 


where k > 0, and 


(7-5) 


(7.6) 


Then for t > o, 

A.q(t) = Rjq(t) + 0(e2K2"-V«), 

ejq(t) . 


PROOF. The proof for the first equation in (7*6) only will be given; that 
for the second equation is similar. 

In Figure 2, P^Q represents the principal R-trajectory pro¬ 
jection, and the other solid lines are neighboring R-trajectory projections. 
The dotted lines are the A-trajectory limit curves beginning at P^, as 
defined above. 



FIGURE 2 
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Consider the upper dotted limit curve in Figure 2. We wish to 
obtain a limit for the height of this curve above P^Q, and are therefore 
Interested only in the case in which it is not converging toward P^Q, 
i.e., when R^q(t). By (7.U) 

- 

where denotes the slope of the R-trajectory projection at the 

point crossed by the limit curve. By (7-4), ^ (7*5 )> 

fjq(t) < 0. By (7.2) and (7-3), Aj^Ct) - Rjq(t) = 0(e^K^''"''). Finally 
A^ (t) - Rj (t) >0 as noted above. Therefore kAR. (t), which Is 
positive, is bounded above by 0(€ K ). However, ARj^Ct) = - 

Rjq(t), so (7*6) follows. The proof for the lower limit curve is similar. 

8. The Solution 

The solutions to equations (6.6) are integral curves containing 
parameters. The solutions having the same initial values as l.e., 

such that 

( 8.1 ) 

will be called "principal trend functions". The function |pjq(t)| may be 
plotted against t on an jq-trend modulus plane , and the function 
arg[pjq(t)] may be plotted against t on an jq-trend argument cylinder . 

THEORM 2. On each jq-trend modulus plane let 
A|pj.q(t)| denote the difference in ordinate between 
the principal jq-trend modulus and neighboring trend 
moduli; on each jq-trend argument cylinder let 
Aarg[pjq(t)] denote the difference in azimuthal 
angle between the principal jq-trend argument and 
nel^boring trend arguments. Suppose 


( 8 . 2 ) 


Aarg[pjq(t)] 
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where k > o and 

(8-3) fjq(t)/fjq(t) < 0, gjq(t)/gjq(t) < 0. 

Then for t > o, 1 = i, 2 , m, 

^ z.t 

E Z T. - :-) . ^ ^ q(t) 

„ Jq=0 qlD (z.) ^ 


( 8 . 1 *) 


+ O(eK^) + 0(e®K^’^"V'f) • 


= Yj^(p, t, 0) + 0(eK?^) + 0(6 ®K^"'Vk)- 
PROOF. By ( 6 . 3 ) and Lenima 1 , 

( 8 . 5 ) ® ^ 0(€K^) + e OCe^K^^'Vk), 
so (8.4) follows from (3*3)- 

When the quantities Pjq(t) known, k may be calculated from 

( 8 . 2 ), and the bound K’ may be calculated from (4.4). (If K’ * «, large 
solution failure of the theory occurs.) By ( 8 . 5 ), 

(8.6) E(€, K) = 0(€K") + OCe^K^'^'V/c). 

Now suppose 

( 8 . 7 ) K- = o(e-'/("-'> ). K' = o ('/I2(n-l)l,-l/(n-l) )_ 

as € -> 0 . Then (4.3) may be satisfied for K = 0(K' ), and K in (8.4) 

may be replaced by K'. This is done in 4° of Section lO in equations 

( 10 . 7 ) and ( 10 . 8 ). 


9 . Small Changes in the Characteristic Equation 

When the characteristic equation has closely clustered roots 
condition (5-5) will generally fail to be satisfied. To avoid this, small 
changes may be made in the characteristic equation that will bring the 
clustered roots into coincidence as a miiltlple root, which may be treated 
by the methods already given. On the other hand, simple roots can some¬ 
times be given more convenient values by slightly changing the character¬ 
istic equation. 
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A small change in the left-hand side of equation (3 • i ) is 
compensated by the same change in the right-hand side, so (S-i ) Is equiva¬ 
lent to 

dy ™ 

S \oc^a ^ i = 1, 2, m, 

a=i 

where 

(9.2) A*„ . 

m 

(9-3) fl(y. t) = t) - ^ ®layQ!‘ 

0=1 


The characteristic equation corresponding to (9«0 is 

(9.4) E(.) - |A*j - I = I A^j . eB^. - zB^. | - 0. 

Then 

( 9 . 5 ) E(z) = D(z) + €C(z) + O(e^) = 0 


where 

( 9 . 6 ) 


C(z) 


m 


I 


m 


P=1 


In this section we will consider (9*1 ) to be the given equation 
and (3*1 ) to be the modified equation. We will assume that whatever else 
is done the modification of the equation will be such that near character¬ 
istic roots are brought together. Then, about the characteristic root z 


of equation (2.i^) a circle of radius o(i), 
which contains no other roots of ( 2 .U). Let 
centered at Zy Since C(z) 
there exists a constant^ Kj and an Integer nj, 


j 

e - ¥ 0, may be drawn 

j be a circle of this type 
and its derivatives are bounded over C. 


2 “J 




C<’'>(zj) <K. 


(9.7) 


(^j-v )/(nj.-nj ) (nJ-v)/(^j-nJ ) 

(n .+l ) 

C (z) < Kj for z in Cj. 


0 , 1 , 


such that 


"j' 


This is always possible for nj = o. In certain cases, when the first few 
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derivatives of C(z) are small at Zy condition (9*7) may be satisfied 
for n- > 0 . 

In the Lemma in the Appendix, take f(z) = D(z), g(z) = C(z) + 0(e). 

The equation (9*5) has u* zeros, z.^, z.p, ..., z. within a circle of 
, .J J' 

C i/(ii.-n.)l ^ 

radius 0 (Kjc) ‘J ‘J j about Zy By Taylor's theorem, for 

P = 1 , 2, . . . , [iy 

(zt -z.)^J (nO (z! -z.f f . 

r .. D J (Zj) ^ C Y JP,;J C<^)( 2 .) 


„ ii. + i „ n.+l 

p (z. -z.) J (n-+i) (z. -z.) ^ , 

= 0(€^)-^—J- D J ^ ^^^ ^ 

(Hj-H)! P (n_j + l)! P 


where Ip is a point on the line between z^ and Zjp. This gives 


r 2 /(n.-n.)-| 

0 I (KjO J J , 


^jP " ^JP 


where is the p-th root of 


( 9 . 9 ) ! )D ^ (z.) + € ^ (df^'/vl ^(zj ) = 


This gives 


r l/(n.-n.)i 

“JP = ' ' 1 • 


We may now solve (9-1 ) by solving (3-i )• Write 


P*(z, y, t) = Y, 


P*(z, Y(a, t, 0 ), t) = .e ’’ g^(z. a, t) 


(9-11) 


_ z l-t , 

+ y e J G.(z, a), 

j •’ 

S' ■’ 
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where for all z. In 3 and zA In S*, as € -^0 


^gt(z, a, t) » e ^ 0(€K^^‘M, 


( 9 - 12 ) 


Vhj - 41 ' °(’>- 

Then by ( 3 . 3 ), ( 3 - 5 ), ( 5 . 6 ), (5.7), ( 9 - 3 ), (9.10), 

gj(z, a, t) = gj(z, a, t) 

m!G^)(^) 


(9.13) 


‘'r’ .^(q)/ 


a=1 q=0 qlD ^ (z..) ^ 


Gj(z, a) = Gj(z, a). 

(3«l) may now he solved using (6.6) and (8.4). 

In the particular case in which gj(z> a, t) £ o for a given Zj 
in S, hy ( 9 * 13 )^ the system (6.6) becomes linear, and has a solution 


(9.14) 


^1 

v-r « 

r=i 


where the quantities are the roots of ( 9 . 9 ) within an error 

0 [(Kj€) J J I 

and the are constants. This is shown by inserting ( 9 . 13 ) into (6.6). 

The resulting linear system has a solution of the form (9-14), where the 
quantities satisfy an equation in the form of a determinant of order 

m involving c. Expanding this and neglecting powers of € higher than 
the first, one gets equation ( 9 . 9 ). 


10. How to Solve Equations 

For the benefit of those who have specific equation systems to 
solve, we will now outline the steps to be followed in the use of the theory 
of this paper. 

It is assumed that the equation system is in the form ( 3 . 1 ) and 
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that the conditions (1) - (v) of Section 3 ar© satisfied. Having verified 
this, the following steps may he taken. 

1 ° Calculate the characteristic equation from ( 2 . 2 ). Locate its 
multiple roots by equating it and its derivatives to zero slm\il- 
taneously. If there are parameters in the equation, the ranges 
of interest of these parameters must be selected. For one fix¬ 
ed set of values of the parameters the characteristic roots must 
be computed. 


2 ° Near roots may be brought into coincidence, and other roots may 
be moved small distances to more convenient locations (for 
instance, roots near the imaginary axis may be moved to the 
Imaginary axis). To do this let Zj^ be the old root and Zj 
the new root in (9*8)• Then for each such root compute ofjp 
from (9‘8) and substitute into (9*9)* One obtains a set of 
simultaneous linear equations for the quantities C^''^(Zj), 

V = 0, 1, ... . Having solved these, a set of simultaneous 
linear equations for the quantities are then given by 

( 9 * 6 ). In general the quantities will not all be deter¬ 

mined and some of them may be set arbitrarily. 

The effect of small changes in parameters in the differential 
equation ( 9 »i ) can be readily investigated by giving the 
quantities in ( 3*0 appropriate fixed values and varying 

the quantities B^^^ in ( 9 . 2 ). 

3° Calculate D^(z), Dg(z), and D(z) from ( 2 . 3 ), selecting the 
constants Xg and to simplify these functions (it is par¬ 

ticularly desirable to make D(z) = 1 ). Calculate Q-j_(z) from 
( 2 . 9 ). Then calculate the fimctlons Yj^(a, t, 0) from (5-0* 

In the partlc\ilar case in which all the characteristic roots are 
simple, drop the second subscript on a^ , and write in place 
of (5.1 ), 

( 10.1 ) Yj^(a, t, 0 ) = ^ j^Gj^(zj)/D'(Zj) j e ^ aj . 

S ^ 


The function P(z, y, t) is calculated from (3*5). Then the 
Yj^ functions are substituted into the left-hand side of 


( 10 . 2 ) F(z, Y(a, t, 0), t) 


3 


Zjt 


gj(2 


t) + 


^ a 
s» ^ 


z‘t 


Gj(z, a) 
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and expanded. The terms in the expansion for which, as € -> 0 , 

( 10 . 3 ) ^gj(z, a, t) * e 0 (€K^^"M 

are put in the first s\m on the right of ( 10 . 2 ). Other terms are 
put in the second sum, hut in any case the Zj and quantities 

must not he near, i.e., as € —► 0 , 

(10.4) 1 / |zj - z^l = 0(1 ) 
for all z j in 3 and z^ in 3 *. 

3ince K is not yet known, ( 10 . 3 ) cannot he completely verified 
at this point. The third argument of gj(z, a, t) is restricted 
hy it, hut the extent of the restriction cannot he known until K 
is determined. In the usual case, when there are parameters in 
the equation system, the calculation may proceed anyway, with 
( 10 . 3 ) and also (10.4) constituting restrictions on the ranges of 
the parameters for which the theory is valid. These ranges may 
he determined when K is known. 

4^ The trend functions i^ow he calculated hy solving 

the differential equation system ( 6 . 6 ). In the case in which all 
the characteristic roots are simple, we drop the second subscript 
on Pjq(^)> ( 6 . 6 ) becomes 

dp.(t) 

( 10 . 5 ) — 

for Zj In 3. 

The quantities fjq(t), gjq('t )7 iiiay he determined from ( 8 . 2 ) 
after the equations in (6.6) (or ( 10 . 5 )) have been solved. Un¬ 
less K > 0 and the conditions ( 8 . 3 ) are satisfied, the theory 
fails. 

The bound K’ is now computed from (4.4). If K' * “ the 
theory fails. If K' satisfies conditions ( 8 . 7 ) we may take 

( 10 . 6 ) K = K' -I- o(K» ) 

as € - y 0 . Then by (8.4) the solution is 
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z.t 


q-0 qlD J (z.) j 


(t) 


(10.7) 


+ 0(€K»^) + 0(€^K'^^“V^), 


for 1=1,2, —, m, as e -¥ 0. In particular when all the 

characteristic roots are simple this reduces to 


( 10 . 8 ) 



Pj(t) + 0(eK'") 


+ 0(e^K'®""V*:), 


for 1 = 1, 2, ..., m, as € -> 0. 

If K* does not satisfy ( 8 . 7 ), although It may still be possible 
to satisfy (^. 3 ), the expansion on the right of (8.if) does 
not dominate the order terms, so that the solution (8.4) is of 
little value. 

5° With the determination of K in ( 10 . 6 ), the restrictions on the 
parameters that are due to ( 10 . 3 ) may be determined in accordance 
with the remarks in the last paragraph of 3 °* 

1 1 . Appendix 
To prove ( 2 . 5 ), we first show that 

(11.1) Di„(z)Dpg(z) - Dig(z)D^(z) + D(z)Dig.^(z) ^ 0. 

To do this, consider the quantities in (2.4) as independent variables 

and differentiate, holding z fixed. Then 

m mm 

2 [^ip^ps^^^ ” ^^l^^ X X ^ar^psjra^^^ ] 

r=i a=l 

m m 

* ®is X S ^ofr^rof^^^ ‘ 
r=1 cif=l 

Equating the coefficients of dA^^., 
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5^ D 
is^rof 


(z) 


m 

I 


(A. 


ip 




Now multiply by D^^j^Cz) and sum over 1 from 1 to m. Replacing k by 
i in the result, we get (11. i ). ( 2 . 5 ) now follows from ( 2 . 3 ) and (11 .1 ). 

LEMMA 2. Let f(z) be analytic over a region S having 
an Isolated zero of multiplicity m at z^. Let R be 
the radius of any circle centered at z^ lying wholly 
within S and containing no other zeros of f(z). Let 
g(z) be analytic over S and satisfying the condition 
|g(z)| < M for z in 3 and some constant M- Then 
the equation 

(i1 • 1 ) f(z) + €g(z) = 0 

has m roots inside any circle of radius r centered at 
Zq which lies wholly within 3 and satisfies 

( 11 . 2 ) r > R[€M/N(R)1’^“, 

Where 

( 11 . 3 ) N(R)*min[l, min |f (z_ + Re^^ ) I 1 . 

L O<0<2it ^ J 


PROOF. By the Polsson-Jensen formula (Titchmarsh, 3ectlon 3 . 62 ), 

2« ^ ^ 


ln|f(zQ + re^®)| = ^ J 


^ ln|f(z + re^‘^)|d0 
R"^-2Rr 003(0-0 )+r‘^ 


- m In (R/r). 


Therefore, by (ii.i), (n. 2 ), 

ln|f(zQ + re^^)| > In N(R) - ra ln(R/r) > In (cM). 

Therefore |f(z)| >€|g(z)| on the circle of radius r centered at z^, 
so by Rouch6*s theorem (Titchmarsh, Section 3*^2), equation ( 11 . 1 ) has m 
zeros Inside this circle. 

Reference 

[il TITCHMARSH, E. C., "The Theory of Functions", Oxford University Press, 
1932 . 



IV. ON A NON-LINEAR DIFFERENTIAL EQUATION 
CONTAINING A SMALL PARAMETER^ 

Violet B. Haas 

Ever since Liouville [ 3 ] derived series solutions for the linear 
homogeneous differential equation 

(l ) + f + g(x) 1 Z = 0 

dx L j 

where p is a large real parameter, for a given set of linear boundary 
conditions, more than one hundred years ago, mathematicians have concerned 
themselves with the behavior of asymptotic solutions of linear differential 
equations containing large parameters. Recently it has been discovered 
that when the differential equation is non-linear and contains a large 
parameter the asymptotic solutions may behave in a rather singular way. 
There may exist solutions of a differential equation such as 

(2 ) + pf ( X, z, —; p ) • 0, 

dx^ ' dx ' 

for large p, or 

(3) 

for small e, which converge in some fixed closed interval I; a < x < b, 
for € —0 to a solution of the degenerate equation, 

(U) P (x, z, 0 ) - 0 , 

^ This paper is based on the author»s M.I.T. dissertation. The author 
wishes to express her appreciation to Professor Norman Levinson, under 
whose direction this thesis was written, for his help and guidance. 
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which is continuous in I but which has a point of discontinuity to the 
right of I. When such is the case these solutions of (3) may jump or 
oscillate rapidly in a neighborhood of this point- The Van der Pol equa¬ 
tion has some solutions which offer a concrete example. For these see [i]* 

In this paper the author shows that under certain conditions 
imposed upon F for small € there exist solutions of (3) which are 
stable in I, which are completely mstable in some open interval to the 
right of I, these two intervals being separated by a single boundary point. 

1. We are here concerned with the behavior of the solutions of the real 
differential equation, 

(1 .1 ) € ^ + f (t, X, € \ =0, 

dt^ ' dt / 

where € is a small parameter. We suppose that f(t, x, y; e) belongs 
to class C^(t, X, y) in the domain D: [T^ < t < «>, Ixj < X, ly| < »]> 
where and X > 0 are constants and where f 0 in D. We suppose 

that f is continuous in € for o < e < where is a constant. 

Levinson [i] has studied equation (i.i ) for the case when f * o and 

. k 

also [2] for the case when f = x - hx/(3 + x ). 

When € * 0 equation (i. i ) becomes 

(1.2) f (t. z, o) - 0 . 

Let X = x(t) and z = z(t) be solutions in D of (1 . i ) and 
(1.2) respectively, and let 

jx(tg) - z(to) I < 8,, I ^ (tg) - (tg) I 

(1-3) 


We shall show that under certain rather general conditions there exist t.| 
and T such that |x(t) - z(t)| —> o on t^ < t < t^, and 

Idx/dt - dz/dtl -> 0 on t^ < t < t^ as c, Bg - > 0, and x = x(t) 

has rapid oscillatory behavior for < t^ < t < T with an "amplitude" 
approaching z(t.,) and a "period" approaching as e — > o. The 

words, "amplitude" and "period" are in quotation marks because, as we shall 
see, the magnitudes of successive maxima and minima are not constant, nor 
are the distances between them. 

2. We suppose that t^ satisfies < t^, that z = z(t) is that in¬ 
tegral curve of (1.2) in D satisfying 2 ( 1 ^) » z^, and that 
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integral curve of ( 1 . 2 ) in D satisfying zCt^) * 

(2.1) f(t, X, y; €) - f^(x) - X, y) + cf^Ct, x, 


and that 

y; €)> 


i. f(t, X, y; €) and its first and second order partial deriva¬ 
tives with respect to t, x, y are hounded and continuous 
in t, X, y, € in D for 0 < e < 

ii. xf^(x) > 0 for X 4 0; f](x) = df^/dx > 0, f]'(x) > 0 

for lx I < X, 

iii. there exists a positive constant D such that 
f^(x) > D^x^ for lx I < X, 

iv. there exist T > t^ and p > 0 such that 


f X, y)l dy < 

P 


J Iyf3(t, X, y; c)! dy < », 

P 


for 1x1 < X, < t < T, 0 < € < 6^, 

V. P(t, X, Y; e) = yI.^2^^' ^ ° 

y 4 0, |xl < X and for e s\ifficiently small, and the 

zeros of F are isolated in D, 

vi. there exist constants > 0 and z^ > z^ such that 
F(t, Zq, p; €) < iD^z^ for t^ < t, 

vii. F(t, X, y; o)<o and Y 3 0 ) < 0 for 

Ixl > Zq, Idz/dtl > p, tg < t < T, 

viii. f:, is a continuous function of e for 0 < € < 

ix. f^ is an odd function of x, fg and f 3 are odd functions 

of X and of y in D, 

X. there exist constants a > 0 and > 0 such that 
f > 0 for < t < T, Ixl < X, 0 < lyl < q, + a, 

xl. the equation f(t, x, y; 0 ) • 0 implioltly defines a 

unique surface, In (t, x, y)-space, and contained In 

the strip Ixl < z^; and in any region where 
f (t, X, y; o) 4 0 this surface is defined explicitly by 
the equation x = go(t, y). We suppose that there exists 
k > 0 such that f^(t, x, y; o) > k for Ixl < X, t > t^, 
lyl < 00 . This implies, in particular, that 
f(t, X, y; 0) I 0 according as x - ^ 

xii. let C : z = z(t) be that integral curve of ( 1 . 2 ) satisfy- 
Ing z(to) = Zg. Let dz(to)/dt - p. We suppose that 

f,.(t,x,y; 0 )+yfx(t,x,y; 0 ) 

^ _ —L- ^ -- < 0 

fy(t,x,y;o) 

on for t„ < t < t,. On let - z, 
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and ve suppose that there exist k numbers, 

^ U such that f(t, x, q.^; O) • 0, 
fy(t, X, q^; 0) - 0, t - t^, X - for each 
1* 1, 2, k, a n d that 

11m dz/dt - q^ 
t>~^ t^- ^ 

for some 1, say 1 * i, 

^ ° t - t,, X - z,, y - q,, e - 0, 

3f 

(t “ (t, z^, q^ ) > 0, 

a^f 

(y - )(t - t^ ) (t, z^, q^ ) > 0 . 

This Is the entire hypothesis needed to prove the theorem as 
stated In Section h. However, much less Is needed to prove the lemmas In 
Section dt and we shall Indicate this In the proofs. 

Remark 2.1 . Part xlll of the hypothesis Is not really an extra assimiptlon; 
It Is a direct consequence of x, xl and xlv. 

In the following we let K denote an upper bound In D for f 
and Its first and second order partial derivatives with respect to t, x, y, 
and all finite sums, products and combinations of these which are used In 
the proofs, and let m > 0 be a lower bound for x, y; o) in the 

domain t^ < t < T, |xl < X, ip < |y| < q^ + a. Throughout this paper c 
will be made to assume only non-negative values, the theorems stated not 
being necessarily true otherwise. 

3. Here we state some preliminary lemmas and derive some general qualita¬ 
tive results. 

LEMMA 3'i' Let w(t) satisfy the differential equation 

(3 • O ^+ H(t, w; c) » J(t, w; e), 

dt^ dt 

for < t < T, where H and J are continuous In the 
region given by t < t, and where |w| < \ for some 

X > 0 . In this region let H>h>o, 1J| <K |w| + 

Moreover, let IwCtg)! < 6, and |dw(tQ)/dt| < Sg/e. 

® 1 &o 

Let A » * Then for < t < t, and if 
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€^, 6], Sg are small enough. 


(3-a) 


|w(t)| < Ae 




idw, 


- T 




Ae 




+K6, 


where 


^ . lKt1.Kh^.V)^ (8, * 8g + *,). 


For a proof of this lemma see [i3. 

THEOREM 3*1* I^et x = x(t) and z « z(t) be Integrals 
in D of (1.1) and (i.2) respectively, and let f(t, x, y; c) 
have the contln\iity and differentiability properties des¬ 
cribed in Section i. Let w - x - z. If x, y; o) > 

h > 0 for tQ<t<T<t^, and if Iw(1^)1 < 

|dw(tQ)/dt| < Bg/c, then w(t) satisfies the hypothesis 
of Lemma 3 • i ^ with € ^ » 0(e). Thus, for t^ < t < t ^ 

x(t) -►z(t), and for t^ < t < t^ dx/dt ->dz/dt as 

€, 6^, Sg -> 0 provided Ix(tQ) - zCt^)! <6^, 

(dx(tQ)/dt - dz(tQ)/dt| < Moreover, if *^2 

any numbers satisfying tQ< <t^, the convergence 

of w(t) is uniform on t^ < t < and the convergence 

of dw/dt is uniform on *^1 < t < Tg. 


PROOF, 
by 6 

(3-3) 


We differentiate ( 1 . 2 ) with respect to t and multiply the result 
to obtain 


f^(t,z(t),z(t);0) + ^ f^(t,z(t ),4(t);0) 


d^z 


dt'^ 


fy(t,z(t),2;(t)j0) 


0 , 


where the dot refers to differentiation with respect to t. Subtracting 
( 3 * 3 ) from ( 1 . 1 ), setting w(t) * x(t) - z(t) and applying the Hieorem of 
the Mean to the term f(t, x, dx/dt; e) - f(t, z, dz/dt; 0 ), we obtain 


d^w 

dt^ 


+ — z, & + e^w; e) - - wf^(t, z, + OgW, ±; c) 


dt y' 

4f^(t, z, z; 0 )+f^ (t, z, 4; 0) 

-fyC‘t-,z,-4iin- 


y(e). 


+ € 
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where O<0^<1, o<eg<i, and where 

y(€) * f(t, z, z; €) - f(t, z, 4 ; o). 

\)f(€) can be made as small as desired by choosing e sTofficiently small. Settlj 
H = fy(t,.z, z + e^w; c), J = - wf^(t, z, + ©gW, e) - t|/(€) 

zf_(t,z,4;0)+f. (t,z,5;; 0) 

+ € —2 - 5 -, 

fy ( t ^ Z^ Z; 0 ) 


and letting be an upper bound for 

zf^(t,z,z;0)+f^(t,z,i;0) 


ilf(€) + e 


fy(t,z,z;0) 


we obtain the required result. 


(3.1^) 


LEWMA 3‘2. Given the differential equation ( 1 . 2 ), where 
f has the continuity and differentiability properties 
described in Section 1 ; let be the surface in 
<t, X, y)-^pace defined in Section 2 , and suppose that 
lies in the Interior of D. Let S^ be an Integral 
curve of ( 1 . 2 ) with Initial point (t^, z^). On S^ 
let f^>o for t^ < t < t^ and let at 

t = t^. Then S^ cannot be continued as a curve with 
continuously turning tangent for t > t^ if 

f (t,x,y;0) 

rtrr,x;y;0-7+yiy(7,x7y;'e7 . t,, X = z,, y = q,. 


where z^ » z(t^ ) and q^ is a root of f(t^, q; 0 ) = 0 . 

PROOF. We suppose that 3^ can be continued for Increasing t > t^ with 
continuously turning tangent. Then by Taylor's theorem we have on 3^ in 
a neighborhood of the^point (t^, z^) and for t > t^, 

f(t, z(t), ^(t); 0 ) * (t - t^)f^(t^, z^, q^; 0 ) + (z - z^)f^(t^, z^, q^; o| 

+ i(t - z', V; 0 ) + i(z - z,)®f^(t', z', 4'; o) 

(3-5) + (t - t, )(z - z^ z', 4'; 0) + (z - z, )(4 - q, z', 4'; 

+ i(4 - q,)®fyy(t', z', 4'j 0) = 
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where < t' < t, z' lies between z and and lies between 

z and and where z^, ; 0 ) is 

af(t,x ^y; 0 ) 

evaluated at (t^, z^, q^ ), etc. Regrouping terms and setting 
t - t^ = At, z - z^ = Az, z - q^ = q - q^ = ^q# we obtain, 

^ If "■ 7 H '^^^xx f H ■" ^^^tx 

+ Aqfty + If Aqf^ ) = 0 , 

where all partial derivatives of f(t, x, y; 0 ) are taken at the same 
values of the variables as they were taken respectively in equation (3•5). 
Since we have supposed z to be continuous on Sq we may use the Theo¬ 
rem of the Mean on the quantity Az/At and obtain 

Az/At = dz(t^ + eAt)/dt = q, 

where 0 < 0 < 1 . We therefore write 

* qAqfxy ) = - i (Aq)2fyy . 

Thus, we see that if At is sufficiently small then 

At -- ^^ - . 

f^+qf^+0 (Aq )+0 (At) 

Thus, if f'yy/(ft > 0 at (t^, z^, q^ ) then At cannot be posi¬ 

tive, and this proves the lemma. 

In the rest of this section we shall obtain a general qualitative 
description of the behavior of the solutions x = x(t) of(l.i) for t > t^ 

We shall suppose that f(t, x, y; e) satisfies the continuity 
and differentiability hypothesis of Section i, and that C: [x = x(t), 

Xq = xCt^), Xq = i:(tQ)] is the Integral curve under discussion and that 
Xq = Zq * zCt^), Xq » 5:^ = ^(t^), where z = z(t) is an Integral curve 
of (1.2). We suppose that f(t, x, y; e) is an odd function of x and 
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of y, and for definiteness, we shall assume throu^out this paper that 
^ ^ volnt (t^, Zq, 4q) lies on the surface de¬ 

fined in Assumption xl of Section 2. Similar results hold if < o, 

Zq < 0 . We shall further suppose that at t » t^ > t^, z(t) exists, 
z(t^) * z^, and that 

11m ^(t) * Q,, 

t —^ t^-o ^ 

where is a root of f(t^, z^, q; o) = o. The following theorem then 

holds. 


THEOREM 3.2. Let fy(t, x, y; o) > o for t^ < t < t^, 
let X lie between z^ and z^, let y lie between 
Zq ^ fixed t, Tq < t, there 

exists a sequence of values (y^^) with 

lim ly I = 00 
n —^ 00 “ 

and such that 

llm g (t, y ) = 0, 
n —> 00 ^ 

where gQ(t, y) is defined as in Assumption xi of 
Section 2, then the Integral c\arve C, in (t,x,y)-space, 
of the second order system 


(3.6) 


r dx/dt = y, 

I €dy/dt = - f(t, X, €), xCt^) = Zq, *(to) = 


spirals in the following fashion. 

The curve C leaves its initial point with increasing 
x-coordlnate equal to g^Ct, z); and after an interval 
in (t,x,y )-aj)ace all of whose dimensions approach zero 
as €- > 0, with decreasing z-coordinate as t in¬ 

creases . It meets the plane y * 0 at rigiht angles and 
then turns with positive slope, dy/dx; with y still 
decreasing and now x also decreasing. C meets the 
surface x » g^Ct, y) in the lower half-space y < o, 
and somewhere in a neighborhood of this surface it txirns 
once more with ascending y-coordinate and still decreasing 
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x-coordinat© until it again meets the plane y * 0 at 
right angles. C now continues to rise with increasing 
x-coordinat© in the upper half-space y > 0 until it 
again appears in the vicinity of the surface x = 
and so on. In Figure i is portrayed a projection of the 

motion in the (x,y)-plan© with 
t a parameter along the curve. 

Remark 3»i » W© note that we 
have used only the continuity of 
f and its first and second order 
partial derivatives and their 
boundedness in D, the oddness 
of f in x and y, Assumption 
xi of Section 2 and a modified 
Assumption iv of Section 2 . 

In order to prove Theorem 3 •2 w© 
first need the following two 
lemmas. 

LEMMA 3 . 3 . Integral curves of (3.6) cross the surface 
Hq from left to right (in the sense of increasing 
x-coordinate) in the upper half space y > 0, and from 
ri^t to left in the lower half-space y < 0. 

LEMMA 3 . 4 . The integral curve C of (3*6) descends 
(decreasing y-coordlnat©) for t > t^ + 6, 6 > 0 , 

6 - > 0 as € - > 0, and meets the plan© y » 0 at 

ri^t angles. It then turns with x < 0 and ^ < 0 
and eventually arrives in the neighborhood of It 

again turns in this neighborhood now with f > 0 and 
X < 0 until it once more meets the plan© y = 0 , etc. 

PROOF OF LEMMA 3*3. By the continuity in € of f and its first order 
partial derivatives the equation 

(3.7) f(t, X, y; €) » 0 

also defines a -unique surface in (t,x,y)-spac© if e is sufficiently small. 
Let us denote this surface by and, when fx('t> express 

it explicitly by x = gg(t, y). Again by the continuity of f and its 
first order partial derivatives, w© can choose € so small that the two 
surfaces and 11© close together and have almost parallel tangent 
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planes at neigjiborlng points. For t^ < t < we can choose 6 > o so 
small that an Integral curve of (3*6) passing through a point P of 
crosses from left to right (right to left) at P whenever an in¬ 
tegral curve of (3'6) passing through a point Q of crosses 

from left to right (rl^t to left) at Q whenever the distance between 
P and Q is less than 6 provided e is sufficiently small. This 

follows from the fundamental theorem of ordinary differential equations. 

Now, in the upper half-space, y > o, on an integral curve of (3-6), if 
e is sufficiently small, then dy/dx > o to the left of and 

dy/dx < 0 to the rig^t of On dy/dx = o. Moreover, dx/dt = y > o. 

Hence, integral curves of (3*6) cross H^ from left to right in the upper 
half-space, and therefore also cross H^ from left to right there. A 
similar argument holds in the lower half-space. 

PROOF OF LEMMA 3.^. Suppose that for t = t^, y = y^, g^Ct, y) < g^(t, y). 
Then at (t^, x^, y^) we have by Assumption xl of Section 2 that 

dy/dt = (- l/€)f(t, X, y; e) < o, 

and that y decreases. If gg = ^ ' ^o' ^ again y 

decreases as t increases beyond t^. Suppose, therefore, that g^ > x^ 

for t s t^, y = y^* Then since dx/dt = y, C leaves H^ with in¬ 

creasing x-coordinate, and we again Invoke the fundamental theorem to show 
that it must meet H^, say for t = t^ + 6, 5 > o. Once C meets 
it must cross this surface and must travel along with decreasing 
y-coordinate and Increasing x-coordlnate. 

Once C has crossed H^ (from left to right) we must have dy/dt < o so 
long as 0 remains to the right of H^, and so y decreases. Further¬ 
more, since dx/dt = y > o, x Increases. So C moves to the right and 
downward. Since f(t, x, y; c) is never zero so long as x > gg(t, y), 
then neither is dy/dx = - (l/€y)f(t, x, y; €). Thus, since y is 

positive and decreasing, and dy/dx < o, y must become zero and 

lim dy/dx = - 
y —♦ o 

Thus, C crosses the plane y = o at right angles. 

As C crosses into the lower half-space y becomes negative, dy/dx 
becomes positive and dy/dt remains negative. Then y continues to de¬ 
crease and now x begins to decrease too. 

Sxjppose that C does not meet H^ in the octant y < 0# x > 0, t > t^. 

¥e shall show that then C enters the octant y < o, x < o, t > t^ and 
crosses H^ there. 
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Since C does not meet for x > o, y < o, t > t^, we may choose e 

so small that C does not meet either in this octant for say 

< ^ < where t* < T^, Ixl < X, and dy/dx does not vanish here 
■unless y —p - Now y cannot approach - » unless x also does, 
for y = dx/dt and dx/dt is continuous on C. Thus, If y —p - » 

C must cross the plane x = o. If y does not approach - « then dy/dx 
remains positive in this octant. If C does not cross the plane x = o 
then there exists a number d > o such that 

11m x(t) = d, 

t - P 00 

and since y does not approach - oo there exists a positive number h 
such that 


lim y(t) = - h. 
t -► 00 

Then given any 6 > 0 there exists a positive number € such that 
y + h < 8 for t > €, or dx/dt < 6 - h for t > t, or 
x(t) - x(€) < (8 - h)(t - €) for t > €. Letting t —p t*, t* > t, we 
find that x(t) becomes negative if t* is sufficiently large. And so. 
In any case, C crosses the plane x = o. 

If now C does not meet for x < 0, y < 0, t > t^, then we can 

again choose c so small that f(t, x, y; e) does not vanish on C in 
this octant for say, t^ < t < t*, and so dy/dx does not vanish unless 

again y- p - oo, in any case, we can show as above, that if t* is 

sufficiently large then dy/dx does not vanish unless |x(t)| becomes 
large. But by hypothesis, for any t > t^ the surface comes 

arbitrarily close to the plane x = 0 provided |y| is sufficiently 
large, and so it is impossible that C and do not meet. 

This proves the lemma and also Theorem 3*2. 

Remark 3*2. Lemma 3*3 now tells us that C crosses exactly once in 

the lower half-space and exactly once in the upper half-space on each 
circuit. 

Remark 3.3* The proof of Theorem 3*2 would have been very much the same 
had we supposed the existence of not one but several isolated roots, 
yi - ^(t, x), 1 = 1, ..., n, of f(t, X, y; 0) ■ 0 placed s\afflcient- 

ly far apart so that each surface lies In a strip, a^^ ^ x < bj^, where 

bi < ai + 1. 

4* We shall now describe in detail the behavior of C under the more 
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restricted hypothesis of Section 2. This description is divided into two 
parts. The first part is devoted to that part of C between the point 
(to> 7 q) and the first intersection point of C with the plane y - o. 
Ihe second part is concerned with the behavior of C between a point of C 
where C intersects the half-plane x - o, y > o, and the next inter¬ 
section point of C with the plane y * 0. It is then shown that the be¬ 
havior of C in all other octants can be easily deduced from this part 
of the discussion. 


Remark 4.1 . Since f^(x) and - P(t, x, yj e) are both non-negative in 
the octant t > t^, x > o, y < o, and since f^(x) and - P(t, x, y; c) 
are both non-positive in the octant t > t^, x < o, y > o, then C must 
meet only in the octants t > t^, x < 0, y < o and t > t^, x > 0, 

y > 0. 


In the following text 7 will be used to denote a constant 
independent of c. For convenience we shall replace c by €^. 

Let now y be the y-coordinate of a point P on C in the 
lower half-space y < 0, whose x-coordinate is zero, and let x be the 
x-ooordlnate of the next previous intersection point Q of C with the 
plane y » 0. Then m\iltlplylng the second of equations (3.6) by ydt 
and integrating along C between P and Q we obtain 

y^ » 2€“'^ J f(t, x(t), dx/dt; €^)y(t) dt. 


where tp and t^ are the t-coordinates of P and Q, respectively. 
Since f^(x) > 0 and since P(t, x, y; c^) < 0 in this range we have 

y^ > J f^(x(t))y(t) dt » J f,(s) ds. 
tp o 

We must have x > z^, and employing this fact we find that 

r"' 

y"^^ > 2€"^ J f, (s) ds > , 


or 
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(U.1) lyl > e'^z^D. 

In an identical manner we can show that an inequality of this 
type holds in the octant t > t^, x < o, y > o. 

We now project the ciorve C for t^ < t ^ T onto the (x,y)-plane 
by eliminating the variable t from the parametric equations of C. This 
can be done for all of C in this range of t since ± and 5 ^ do not 
vanish simultaneously on C in this range of t if only e is sufficient¬ 
ly small. To see this we note that when ic ** y « o then lx I > and 

we can make c so small that f(t, x, yj e^) + 0 at y « o for 
to < t < T. 

We now define the function r(x, y; c^). Let 

X 

(U.2) r^ » €^y^ +2 J f^(s) ds. 

o 

Differentiating ( 4 . 2 ) with respect to t we find that on C, 

( 4 . 3 ) dr^/dt * 2y [^f2(t, x, y) - x, y; ) j > 0, t^ < t < T, 

and so r^ is a non-decreasing f\inction of t on C in this range. 

Now let t’ and t" be two different values of t satisfying 
t^ < t» < T, t^ < t" < T, and let (x‘, y») and (x", y”) be the corre¬ 
sponding values of (x, y) on C. We have 

(X» - x")2 + (yt - y»‘)2 > 0. 

If x' » x" and y' - y" then if r' and r" are the corresponding 
values of r we must have r' = r”, and this is not possible in view of 
Assumption v of Section 2. Thus, only the inequality holds and there is 
a one-to-one correspondence on C between the Independent variable t 
and the number pairs (x, y), or (x(t), y(t)). Hence, the points of C 
are in one-to-one correspondence with the points of the projection C’ of 
C on the (x,y)-plane, and so we sheG.! henceforth discuss only the proper¬ 
ties of C’ and denote C’ by C. 

We project the curve (see xii of Section 2) onto the (x,y)- 

plane for t^ < t < t^. This can be done since, by hypothesis, is 4 0 in 
this range. Let this projection of be denoted by C^. Then the points 

of Cq are in one-to-one correspondence with the points of C^. This is 
true because z > 0 and ^ < o in the specified range of t. 

In the (x,y)-plane let be the point (x^, yo) and let 

be the point (z,, q^) defined in Assumption xii of Section 2. Let the 
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equation y 
between 




describe that portion of the curve C which lies 
.Q and the first intersection point of C with the line y = o. 
Construct the polygonal line ABD, where AB is a horizontal line seg¬ 
ment whose y-coordlnate is - e). The point A is the intersection 

of this line with and the x-coordlnate 
of B is . JD is 
with slope - €“ 



and 

section with the x-axls. 


straight line 
D is its inter- 
We shall obtain 


an estimate on x. 


•D^ 


the x-coordinate of 


D, and then show that the point E, which 
is the Intersection of C with the x-axls, 
has x-coordinate not greater than Xj^. 

If the subscripts A, B, D, E 
on the coordinates refer to the correspond¬ 
ing point (see Figure 2) then on BD we 
have 




or 


e^0g(z, - €) = Xj3 - z,. 

And if € is sufficiently small then 

(‘‘.U) Xp - 2, < 

Let the point on C having coordinates (z^, 0 ^(z^)) be called 
P,. We wish to show that as the point P: (x, 0 g(x)) traverses C from 
P^ to E the increase in x is OCe^). Por convenience we replace z^ 
by x^ and q^ by y^ in the following text. 

The slopes of integral curves of (3*6) satisfy 
dy/dx - - x, y; e®), 

and on this part of C we have 


|dy/dx| > €"^p“^f(t, X, y; 6^). 
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Expanding f(t, x, j; e^) about (t, x^, ) by Taylor’s formula we get 

f‘(t,x,y;€^) = f(t,x^,y^;o) + (x-x, )f^(t,x^,y,;o) 

+ (y-y^ )fy(t,x,,y,;o) + i(x-x^ )^f^(t,x’,y';o) 

+ iCy-y, )^fyy(t,x’,y*;o) + (x~x^ )(y-y^ )f^(t,x’,y’ jo) 

+ €^f2(t,x,y;€^). 

Replacing 

f(t,x^,y^jO) + (y-y^ )fy(t,x,,y^;o) 

by 

f(t^,x^,y^ jO) 4- (t-t^ )f^(t’,x^,y,;0) + (y-y^ )fy(t^,x^,y^;o) 

+ (t-tp(y-y, )f^y(t',x^,y^;0) 

and recalling that f(t^, x^, y^; o) = y^; o) = o, we obtain 

f(t,x,y;€^) = (x-x^ )f^(t,x^,y^;0) + i(x-x^ )^f^(t,x’,y»; O) 

+ i(y~yi )^f‘yy(t,x*,y'; 0 ) + (x-x^)(y-y^) 

fxy(t,x*,y‘;o) + (t-t^ )[f^(t',x^,y^;0) 

+ (y-y^ )i‘ty(b’,x,,y^;o)] + o(€^), 

where t' lies between t^ and t, x’ lies between x^ and x and y’ 
lies between y^ and y. 

Suppose that yA “ - ^i Then for y - y^ > 

If € Is sufficiently small we have on BD 

(i^*6) f(t, X, y; €^) > i(y - y^ )^m, 

and so 

|dy/dx| > €”^m€^ /4p. 

Now let € ^ > y - y^ > € ^ . Then on this part of BD we again have 

(4.6) and |dy/dx| > €-i. 

Now let ly - y^l < on C. On this part of C we have 
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f(t, X, j; €^) > i(x - x^ )k. 


and 

(4.7) - dy > ic'^p'^kCx - x^ )dx. 


Let Pg and P3 he the points where the descending y-coordinate first 
becomes y^ + and y^ - respectively. Integrating equation 

(4.7) along C between Pg and P^^ we get 

26^/^ > ie'^p’^k ^ (x^ ' “ (^2 ’ ^ 




and 

( 4 . 8 ) 


(^3 - ^2)' 


(x. - Xp) < ^ ( 8 p/kj , 


where Xg and x^ are the x-coordinates of Pg and P^, respectively. 

Consider an integral curve of (3*6), say C, starting at B. 

On this curve we have 


f(t, X, y; €^) > i(y - y^ )^m. 


and 


(4.9) - dy/dx > m€"^(y - y^ )^/ 4 p. 

Since C cannot cross BD between B and that point of BD where 
y - y^ + this last inequality also holds at every point of C 

between B and P2/ where Pg is the first point after B on C 
where y = y^ + c^/^. Integrating ( 4 . 9 ) along C between B and Pg, 
letting AX be the increase in x in this range we get 


J 


yi+« 


3/5 


-dy 


(y-y, y 


- “ 5 p * 


and 


(U.IO) 


Ax < j m . 
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Now, when y » Yg C lies to the left of C. Then by the f\inda- 
mental \miqueness theorem we must have C to the left of C when 
y * Yl + , and so (if.io) holds on C between P, and Pg. Between 

Pg and P^ on C equation ( 4 . 8 ) holds. Thus, between P^ and Pg, 

C lies to the left of BD if € is sufficiently small. 

Now consider the slopes of integral curves of (3. 6 ) on BD 
between the points where y = y^ - and y - On this part 

of BD we have f(t, x, y; ) > im(y - y, )^, and the slopes of integral 
ciirves of ( 3 - 6 ) satisfy 

- dy/dx > ^ 

here. Thus, integral curves of ( 3 * 6 ) cross BD from left to right for 
Yl - > y > Yl - and so C lies to the left of BD in this 

raiige. 

Now let y < y^ - y. ^ 2 ^ > (^ _ )k 

and the slopes of integral curves of ( 3 * 6 ) crossing BD in this range 
satisfy 

( 4 . 11 ) - dy/dx > (x - x^)k€" 2 /p. 

It is now necessary to find a lower bound for x - x, on that part of BD 
1 /5 

for which y < y^ - € The equation of BD is 

X - X, - ci 0 jx, - «) - y j " [ yB - y ] • 

Now, yg >yiy and so (x - x^ ) > - y). Thus, 

- dy/dx >k€^/^°€”^/p > 

Hence, integral c\irves of (3-6) cross HD from left to right between those 
points on BD where y - y^ - and y * 0. And so C lies to the 

left of BD for 0 g(x^ “ «) > y > 0, and the increment Ax of x on C 
between P^ and E satisfies 

( 4 . 12 ) Ax < pe’ 

If Yg < Yl or Yg < y^ + then the first step or 

first two steps may be omitted from our argument and equation ( 4 . 12 ) still 
holds. 



HAAS 




On the ciirve C from to E let ; (x^, ) be the point 


where the x-coordlnate of C first becomes 
y' > y, + Let P^, Po> Pi. 


We shall first 


suppose that y^ > y^ + € Let Pg, P^, P^ be the points where the 

descending y-coordinate first becomes y^ + ^ y^ - and zero, 

respectively, and let t^, t^, t^, t^^ be the corresponding values of t. 


We have x^ < Xg < x^ < x^^, y-] > y2 > 73 > o* On this arc of C let 
x = u + x^, y*w + y^. Using u and w as new variables we obtain from 


equation ( 4 . 5 ) 


f(t, X, y; €^) = nf^(t, x,, y^; 0) + iu^f^(t, x', y'; o) 


+ hr^f^it, X*, y*i 0) + uwf^(t, x‘, y»; 0) 
+ (t - t^ ) 


(5.1) 


+ wf^y(t‘, x^, y,; 0)| + O(e^), 

and from equation ( 3 * 6 ) we get 


du/dt = w + y^. 


(5.2) 


- €^dw/dt = uf^(t, x^, y^; 0) + 

+ iv^Pyy(t, x», y»; 0 ) + uwf^(t, x», y'; O) 


I + (t - t^ ) [^f^(t», x^, y^; 0) + wf^y(t', x^, y^; 0) j + o(€^). 

In the new system the coordinates oP P^ may be denoted by (x^, y^ + w^). 

We then have y^ + w^ < - c). As c > 0 we have 0g(x^ - e) —^y^, 

and so given any t^, 1 > ti > 0 , we can choose e so small that 
0g(x^ - €) - y^ < Ti, and < t \- 

We now proceed from P^ to Pg. On this part of C we have 
0 < u < p€^/^, 1 > T] > w > Wg = Hence, from the second of equations 

(5*2) if r\ and € are sufficiently small. 


- €^d¥/dt > iw^fyyCt, x', y'i 0). 

Multiplying this equation thro\agh by ( 2 /w^)dt and integrating along C 
from P-| to Pg we get 

1 

/ f (t, X', y'; 0) dt < 2e® f ^<26**/^ 
t| ^ -^, 2/3 
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Since fyy > m In this range we have 

(5.3) (tg - tj) < 2 €^/^/m. 

Prom Pg to P^ we have |w| < , and so if € is 

sufficiently small, from the second of equations (5.2) we get 

(5.4) - €^dw/dt >iuf^(t, x^, y^; 0). 

But between Pg and P^ we have 

t 

u = Ug + J (y^ + w) dt > Ug + y^ (t - tg) - - tg), 

^2 

and if € is sufficiently small, 

(5.5) u > Ug + iyi(t - tg). 

Using equation ( 5 - 5 ) in equation ( 5 »^) and multiplying ( 5 *^) by dt and 
integrating on C from Pg to P^ we obtain 

> y,k(tj - 

or 

(5.6) '^3 ' '^2 ^ ^€^/y(ky^)2. 

We now proceed from P, to P|^. We brealc this arc into two 

■5 ^ 1/5 

parts. Let P^ be the point on this arc whose y-coordlnate is y^ - c 

Then from P^ to P^ we have 

- €^dw/dt > > hf^m- 

M\iltiplylng this inequality by dt/w^ and integrating along C from P^ 
to P^ we obtain 

(5.7) (t^ - tj) < 2€®/ym. 

Prom P^ to P|^ we have 

( 5 . 8 ) - e^dw/dt > 

Since f * may vanish on this arc of C we cannot use the lower bound m 

yy 
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here. Instead we employ the first mean value theorem of the integral 
calculus to obtain 


(5.9) / fyy dt . M(tl^ - tj). 

Where ^ is a positive constant which does not vanish as c -> 0 . Then 

multiplying (5.8) by dt/w^ and integrating along C between and 

we obtain 

( 5 . 10 ) (ti^ - tp < 

Combining equations (5.3), (5-6), (5.7) and ( 5 . 10 ) we find that 

(5.11) (ti^ - t|) < 

If the first step of our argument is eliminated and 

(5.11 ) still holds. 

6. We shall now describe the behavior of C for t > t|^. 

Let P^: (x^, y^) be one of the points on C for t^ < t < T 
where C intersects the positive y-axls, and let us follow along C in 
a clockwise direction. Let P^: (x^, y^) be the point where the descend- 
Ing y-coordinate first becomes €"2/3^ let P^: (x^, y^) be the point 
where y first becomes y^, and let Pgi {xq, jq) be the first point 
after P^ where C meets the positive x-axls. Then between P^ and 
P 5 y > If rg, r^, Vq are the corresponding values of the 

positive quantity r, defined in Section at the points P^, Pg, P^, Pg, 
resjjectively, then from equation {^• 3 ) we get 

tg 

*■6 ■ ^5 ' ® I y y^ ■ y> 

^5 

Where the integrand is evaluated along C. Replacing y by dx/dt we get 

- ^5 ■ 2 J y' 

o 

Prom part Iv of the hypothesis we conclude that if |y| is sufficiently 
large there exists a positive number P, such that |f 2 (t, x, y)| < P^y^, 
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in the range < t ^ T, 
the hypothesis that if € 
ly large then there exists 
IfjCt, X, y; «®)l < Pg/y® 
M » max(P^, Pg). Thus, if 


|x| < X. Likewise, we conclude from part Iv of 
is sufficiently small and if |y| is sufficient- 
a positive number Pg such that 
in the same range of t and x. We set 
€ is siifficlently small, we have 


- 


rl < 


2MX^€ 


^/3 


Then, 


But by equation (4.1) 
sufficiently small, 

( 6 . 1 ) 


rg - r5 < Mxg£‘*/3/r5. 
r^ > x^D, and since x^ 

^6 ” ^5 < ‘ ’ 15 ■ • 


< X. + p€^ we have for e 


Prom to Pj j < By part ill of the hypothesis and equa¬ 

tion (4.2) since r is a non-decreasing function of t and if c is 
sufficiently small, we have. 


X 

2 y* f ^ (s) ds » r^ 
0 




> 2 


1 

J f^(s) ds - €^'^3 > D^x^ - €^^3 >iD^x^. 


But, 

and so, 

( 6 . 2 ) 


X 

J f^ (s) ds < xf^ (x) < f^(x)/D^, 

0 

f^(x) > uD^x^, or between P^ and P,^ on C, 
f^ (x) > in^Xy . 


Prom ( 4 . 3 ) and the second of equations (3-6) we get 


( 6 . 3 ) 


dr*^ 


2y€^[fg(t,x,y)-€^f^(t,x,y;€^)] dy 
f^ (x)-f 2 (t,x,y)+€®f^(t,x,y; ) 


Now, at P^ we have 
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/ 


r- > 2 I f,(s ) ds. 


At Pg we have 


2 J f 1 (s) ds. 


^6 - ^5‘ Hence, 


(6.4) 


J f, (s) ds > J f^Cs) ds - 


If* Xg < we obtain from (6.4) that 


If Xg < Xq then 


J* f^(s) ds < . 


Xi 

J* f^(s) ds < y* f^(s) ds. 


and 


r 

(x, - x^)f^(xQ) < J f^(s) ds < 


This is a contradiction since x^, x^ and ^^(Xq) do not depend on e, 
while (x^ - XQ)f^(xQ) ^ 0. Hence, if xg < x^ then Xg > x^. Also, 
since x^ > Xq then Xg > x^ in either case. Now, 

P(t, X, yj e®) . P(t, Xq, y^j e®) 

+ (x - XQ)P^(t, X', y'j €®) 

+ (y - yo)Py(t, x', y'j e®), 

where x^ is intermediate between x and x^, y' is intermediate be¬ 
tween y and y^, and 
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P(t, X, y; €^) = fg(t, X, y) - x, yj e^). 

Since J > 7 q and ^ ^6 ^7 ''® *'®^® Parts vl and vll 

of the hypothesis, 

P(t, X, y; €^) < P(t, Xq, y^; e^) < iD^x^. 

Comparing this result with (6.2) we see that for c sufficiently small there 
exists a positive constant d Independent of e such that 
f(t, X, y; €^) > d on this arc. Therefore, by (6.3), 

2 2€^yf2(t,x,y)dy+2€V^‘3(t,x,y;€^)dy 

dr^ --5- f 

f(t,x,y;e ) 


or> 

dr^ < - 2€^ l^lyfgCt, X, y)| dy + €^|yf^(t, x, y; €^)1 dyj/d. 
Integrating this last equation along C from to P,^ we get 


00 * - 

- rg < 26 ^ \ r lyfgCt, x, y)l dy + J x, y; €^)| dy j /d 

" 1 / 

= 2€^ 1/ Iyf2(t, X, y)l dy + o(€^) J / d. 


or 

(6.5) 


r^ - r6 < 7€ 


At P.^ we have 


n r 

( 6 . 6 ) r^ = + 2 J f^(s) ds > 2 J f^Cs) ds. 


We wish to show that > x^ so that the procedure used on the arc P^Pq 
can be the same as that used on the arc Let P^ be that point on 
the arc P2P3 where w * 0. Prom equation ( 5 ‘il) and the second of equa¬ 
tions (5.2), we have on the arc P^P3 
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t 

- * Uz* / yi) * ^xx * ''^xy ] • 

'■ t* 

On P^P^ we have o > w > - If u^ < if K is an upper bound 

for ■'■ ■*■ ^^xy^ ^ ^ range, and if € is sufficiently 

small then 

“ 3? (x - x^) I K j 1 + 4 p€^ + j , 

or 

- €^dw/dt < + 2 Ky^(x - x^). 


V 3 . 


Multiplying this equation by dx and integrating over the arc ^ 2 ^ 3 # we 
obtain 

j 8/3 ^ ^€‘*/3(t^ - tp + Ky,(t3 - tp^. 

Therefore, there exists a positive number 7 such that (to - t^) > ye 
Now, du/dt = y^ + w, and so u^ - or 

> y€^'^, provided c is sufficiently small. Since u^ * 0, 

we have 

( 6 . 7 ) 

If u^ > then certainly u^ > whence we may choose y as unity. 

Thus, in any case, equation ( 6 . 7 ) holds. 

We now use this result in equation ( 6 . 6 ). Since u^^ > u^ we have 

^/3 

Xrj x^ x^+y€ 

€ yo + 2 / f^(s) ds > 2 j* f^(s) ds + 2 J* f^(3) ds. 


J* f^(s)d3> 'J* f^(s) ds + f^(x^)ye^/3 - 


and therefore. 


/ 


X7 

f^(s) ds > 


o 



o 


(s) ds. 
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and so . Thus, on the arc P^Pg we may proceed exactly as we did 

on the arc Ne then have 

( 6 . 8 ) tg - t.^ < 

If L is an upper boiind for |P(t, x, y; €^)| In the range 
to < t < T, Ixj < x^ + a, lyl < y^, then since dr^ « Syf^Ct, x, y)dt - 
2 y€^f^(t, X, y; €^)dt, we have dr^ < ay^Ldt, or 

(6.9) rg - r^ < 

The result is the same in the fourth and second quadrants and is, 
in fact, easier to get, since there P(t, x, y; e^) < 0 and 
f(t, X, y; e^) > f^(x), and so we may proceed directly from y = 0 to 
y = - in one step. 

7 * We now consider the change in t when the point P; (x, y) tra¬ 
verses the foiirth (or second) quadrant from Pgi (xg, 0) to P^: ( 0 , y^). 
In this quadrant, using ( 4 . 2 ) we get 

dt * dx/y = - €dXy 




Using part Hi of the hypothesis we obtain. 



CO 

X 

< 





1 . V 

At < € 

J V 


J sds j 

e 

/ Vv 

1(4 - 


o X o 


Thus, 
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(7.1) - tQ < «€/ 2 D. 

We shall now find the change In t as the curve C traverses 
the first (or third) quadrant. We shall use P^: (0, y^) and Pq: {xq, 0) 
to denote the Intersection points of an arc of C with the positive 
y-axis and the positive x-axls, respectively. P,^: (Xrj, y^) Is the point 
where the descending y-coordinate of C becomes y^. We shall denote the 
point where 


2 





r 


2 

5 


by P^qI y^o^* Since r Is non-decreasing we have 

X, 


^10 - t5 = « 


f^(3) dsj 


J dx/y [ 2 J f ^ (s) ds - 2 J f ^ (s) ds j 

00 *^0 

/lO 

J dx/D^ |x^Q " 


tio ■ S - • 

Now, r^Q = and by Section 6 , r^^ - r^ < 76^/^. 

Thus, If € Is sufficiently small. 


-1/3. 




We remark that x.^ > x^. Then from P,^ to P™ on 


^10 ^o 


1 0 


or x^Q < y€ 

0 we have, by the material Immediately preceding equation (6.5) that 
dt * - €^djryf(t, X, y; €^) < - €^dy/d. 

Hence, In this range we have, 

(7.2) - tg < €^ 7 €“^/yd < 76^/3. 

We have already seen that At < 7€^/^ In the range 0 < y < p. Hence, 
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we have 

( 7 * 3 ) At* tg - < Jt€/ 2 D + 

A lower hound for At in all quadrants is easily obtained, but 
is not so precise as the upper bounds obtained here . In the fourth 
quadrant we get 

( 7 »^) At > ^ Arc sinCDug/r^). 

and in the third quadrant, 

(7.5) At > ^ Arc sin(Du3/rQ). 

We have thus proved the following theorem. 


THEORIM: Under the hypothesis of Section 2 , and for 
€ sufficiently small, if C; x = x(t) is the integral 
curve of (i.i) in (t,x)-space described in Section 3 ; 
then for t > t^, x(t) has oscillatory behavior, the 
"period" of the oscillations being 0 (€^) and the 
"amplitude" being + oCc^’). The results stated 
here can be easily extended to a system of the form 


dx. 




-1 * 





0 ^(t, X^, 

V u; 

fl(t, X^, 

•••» Xjj, u; 

g(t, x^, . 



e), 1 = 


€ ) = 0 . 


n, 
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V. CRITICAL POINTS AT INFINITY AND 
FORCED OSCILLATION 

Ralph E. Gomoiy 

INTRODUCTION 

The problem of oscillations, both forced and free, is central in 
non-linear differential equations. Poincare [i] and Bendlxson [i] in their 
fundamental papers discussed the existence of free oscillations in a pair 
of first order equations 

(a) y), y), 

while the interest aroused by van der Pol*s equation has caused more modern 
writers to turn their attention especially to the system arising from the 
second order equation 

(b) ^ + f(x) ^ + g(x) . 0. 

dt^ dt 

The free oscillations of this equation and the forced oscillations of 

(c) + f(x) — + g(x) = E(t) 

dt^ dt 

have been investigated in numerous papers, especially Levinson and Smith 
[1], and Levinson [ 1 ]. 

A central condition in these investigations is that the equations 
be of the type called by Levinson [2] ’’dissipative for large displacements." 
This condition ensures that with increasing time all solutions tend to the 
interior of some circle in the phase plane. This makes it possible to 
apply the Brouwer fixed point theorem to (c), or, provided there is an un¬ 
stable critical point at the phase plane origin, to apply the Polncar§- 
Bendlxson theorem to (b). 

The main contribution of this paper will be to drop this condition. 
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and to prove the existence of forced periodic solutions to a variety of 
differential equations not dissipative for large displacements. In fact 
many of these equations will have. In addition to their periodic solu¬ 
tions, other solutions which become unbounded with Increasing t, and still 
others which become unbounded with decreasing t. 

The notion of critical point at Infinity due to Poincare will be 
used throughout. Poincare extended the planar autonomous system 

dx _ dy 
^{x,y) ■ Y(x,y; 

to a sphere, (the doubly covering surface of the projective plane), and 
discussed his equations on the entire sphere including the equator and its 
critical points, (the doubly covered line at infinity and Its critical 
points). Later Bendlxson briefly discussed a single point at Infinity, but 
since that time, with the exception of a recent paper by Lefschetz [i], 
authors have dealt mainly with the finite plane. This may be due to the 
fact that while Poincare restricted himself to equations with simple criti¬ 
cal points at infinity, the systems arising from (b) rarely have this prop¬ 
erty, and so are not as easily treated. 

In Part I, systems of the Poincare type will be treated, and 
their forced oscillations related to the nature of their critical points at 
Infinity. In Part II the nature of the critical points at infinity arising 
from a wide class of equations (b) will be completely analyzed. This analy¬ 
sis gives the asymptotic behavior of trajectories that become unbounded. 
Geometric Information, such as the existence of limit-cycles to equations 
of the van der Pol type, will be deduced. In Part III the results on 
critical points from II will be applied to obtain new criteria for the ex¬ 
istence of oscillations in (c). 

The general condition which In one form or another will be used 
to replace dlsslpatlvity may be stated roughly as follows. Let the plane 
be completed by the addition of a single point at infinity. This point is 
generally a critical point, and in a dissipative system It must be an un¬ 
stable node or focus. Our conditions are roiaghly equivalent to requiring 
that the Index of this point be / 2, and that It have no saddle sectors. 

PART I; FORCED OSCILLATIONS IN A CLASS OP 
FIRST ORDER SYSTEMS 

§ 1. In this section we will consider the system 
^ - X(x, y), ^ - Y(x, y) 


(1) 
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where X(x, y), Y(x, y) are both polynomials of degree n > 0 . The theo¬ 
rem stated below will relate the natiore of the critical points at infinity 
of ( 1 ) to the question of the existence of periodic solutions to 

( 2 ) ^ =■ X(x, y) + E, (t), - Y(x, y) + EgCt) 

where E^(t) and E2(t) have continuous derivatives and are periodic with 
period T. 

We will start by extending equation (i) to the projective plane. 

Adopting homogeneous coordinates (x, y, z), with (x, y, 1 ) a 
designation for the point with affine coordinates (x, y), we see that (i) 
and 


<’> lE(f) ■ *(|. i). 

have the same solutions. However we can easily extend ( 3 ) to cover 
points for which z » 0 . 


Using (3) and mtaltiplying by 

z^"^ ^ gives 


- zX^|x, y, z) 


« zY®|x, y, zj. 


where and are the original X and Y made homogeneous of degree 

n with z. Adopting a new parameter t such that ^ = z^”^ we obtain 
from (k) in the region covered by coordinates (x, 1 , z) 


( 5 ) 


dz _ 


- zY^Cx, 


z) 


^ * X^(x, 1 , z) - xY^(x, 1 , z) 


and in the region covered by coordinates (i, y, z) using the parameter 
a such that ^ = z^” ^: 


( 6 ) 


^ = - zX®(l, y, z) 

g?- = ^(1, 7 . z) - y. z). 


It is easily seen that solutions to ( 5 ) and ( 6 ) with z ^ o trace out the 
same trajectories as those of (l), the parametrizatlons only being differ¬ 
ent. As ( 5 ) and ( 6 ) are defined for z • o, we can consider them as 
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extending (l), which was defined only for (x, y, i), to (x, i, 2), and 

(i> y, z). 

A critical point on the line at Infinity is simply a critical 
point of (5) or (6) on z«0. An elementary or simple critical point is 
one for which the llneeir terms in the Taylor expansion about the point 
have a non-zero determinant. 

§2. We are now in a position to state the theorem. 

THEOREM: If the critical points at infinity of the extended 
equation (1) satisfy the following conditions: 

(a) there are isolated critical points and they 
are simple; 

(b) their index sum is ^ i; 

(c) there are no consecutive saddle points; 
then equation (2) has a periodic solution of period T. 

It is probably worth while to clarify exactly what is meant by 
"consecutive saddle points." As the line at infinity is topologically a 
circle we may trace it through in some fixed sense, encountering in 
succession all critical points. Condition (c) is that in this cyclic 
arrangement saddle points should not follow saddle points. In particixlar, 
If there Is only one critical point and it is a saddle, condition (c) is 
not satisfied. 

To facilitate application to specific equations, the conditions 
for the theorem will be restated entirely in terms of the original poly¬ 
nomials X and Y. To do this, designate by the terms of degree 

n of X, Y. Condition (a) is readily seen to be equivalent to 
(al) xYj^ - yXj^ has real roots, no multiple roots, 
and does not vanish identically. 

(a2) xYj^ - yX^ and X^^ have no roots in common, 
and the same holds for xY^ - yX^ and Y^. 

As the Index sum of a vector distribution in the projective plane 
is 1 , condition (b) is that the sum of the indices of the finite criti¬ 
cal points of (1) be / 0. Condition (c) may be tested for directly by 
using the following observation from Poincare ([l], p. 25). 

The coordinates*of critical points at infinity have ratios 
^ - Of which satisfy xY^^ - yX^ * 0. If, when or increases from a - € 

'to Of + € the suppression 

Z 

X 

changes from negative to positive, the critical point is a saddle point; 
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if the expression changes from positive to negative, it is a node. 

In terms of a single point at infinity the conditions ensiire an 
index y 2 , and the absence of saddle sectors. 

§ 5 - PROOF OF THE THEOREM. The first step in the proof will be 
the construction of a large closed contour J, containing all the finite 
critical points of (i) and with the following special property. A solution 
x(t), y(t) of (2) which at time t^ is at a point p on J, never is at 
p again for t > t^. 

We will start by extending (2). Equation (2) is merely (l) with 
time dei)endent additions to the constant terms in X and Y. Hence from 
(5) the extension to (x, l, z) is 

^ - z |y^(x, 1, z) + z^EgCt)! 

( 7 ) 

I X^(x, 1 , z) + z^E^(t)| - X |y^(x, 1, z) + z^EgCt)! 

or, arranging in powers of z, 

if = - ^ * ••• ^ ^ 

( 8 ) 

if = {<5o + ••• + (On + E, - xE2)z"} 

where and Qj|^ are polynomials in x. From condition (a) we have that 

Pq and Qq do not vanish identically and have no common real zeros. Also 
Qq has real roots, all of which are simple. 

Let x° be a zero of and consider ( 8 ) near x° on z = 0 . 

Such a point is a critical point at infinity of (1 ). As P^ (x°) 0 and 

Eg is periodic, ^ is ^ 0 for all t throughout some sufficiently 
small box B, 0 < z < 6 ^, x° - 6 ^ < x < x° + 6 ^ (Fig. 1 ) 



z 

z — Sx 

0 


h 


F* 

D 





FIGURE 1 
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so ^ has constant sign In B. As x® is a simple zero of there 

is a Sg such that Qq(x° + 6^), Q^(x - Bg) are 4 o and have opposite 

signs. Hence at x * x^ + Bg on z • 0 we may erect perpendiculars P 
and P' of some hei^t h < 8 ^, and ^ will have the sign of 

Qq(x^ ± Bg) on these lines (Pig. i ). If we then connect P and P* by 

any line z = a, 0<a<h we will have formed a three sided box whose 
sides are segments without contact, that is they are never tangent to the 
vector distribution , ^). With increasing t these sides may be 

crossed in various directions by solutions of (?). As ^ has opposite 
signs on P and on P' there are exactly four possible combinations of 
crossing directions as is Indicated by the velocity vectors in Fig. 2. 


Case 1 ^ 


^ Case 2 






L_ 

z = 0 


{M\ 


(S) 

1 > 0 > 
p 


dz . n 


dz . 






Case 3 J 


_ Case 4 ^ 



1 




z = < 


/dX \ ^ n ^ 

/dx \ 

/dx \ ^ ^ ^ 

( dx 

(^]p ^ ° ^ 


(3t)p < °< 



P* 


^>0 


dz 


PIGtJRE 2 

If x*^ is a node of (l ), then either case i or case 2 occurs, if x° is a 
saddle then case 5 or case 4 occurs. We will still apply these names to 
x^ even though the vector field arising from (2) is time dependent. Thus 
if case 1 holds we call wP a repulsive node with respect to the parameter 
T, designating it by NR^, if case 2 holds, an attractive node NA^, if 
case a repulsive saddle SR^, if case 4 , an attractive saddle SA^. 

These boxes of segments without contact, formed near critical 
points 7p, will make up part of the final curve J. The boxes cannot 
follow each other in any random order along z = 0, for by considering the 
sign of Qq on the sides of successive boxes it appears that the only 
possible successive pairs are RR^, NA^j NR^, SR^; NA^, 3 A^; SR^, SA^; and 
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SR^, SA^ is excluded by condition (c) of the theorem. 

These boxes lie in the domain covered by the original x, y co¬ 
ordinates where they appear as flat ended wedges open toward infinity 
(Pig. 3). 



FIGURE 3 

The ends are lines y = const., the sides are lines y = const. If 

(1, 0, 0) is a critical point we simply adopt (i, y, z) coordinates and 

proceed in exactly the same way to form a suitable box. 

The next step is to join these boxes together using more segments 
without contact. 

In the region covered by (x, i, z) consider a closed interval 
[ab] on z = 0 which is free of critical points. Then Q(x°) ^ 0 on 
[ab]. So if 6* is chosen sufficiently small {P^ + P^z + ... (P^^ + Eg)z^} 
is bounded, and (Q^ + z + ... + + E^ - xEg )z^) is bounded and bound¬ 

ed away from zero in the box B*, 0<z<6’, a<x<b, and for all t. 
Prom (8) then for points in B’ 

(9) - Mz < g| < - M'z 

for some constants M and M’. Therefore the portions of the curves 
z = z(a)e'‘^^^'”®'^ z * z(a)e"^'lying in B' are arcs without contact, 
one having slope ^ greater than the slope of solutions to (8), the other 
having smaller slope (Pig. ^). Since z(b) —^0 as z(a) —¥ 0, it 
follows immediately that one may connect any arbitrarily small perpendicu¬ 
lar at a to an arbitrarily small perpendicular at b using arcs without 
contact. One arc will be crossed only by parametrized solutions which, as 
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T increases, move into the sector under it, while the other will be cross¬ 
ed only by solutions moving outward (Pig. h). 

Althou^ in this construction we have assumed that a and b 
were in the region covered by coordinates (x, i, z), the same construc¬ 
tion applies to any a and b on z = o whose perpendiculars form a box 
not containing a critical point. It is only necessary to divide [ab] 
into subIntervals lying entirely in one coordinate system or the other, 
and connect the separate arcs obtained for each. 

We now retiim to x, y coordinates and the parameter t and put 
together boxes and arcs to form J. 

For each singularity at infinity we have a flat ended wedge. We 
will take the solution curves as parametrized with t, thus when we refer 
to an attractive node, we will mean with respect to t (Pig. 5)* 



FIGURE 5 
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Successive boxes at Infinity give rise to wedges which succeed each other 
angularly. It is easily seen that the only possible successive wedges are 

NA^; NR^, SR^; NA^, SA^j SR^, SA^. The last is excluded by condition (c). 

We construct J in two steps. First, we connect any pair of 
neighboring wedges by an arc without contact. As the sides of the wedges 
are perpendiculars to z = 0, and the sides of successive wedges form the 
ends of a box without critical points, the previous construction applies. 

If an NR^ is being connected to an NA^, choose the arc with¬ 
out contact so that solutions cross it outward with increasing t, l.e., 
toward the line at infinity (Pig. 6). 



FIGURE 6 

If an NR^ is being connected to an SR^, let the connecting arc be chosen 
so that the solutions cross It moving away from the line at infinity. If 
an NA^ is connected to an SA^ let the arc be cro.jsod toward the line at 
infinity (Pig. 6). 

Now the wedges with their connecting arcs bound a 2-cell. With 
one modification the boiindary of this 2-cell will be the curve J. 

We remember that in constructing the boxes at critical points on 
z = 0, the top of the box was a segment of z = a, where a could be 
taken arbitrarily small. We now choose a new a* and a new segment z » a* 
so near z = o that the segment cuts the sides of the box below the inter¬ 
sections with the connecting arcs (Pig. ?)• This change will be made only 
on saddle boxes. The new boundary of the central 2-cell is the curve J. 

We will now show that a solution through a point p on J never 
returns to p. 

First, suppose p is an attractive nodal wedge (Pig. 8). Then 
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figure 7 



FIGURE 8 

the path through p enters the wedge and can never leave It, hence cannot 
return to p. Similarly, if the node is repulsive, the path leaving the 
wedge can never re-enter It, so cannot return to p. 

If now p is on an arc connecting two nodal wedges as In Fig. 9, 



FIGURE 9 

then one wedge combined with the box between the nodal wedges forms a region 
which Is only entered and never left by solutions. See Fig. 9*—ABCDEF 
Thus the solution throia^ p cannot return to p. 

Finally, suppose p Is on a saddle wedge, or on an arc 



FORCED OSCILLATIONS 


95 


connecting a saddle wecige with a nodal wedge. Since thei*e are no two con¬ 
secutive saddle wedges, every saddle is flanked with nodal wedges (Pig. 10). 



FIGURE 10 


Combining all three wedges and the two enclosed boxes we form another region 
only entered by solutions. Thus p again has the desired property, and 
this last argument clearly holds whether the wedges involved are attractive 
or repulsive. 

As we have now covered all possible locations of p we conclude 
that J has the desired property. 

It is also clear from the mode of construction that one may select 
J as far out in the plane as desired. In particular, for reasons which 
will appear later, we will take J so large that it contains all the finite 
critical points of (1) and of 

^ = X(x, y) + E^(o), ^ = Y(x, y) + E 2 (o). 


( 10 ) 


We now consider 

^ - |x(x, y) + E,(t)}p(x, y) 
|y(x, y) +E2(t)}p(x, y). 


where P(x, y) has continuous derivatives, is always positive, and is 

identically l in some circle containing J, while as R 

F(x, y) -► 0 so rapidly that the right hand sides in (lo) are bounded in 

the entire plane. An appropriate P can easily be found. 

Now the curve J has its special property for the solutions of 
(lo) as well as for those of ( 2 ). For the velocity vectors of ( 10 ) have 
the same direction as those of ( 2 ) and so point into or out of the same 
wedges. Thus, if a solution to (lo) is at p on J, it never returns 
there at a later time. 
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Also equation (io) gives us a mapping of the plane into itself. 

For, let u(t, u^) be the position at time t of that solution to (io) 
which is at u° for t = 0. Then define the mapping cp^ by <p^u° = u(t, vP 
Because of the boundedness of (io) <p^ is defined for all t. 

If we assign to the point u® the vector q>^u° - u° w© obtain a 
continuous vector distribution in the plane which also varies continuously 
with t. We will now compute the Index of this distribution on J. 

First of all, the index is the same for all t > 0, for the in¬ 
dex is an Integer and the vector distribution varies continuously with t. 

In this situation the index can only change with t if for some point vP 
on J and some t, the vector cp^u^ - vP vanishes. But this means 
u^ » u(t, vP) which cannot occur on J as on J no solution may return 
to its starting point. Therefore, the index is the same for all t. 

As we have seen before, J may be taken so large that the velocity 
vectors v^ (x, y) = (X(x, y), Y(x, y)), and v^Cx, y) - (X(x, y) + E^(o), 
Y(x, y) + EgCo)) vanish only inside J. Therefore, both of these are 
vector distributions with a well defined index on J. We will see that the 
two Indices computed with respect to these vector distributions on J are 
the same, and in fact that they are both equal to the index computed with 
respect to the vectors 9 ^u° - u^. 

The first equality results from the fact that addition of E^(o) 
and EgCo) to X and Y does not affect the nature of the critical points 
at infinity; they remain nodes or saddles as before as is evident from (8). 

As the sum of all critical point indices must be i, and in both cases all 
the finite critical points are in J, we have for both vector distributions 


(ii) index (J) » i - 2 index (p^), 

1 ^ 

the Pj_ being the critical points on z * o. So the two indices are equal. 
Now at any point vP » (x®, y°) on J we may write 


x(t,x°,y°) - x(0,x°,y°) + ^(0,x°,y°)t + ^(t',x°,y°)^ 

y(t,x°,y°) - y(0,x°,y*) + ^(o,x°,y°)t + ^(t",.x°,y°)^ 

dt 


Where x(t, x®, y°), y(t, x°, y°) are the components of u(t, u®) and 
t* and t" are leas than t. Because the rl^t hand sides in (lo) are 
bounded in the entire plane, u(t, u°) lies Inside some finite region R, 
for all u® on J and all t less than any fixed t^. But in 
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W — K> 
dt^ 


are bounded, so as 
dt^ 


t 


0, 


uit; . u°)-u° (x°, y°) 


uniformly on J. 

Therefore, for some sufficiently small, the angle between 

Vp(x°, y®) and 9^ u° - xP is less than e throughout J, and the in- 
0 

dex of the vector distribution 9^. u*^ - vP is the same as the index of 

^o 

Vp, namely l - 2 index (p^). By condition (b) of the theorem, 

i X 

1 - 2 index (pj_) ^ 0. 

Since the index is the same for all 9^, it is ^0 for 9^, 

T being the period of the Hence there is a fixed point under the map 

9 qi* That is, there exists at least one point u' inside J for which 
9,pU’ - u* = 0. The solution through u' must return to u* after T 
seconds, and so is evidently a periodic solution to (10). 

However, because of its periodicity, this solution must lie in¬ 
side J not only for t = 0 , t * T, and so forth, but for all t. For 
if at any time it out the curve J, say at p, then it could never re¬ 
turn to p for later t, and this contradicts its periodicity. There¬ 
fore, it must be inside J for all t. 

As P(x, y) is identically 1 inside J, the solution through 
u* is in fact a periodic solution to (2). This establishes the theorem. 

§ 4 . It is not really necessary for the Ej^(t) to be purely 
time dependent. If the are replaced by eJ (x, y, t), E^Cx, y, t), 

where the Ej^ are polynomials of degree less than n in x and y with 
coefficients periodic in t, the proof of the theorem goes through 
unchanged. 


PART II: CRITICAL POINTS AT INFINITY OP A CLASS 
OP SECOND ORDER EQUATIONS 

§ 1. The second order equation 

(12) + f(x) — + g(x) = 0 

dt^ dt 


gives rise to the phase plane system 
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( 13 ) 




In this section the critical points at Infinity of (13) will be 
completely analyzed In the case where f(x) Is a polynomial 

m 

^ of degree m, 

3=0 

and g(x) a polynomial 

n 

^ degree n, 

3=0 


and m > n > 0. The nature of these critical points will be shown to be 
completely determined by the leading coefficients and b^ of the 

polynomials, and by the parity of m and n. Prom these facts geometric 
resiilts will be deduced about the behavior in the large of trajectories. 

As In Part I, consider In place of ( 1 3) 


<'»' wfe) ■ -‘■(l)i - 4) 

and proceeding as before, with §7 “the region covered by 

(x, 1, z) we obtain 

^ = z [f«(x, 2) + z)] 

(15) 1 r ^ 

^ = X [f«(x, z) + 2“-^^’g«(x, z)J + z” 

and for the region with coordinates (1, y, z), using ^ = z°^. 


(16) 


dz 


z y 


- f«(l, z)y - z) - zV 


where f^(x, z), g^(x, z) denote f and g made homogeneous with z. 

It Is evident from (15) and (16) that z » 0 Is a trajectory 
connecting critical points, and that the only critical points on z = 0 
are (0, 1, 0) and (1, 0, 0). Before proceeding with an analysis of 
these critical points, we will mention some lemmas on trajectories near a 
singularity. 

§2. Let C be a trajectory of an analytic system approaching an 
Isolated critical point P. At a regular point q on C any sufficiently 
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small ciroiilar neighborhood NCq) Is divided by C Into cells lying on 
opposite sides of C. These cells will be called half-neighborhoods, 
N^/gCq). We will often refer to a curve C together with a side A of 
C along which all the half-nel^borhoods are to be chosen. The choice of 
side will be Indicated by a subscript A or B. 

In terms of half-neighborhoods we will define what is meant by a 
prolongation. 

Let C^ approach P with a definite limiting direction. Then 
any sufficiently small circle S around P will be cut only once by C, 
and the intersection point q will not be a tangency. 

We will say that C^ has a prolongation with respect to S if 
there is another curve C^i cutting S at q* and approaching P such 
that for every there Is an N^^gCq) such that any trajectory 

through In 3 cuts N^^gCq*), and lies entirely inside 3 

between the two nei^borhoods. (Pig. ll) 



It is further stipulated that no trajectory sheQl tend to P between C 
and C *. Here between means in the cell qPq * q that intersects the 
half-neighborhoods. 

We are now in a position to state a lemma which is an immediate 
consequence of theorems of Bendixson [ 1 ] • 

LEMMA 1. Let tend toward P with a definite 

limiting direction. Then for any sufficiently small 



1 00 


QOMORy 

circle S aroiand P cut by C at q either 

(a) has a prolongation with respect 
to S, or 

(b) there Is a hair-nelghborhood 

such that every trajectory through N^^gCq) 
approaches P lying always Inside S. 

(Fig. 12) 



FIGURE 12 

Provided we have taken S suTriciently small, it 
Is clear that ir case (a) holds, it holds also when 
C is referred to even smaller circles S*. There¬ 
fore, the same remark must apply when case (b) holds. 
So, although this Is not always the case for non- 
analytic systems, we can use here the phrase 
has a prolongation” meaning (a) holds for all 
sufficiently small S, or "C^ finishes” meaning 
(b) holds, without specifying a partlciolar circle S. 

Another useful lemma is 

UEMMA 2. Let 3 be a circle containing the isolated 
critical point P, and which contains no closed 
trajectory, no critical point other than P, and Is 
not Itself a trajectory. Then either 

(a) there Is a c\irve tending to P which 
has a prolongation, or 
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(b) there Is a nel^borhood N of P such that 
if q. € N, then the trajectory throu^ q 
tends to P In one direction or the other, 
and without touching S. 

PROOF: In this proof we will use half-trajectory or half-characteristic to 
indicate a trajectory pursued from a starting point in one direction or the 
other. By positive (negative) half-trajectory is meant the path traced out 
by the starting point as parameter values increase (decrease). 

Now suppose (b) does not hold. Then there exists a sequence of. 
points Pj^- > P such that both the half-trajectories through pj^ either 

(1) fall to tend to P, or 

( 2 ) cut S. 

In fact we may assume ( 2 ) holds, for if a trajectory C falls to tend to 
P it must tend to another singular point, to a closed trajectory, or to 
a curve with prolongations, Bendixson [ l ]. Under our hypotheses this im¬ 
plies it cuts 3, or else tends in 3 to a curve with a prolongation, 
which already proves (a), therefore we may assume ( 2 ) holds. 

With the trajectory through associate the points a^^ and 

bj^, the first Intersections with 3 of the positive and negative half-tra¬ 
jectories through p^. Then a^^Pj^b^ divides the interior of 3 into two 
2-cells. We will call the one containing P the exterior, and the other the 
interior. The two arcs a^^b^^ of 3 will be called exterior and interior arcs. 

Because of analytlclty, 3 has only a finite number of tangencles 
with the vector field, these occur at points T^. Consider all the 
having on their interior arc. For some m there is an infinity 

of these. As the C^i cannot cross, they may be arranged in order, with 
each containing its predecessor in its interior 2 -cell (Fig. 13 ). 



FIGURE 13 
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Denoting by P) the distance from 0^^, to P, It is 

clear that every C^, has points at any distance d* from P, 
d(Cj^i, P) < d* < R, where R Is the radius of 3. Since d(C^i,P) —>0 

as n* -►», we may always find a sequence of points Pj^i € C^,, 

such that the Pj!^i have a limit point Q* at a distance d’ from ?, 

0 < d* < R. 

Choose such a sequence with a limit point Q* at distance d' 
from P. It will appear that the characteristic C* through Q’ must 
tend to P in one direction or the other, for if It merely connects two 
points of 3 we have the following consequences. All C^, lie in the ex¬ 
terior of C for n* greater than some for these C^, will have 

points at a distance from P < d(C*, P), and therefore will have one point 
in the exterior of C*, and so lie entirely In the exterior. Now choose a 
new sequence Pjl^i’ on the C^i with limit * at distance d'* from P, 
0 < d'* < d*. The characteristic C‘* through Q*' lies in the exterior 
of C*, and the C^i, n' > lie in the exterior of C*’, both by 
the same argument as before. Thus the p^^, lie in the exterior of C', 
n* > N^*, and so Q' cannot be their limit point, a contradiction. Hence 
C* tends to P in one direction or the other. 

We will show C’ to have a prolongation. C approaches P 
with a definite limiting direction. (A characteristic either approaches a 
critical point with a definite limiting direction or else its angle in¬ 
creases without limit, this latter is Impossible as C* would cross some 
C^,.) Thus there is a s-ufficlently small circle S* such that C* cuts 
3* at Q* and then always lies in the interior of 3*. 

As C* is the characteristic through Q*, by continuity there 
are characteristics C^i arbitrarily close to Q* on one side of C*, 
these of course, do not tend to P. Therefore, the conditions for 

case (b). Lemma 1, are not fulfillable, and case (a). Lemma 1, must hold. 
There is a prolongation. This establishes Lemma 2. 

§3. We will now analyze the critical points at infinity, start¬ 
ing with the point (0, 1, o), or the x = o, z = o of equation ( 15 )* 

Let e - arctan (- and R^ = x^ + z^, then from (15) 



so that if the axes are taken as in Pig. 14, trajectories below the line 
z * 0 move counterclockwise, those above counterclockwise or clockwise 
accordingly as m is odd or even. It is also clear that z * 0 x > o, 
and z * 0 x < o are trajectories tending to (o, o) with directions of 
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z 

FIGURE 14 


motion given by 
(18) 




Since these are trajectories tending to P = (o, o) with a defi¬ 
nite limiting direction, it follows by Bendixson [1] that any characteris¬ 
tic approaching P will have a limiting direction for its tangent. The 
possible limiting directions are not arbitrary but are those that satisfy 


( 19 ) 


0 = 



^m+l 


where the subscript L Indicates that only the terms of degree 
L = min | degree degree ^ j 

are taken. So any trajectory approaching P must approach tangency with 
z » 0, either from above or below. 

It will also be useful to distinguish the two sides of a half¬ 
trajectory z = 0 near (o, o). A side will be called positive if it 
borders on a quadrant in which the sign of ^ is such that the acute 
angle cp between z = o eind a radius vector to a point p in the quadrant 
constantly decreases in absolute value. It will be called negative if 
|(p| increases. As ^ has constant sign throughout each quadrant, there 
is no ambiguity. 

We have at once this simple lemma. 


LEMMA 3. Let C be a positive (negative) half- 
trajectory tending to (0, 0). Then C approaches 
tangency with one of the half-trajectories z * 0 
on a positive (negative) side. 
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PROOF: As C, a positive half-ti*ajectoiy, approaches P, it must approach 
tangency with one of the half-characteristics z » o. Since C cannot 
reach or cross z « O it will always lie in the same quadrant for t > 
some Tq. At time |q)| * b > o, while for r, sufficiently large 

|q)| < b. Hence for some t’, '^2 ' quadrant is 

such that the side approached is positive. A similar proof applies in the 
negative case. 

We will now proceed with a case by case analysis of the singu¬ 
larity at P = ( 0 , o). 

Case (la) , m even , ^ 

Equation (18) shows that z = 0 consists of two negative half- 
trajectories approaching P : C, z = 0x>0, and C", z = o x < o. If 
we adopt A and B for their lower and upper edges, we see from equation 
(17) that and Cg are positive sides, and and Cg negative 

(Pig. 15 ). 



FIGURE 15 


We next notice that there are in fact no positive half-trajec¬ 
tories approaching P* For if we consider the curve of 

(20) f^(x, z) + z®'^^”^g^(x, z) = 0 

the tangents to the various branches of the curve at (o, o) are the direc¬ 
tions satisfying 

(21) z) = 0 

for f^(x, z) is homogeneous of degree m, while ^g^(x, z) is of 

degree m + i. Since z does not divide f^(x, z), z » o is not a tan¬ 
gent to any of the curves, so there will be an and an such that 

the region D, o < |x| < ||| < fig is not entered by any of the branches 

of Of (Pig. i6). 
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D 





z 


FIGURE 16 

In each of* the two open triangles of D f^(x, z) + z) cannot 

change sign, and therefore has the same sign as for z * o, that Is sign 
(a^x“^). Hence from ( 15 ) In these triangles 

(22) sign ^ = sign (za^x^) = sign (z). 

Since any positive half-trajectories must approach tangency to 

z = 0 , they must lie Inside the triangles for all t greater than some 

T . If they are not the trajectories C* or C” themselves, then 

|z(t )| >0/ ajid 1 z(t) 1 — - » 0 as T But ( 22 ) states that for 

these trajectories In D, > 0» a contradiction. As C and C" 

themselves are negative half-trajectories approaching P, no positive half- 
trajectories tend to P. 

Since any prolongation obviously Involves both a positive and a 
negative trajectory, there are no curves throiigh P with a prolongation. 
Hence, using Liemma 2 , all curves Inside a sufficiently small circle S 

tend to P as T ► » or as t —► - without leaving a second small 

circle S. By the above we know that In fact curves can tend to P only 

as T _► - «, therefore they are all negative trajectories and^by Lemma 

5 can tend only to the negative sides of C’ and C”. Since z * 0 can¬ 
not be crossed, we see that for z > 0 the trajectories tend with de¬ 
creasing T toward tangency with c][, and for z < 0 toward tangency 
with Cg (Fig. 17 ). 

Case (la) 



FIGURE 17 
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So for m even, ®tn ^ ^ ^ Is a (non-slmple) imstable node. 

Case (ib) » m even, 

Prom equation (i8) we see that C* and C" are now positive 
half-trajectories approaching P. As (17) shows, ^ is unaffected by the 
sign of so that the sides C^, Cg, etc. are positive or negative as 

before. The argument immediately preceding equation ( 22 ) applies again 
only ( 22 ) now becomes 

( 23 ) sign ^ = sign 

and the argument which previously showed that no positive half-trajectory 
approaches P, now shows that no negative ones do. Again there are no 
prolongations, and now inside some small circle all paths are positive half- 
trajectorles and tend to P. Only now they must tend to positive sides, 
and so tend to and Cg (Pig* 18 ). 

Case (lb) 



z 


PIGURE 18 

So P is a (non-slmple) stable node. 

Case (2a) . m odd, ^ 

Equation ( 18 ) shows that C* is a negative, C" a positive half- 
trajectory. Equation ( 17 ) shows ^ to be always non-negative, so Cl 

M ^1 II 

and Cg are positive sides, and Cg and C^ negative. Also using once 
more the argument based on ^ we find 

(24) sign ^ ’*'sign = sign (xz) 

dz 

for the sign of inside the small triangles. This Implies that nega- 

II 11 

tlve trajectories cannot approach tangency to C^ and Cg, and that posi¬ 
tive ones cannot approach and C^. As cj[ is a negative side, this 

means that no characteristics at all approach tangency to it, and as C^ 
is positive, no characteristics approach it. So no characteristics other 
than C and C” enter P from the lower half plane. Therefore C^ 
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must have a prolongation, for if It finished at P, by Lemma 1 there would 
be a half-neighborhood on the A side, through which passed a characteris¬ 
tic tending to P, and clearly tending to P from the lower half plane. 

As this is impossible, case (a) of the lemma must hold, so C^ has a pro¬ 
longation. The prolongation cannot lie in the upper half plane, for then 
characteristics passing near a point on C” and a point on its prolonga¬ 
tion, would cut C *. As there are no characteristics other than C * and 
C" tending to P from the lower half plane, the prolongation can only 
be C». 

Thus the lower half plane near P is a saddle sector as shown 
in Pig. 19* 



FIGURE 19 

We will next show that there are no curves with prolongations 
tending to P from the upper half plane. For suppose there existed a C^, 
a positive semi-characteristic with a prolongation on some side A. C^ 
must tend to tangency with Cg, and its prolongation Cg, being negative, 
must tend to Cg. By Lemma l there exists a trajectory T passing arbi¬ 
trarily close to points of C^ and then proceeding with increasing t 
arbitrarily close to points of Cg while lying always inside a small circle 

around P. Now when near C ^, T is near Cg and hence has a 6 co¬ 

ordinate greater than say ^ At a later time, near Cg, it is near Cg 
and therefore has a e coordinate less than n. So e has decreased 

with time. However, in the region in which (17) applies, and in which T 

da 

always lies diiring the time under discussion, is non-negative, a con¬ 

tradiction. Hence such a prolongation is impossible. 

Denoting points z < 0 by U, and repeating the arguments of 
Lemma 2 but restricting ourselves to points in U, we conclude that as 

there is no prolongation, given any circle S, there is another circle 3* 

such that if p belongs to U, then the positive or the negative 

half-trajectory throu^ p tends to P inside 3 U. Prom Lemma i it 
follows that as there are no prolongations, the set of points inside S' 
whose positive half-trajectories tend to P in 3 is open, and of course 
the same applies to the set of points whose negative trajectories tend to 
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P. As the union of these two sets is the Interior of the connected set 
S* ^ U, their intersection is not void, so there is a point p whose 
positive and negative half-trajectories tend to P. Taking a new semi¬ 
circle 3^ throu^ p, we may find a smaller semi-circle Sg which is 
divided into three sectors by the ixDSltive and negative half-trajectories 
C"*'(p) and C“(p) through p (Pig* 20 ). Sg may also be taken to have 
the property that if q is in Sg, either C^Cq) or C"(q) tends to 
P inside 3^. 



FIGURE 20 

If we consider q in the central sector, C'‘’(q) and C“(q) lie 
always inside C(p), so both must tend to P* If we consider q in either 
of the other sectors, then either C"'’(q) or C”(q) tends to P inside 
3^ and outside C(p). In fact as Cg is a positive, and Cg a negative 
side, if q is in a sector bordering Cg, then C'*'(q) tends to P in 
3^ and CCq) does not, and if q is in a sector bordering Cg, C”(q) 
tends to P in 3^, and C^Cq) does not* 

Thus the configuration at P is as in Pig. 21 . 

Case (2a) 
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Case ( 2 b) » m oddj ^ 

Equation ( 18 ) shows C* to be a positive, C” to be a negative 
half-characteristic. The sides of the characteristics are positive and 

dfl 

negative as before, as gj is unchanged. With obvious modifications all 
arguments go throu^ as in case ( 2 a) and the singular point again has one 
prolongation and one closed nodal region, althou^ with positions reversed 
as indicated in Pig. 22 . 


Case ( 2 b) 



FIGURE 22 

We have thus determined the nature of the singularity x * 0 , 
z » 0 , which is the only singularity on the line at infinity for J ^ 0, 
The nature of this singularity has turned out to be completely determined 
by the parity of the degree m of f(x), and the sign of its leading co¬ 
efficient a^. 

We next turn to the critical point Q = ( 1 , 0 , 0 ). Using y, z 
coordinates and equation ( 16 ) our differential equations are of the form 

( 25 ) If- = Z(y, z), ^ cy + dz + Y(y, z), 

where Y and Z consist of terms of degree >2. In(i6) c*-a^/o, 
while d = - bj^ if m » n, and is zero otherwise. 

The possible directions of approach are given by 

(S6) 0 = z - y - z(oy + dz), 

and are z - 0 and the line L : cy + dz * 0. Of course z * 0 y > 0, 
and z » 0 y < 0, are actually trajectories of (i6). Now for equations 
of the form ( 25 ) we may use results due to Bendixson. First there are two 
and only two characteristics tending to Q tangent to z»o. In(i6) 
then these are the two trajectories z « 0 . Secondly, considering the 
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CTirves tending to Q tangent to L, we may divide them into two groups, 
those near Q with z > o, and those near Q with z < 0. 

If the index of Q is both of these will form nodes, l.e., 

there will be an infinity of trajectories tending to Q in each group, and 
if C tends to Q, so do all trajectories through a neighborhood of C. 

Index 1 



If the index is - i, there will be a unique curve in each group 
tendJjng to Q, and it will have as prolongation one of the trajectories 
tending to z = o. That is, we will have a saddle. 

Index -1 



FIGURE 2k 

If the index is zero t^e will have one nodal and one saddle side. 
In this last case there are two possible arrangements depending on which 
side is nodal and which saddle. However, aside from this we see, following 
Bendixson, that the nature of the singularity Q is largely detennined by 
the index. Now the index of Q is given by 

( 27 ) index (Q) + index (P) + z index (pj^) * 1 
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Index 0 



where the are the critical points not on the line at infinity. The 

index of P may be computed from a formula of Bendixson 

2 (- index (P) + i) = c - n^, 

c being the number of ciorves having prolongations, n^ the number of 
closed nodal regions. Referring to cases (la), (ib), ( 2 a), ( 2 b) we find 
always 

( 28 ) index (P) * i. 

The p^ are, of course, the points where ^ and ^ vanish 
simultaneously. Hence, referring to (15), all the p^^ must lie on the 
x-axis and have x-coordlnates a^ such that g(aj^) = 0. If we assume for 
the moment that g(x) has only simple roots, a routine calculation shows 
that the points (a^^, 0) are simple critical points, and that they have 
index + 1 if g’(aj^) > 0, and index - 1 if g’(aj^) < 0. 

At successive intersections of the curve g(x) » 0 with the 
x-axls, g’(x) will change its sign, hence at successive critical points 
the index alternates from +1 to - 1. If g(x) is of even degree, 
even, there will be equal numbers of both types so (27) gives 

n even, Ind(Q) » 0 , 

g(x) is of odd degree there are two cases 

n odd, ^ ^ Ixid(Q) = 1 

n odd, ^ 0 Ind(Q) = - 1. 

Hence the index of Q is determined by g(x) alone. 


l.e., n 

(29) 

while if 

(30) 
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Equations (29) and (30) hold even when g has multiple roots, 
for these multiplicities can be removed by small changes in g which, as 
they change the vector field only slightly, cannot affect the index sum. 

In the cases covered by equation (30) the index completely deter¬ 
mines the nature of Q except for the direction in which the trajectories 

are to be pursued. This last is directly determined from (16) and depends 
on the sign of a^. 

In the case n even, it remains to determine which side of 

z « 0 at Q is a saddle and which side a node. Remembering that z = 0 

is a trajectory, we observe that if the side z > 0 is a saddle side the 
vector field should rotate through - « along any curve connecting a point 
on the positive y-axls with a point on the negative y-axis through the 
half-plane z > 0. Similarly, if the side is to be nodal, the rotation 
should be + «. We will actually obtain this rotation along a simple path. 

Let the path consist of the sides formed in the half-plane z > 0 
by the lines y=+a, z=€>0 (Pig. 26). 


= e 


y 

a 


z 




FIGURE 26 

Prom (16) it appears that at (a, 0) and (-a, 0) the vectors 
are vertical and oppositely directed. On y = a z > 0, and on 
z=€ y>0, we have < 0, so the vectors point toward the right 

half-plane z<0. At y=o, ^= - , g) which for e 

sufficiently small has the sl^ of - b^^. So at z = e, y » 0, the vector 

points toward the half-plane - yb_ >0. On z=€ y<0, and on 
dz 

y«-a z>o, g~>o and the vector points into the left half-plane, 
z > 0. This gives a rotation of - « if ^ ^ ^ ^n 

So if n is even and b^ > 0, z > 0 is a saddle side (Pig. 27), 
and if bj^ < 0, z > 0 is a nodal side (Pig. 28). We find that that the 
form of the trajectories near Q, that is^ whether they are saddle or 
nodal sectors, is determined by the parity of n and the sign of b^^. So 
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f(x) controls P and g(x) controls Q. 

n even, ° 



n even, < 0 



We can now give the various possible modes of behavior in the pro¬ 
jective plane near the line at infinity, that is, the asymptotic behavior 
of solutions to (13) that become unbounded either for increasing or de¬ 
creasing t (Pig. 29 ). In these figures the trajectories in the finite 
plane are given parametrized by t. The projective plane is represented as 
a circle and its interior, with opposite points on the circumference identi¬ 
fied. The circumference Itself consists of the trajectories z = 0 and 
the critical points P and Q. 

Next consider a^ < 0. For m even the following changes should 
be made. First the direction of the parametrlzation is reversed, and 
secondly, the ciorves approaching P are now tangent at the other side. 

For example, from 1 comes 1 A (Pig. 30 ). Similarly from 2, 3 ^ ^ come 
2 A, 3 A, 4 A. For m odd the role of the upper and lower sides of P is 
interchanged. Thus from 3 , 6 , 7 , 8 come 5 A, 6 A, 7 A, 8 A (Pig. 31 )• 

The information obtained about behavior at infinity can be used 
to deduce results about the behavior in the large of the trajectories. For 
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Q 


FIGURE 30 

example, a glance at Fig. 29 shows that the only equations dissipative for 
large displacements are those of case (i ), n even, m odd, and 

positive. Furthermore, if we take one of this class which, like van der 
Pol's equation, has a single unstable singularity in the finite plane, we 
can readily deduce the existence of limit cycles. For the trajectories 
emanating from the finite singxilarity must have as their limit sets either 
a limit-cycle, a critical point, or a graph made up of separatrices and 
critical points. As no trajectories tend to P or Q with increasing 
time, the last two possibilities are ruled out and limit cycles exist, in 
fact every point outside the outermost limit-cycle must tend to it with 
increasing time. 


P 



P 



FIGURE 
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A similar remark applies to 1 A with a single stable singularity. 

If we take case ( 6 ) with a single simple singularity R In the 
finite plane, R will necessarily be a saddle. Consider the limit sets of 

the two positive separatrlces and Cg emerging from R. There are no 

limit-cycles since a limit-cycle must contain singularities with an Index 
sum of 1 . For the same reason neither separatrix can return to R, so a 
loop of linked separatrlces Is Impossible. Hence, each must tend either to 
P or to Q along a possible direction of approach for positive trajec¬ 
tories. They cannot both tend to P (or Q) for if they did, RC^PC^ 

would enclose a certain region A free of singularities and every positive 

and negative trajectory In A would have to tend to P between and 

Cg. But this Is a direction of approach for positive trajectories only. 
Hence, tends to Q and to P (Fig. 52). The paths of the other 

trajectories are then completely determined. and another separatrix 

bound the closed nodal region of P. 


P 



FIGURE 32 

A single slngulariV in case (2) again gives an easily determined 
configuration, while in (5) there are many possibilities. 

In (3), (^), ( 7 ), and ( 8 ) the simplest case Is g(x) never zero. 
With no finite singularities the destination of the imique separatrix 
issuing from Q is uniquely determined, and in turn It determines the 
destinations of the other paths. In case ( 3 ) it tends from Q to Q, in 
case ( 4 ) from Q to Q, in ( 7 ) from Q to P, In ( 8 ) from P to Q, so 
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that the paths in the finite plane are as shown in Pig. 33. 



P P 


FIGURE 35 

We see that in all cases (1) to (8) and (lA) to (8A) trajectories 
tend to infinity with a definite asymptotic direction. They are asymptotic 
to the line at ’infinity at P, and to a finite line at Q. If m > n, 
they are in fact asymptotic to the x-axls as they tend to Q. In no case 
is there a spiralling toward infinity. 

PART III: FORCED OSCILLATIONS IN A CLASS OP 
SECOND ORDER EQUATIONS 

§ 1. In this section the method of Part I and the knowledge of 
critical points obtained in Part II will be used to prove a forced 



118 


QCMQm 


oscillation theorem about 


(31) 


^ + f(x) ^ + g(x) - E(t). 

at 


Here, as before, 

m n 

f(x) = Y, = X ^ 3 ^^' 

3=0 3=0 

and m > n > 0, while the forcing term E(t) has a continuous derivative 
and is periodic of period T. 

THEOREM. If n is odd, and if we do not have both 
bj^ > 0 and m odd, then equation (51 ) has a 
periodic solution of period T. 


§ 2 . As a first step toward establishing the theorem we will in¬ 
troduce a pair of equations closely related to the phase plane form of 

(51). 

Choose any E’ greater than sup |E(t)|, and let 

t 


and 


then introduce 


(y) » ^ 
hgCy) = 


E», 


E», 


E*, 


E*, 


y > 0 
y < 0 

y > 0 
y < 0 


} 

} 


(32), 


dx _ dy 

y -f(x)y-g(x)+h^ Cy) 


and 

^^^^2 T" * -f(x)y-g(x)+h2(y; 


In all the following we will only consider these equations in the 
exterior of a circle S which surrounds all the zeros of all the polynomials 
- g(x) + c. Id < E'. 

At every point of this region the equations (52 satisfy Llpschltz 
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conditions either In x or In y, so that we have unique trajectories, 
and in fact, in a sense to be made more precise below, these trajectories 
will have the same behavior at Infinity as the trajectories of the corre¬ 
sponding equation (i 3 )« 

Consider first the singularity P = (o, i, o). Near P and on 
one side of the trajectory z = 0 the trajectories of (32)^ coincide with 
those of 

(33), - f(x)y - g(x) - E' 

while on the other side they coincide with the trajectories of 
( 33)2 af " y a?" " " ^’(x)y - g(x) + E‘. 

The arguments used in Part II to determine the behavior of the trajectories 
of (13) at P can be applied separately to each of the equations ( 33 )j 
to find the behavior of the trajectories of (32)^ on each side of z = 0. 

As the (33 )j differ from (13) only by a constant, and the type of singu¬ 
larity obtained at P is determined by m and a^, we will have only the 
same types of sides and the same combinations of sides as in the corre¬ 
sponding equation (13). 

The same remark applies to (32)2. 

Near the critical point Q = (1, 0 , 0) consider the side z > 0 , 
(x > 0 in X, y coordinates), and notice that y = 0 is a segment with¬ 
out contact. Suppose z > 0 is an attractive node or saddle side for (13) 
and hence for (33 and (33)2* Equation (i 6 ) shows that we have 
^ = - f’or all three equations. Therefore all the trajectories, (or 

the imique trajectory), tending to Q do so in the half-plane y > 0. 

This behavior then is not affected when the trajectories of the (33 )j are 
pieced together along y = 0 to obtain the trajectories of the (32)^^* 
Similar remarks apply to repulsive nodes and saddles and to z < 0 . The 
following more precise statements may be verified at once. 

Let the trajectories of the (32 )^ be given the parametrlzatlon 
obtained naturally from the appropriate (33 )j* Suppose first that the side 
z > 0 of Q is an attractive nodal side for (13)* Then, given any semi¬ 
circle S^ around Q, there will exist an Sg^ such that if x*^ is in 
Sg# the trajectory of (32)^ thiKJUgih x^ tends to Q inside S^. Now 
suppose that z > 0 is a saddle side of Q for (13)- Then for each 
equation (32)j_ there is a unique trajectory tending to Q, and its pro¬ 
longations are the parts y > 0 and y < 0 of the line z * 0, exactly 
as is the case for trajectories of (13)• 
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These statements may be repeated for a repulsive node or saddle, 
and for the side z < o. 

§3. ¥e will now Introduce some notations needed for the main 
lemma of this section. By will be meant positive and negative 

half-trajectories of the (32)^, the parametrlzatlon being obtained from the 
appropriate equation (33 )• The region + y^ > will be denoted by 
K(R). Also, given some K(R), the set of points x° In K(R) such that 
C^(x°) tends to Infinity In K(R) will be denoted by aJ(R). Similarly 
from the we obtain the sets A^(R). 

A large part of the proof of the theorem consists of establish¬ 
ing the following lemma. 

LEMMA. If the f(x) and g(x) In (32) satisfy the 
conditions for the theorem, then, given any sufficient¬ 
ly large R there Is an R^ depending on R such 
that 

A|(R)oA^(R) :)K(Ro). 

PROOF. The proof will proceed by a case by case analysis. The conditions 
for the theorem mean that we deal only with the cases l, 2, and 6 , iA, 

2A, and 6A of Pig. 29. We will give the proof of the Lemma only for cases 
1, 2, and 6, the modifications for the other cases being obvious. 

We take a fixed R, and consider all the following constructions 
as being carried out in K(R). 

Case 1, m even, n odd, ^ ^ Is an \mstable 

node for both of the equations (32 )j^. Considering especially (32)^, we see 
that given a circle around P, there is an Sg such that If x° is 

inside Sg, Cg(x^) tends to P inside . So the Interior of 
Sg C A^(R). Also for x > 0 and near Q choose another x° so that 
C2(x®) is the unique trajectory tending toward Q. As the line at Infinity 
forms the two prolongations of this trajectory, it follows Immediately from 
the definition of prolongation that we may find a short segment without 
contact, ax*^, orthogonal to CgCx®) and such that C'Ca) and Cg(b) 
cut Sg (Pig. 3 ^). Repeating the construction for x < 0 with an x° 
and a segment a'x*^ b* and trajectories Cg(a*) and Cg(b’) we see that 
Sg, Cg(a), C2(b), C2(a*), and C2(b*) bound a region A which clearly 
has the property that if x° c A, C2(x®) lies entirely in the region 
bounded by the same four trajectories and Sg. Thus A C A^(R), and any 
K(Rq) C a is a K(Rq) fulfilling the condition of the Lemma. 

Case 2 , m even, n odd, ^ is an un¬ 

stable, Q a stable node for the (32 just as in case 1 we may find 
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circles, Sg around P, around Q, such that 

Sg C A^(R) 

3| C a|(R) . 

Also, since z * o is a trajectory, using continuity with 
respect to initial conditions, we may find an on with z co¬ 
ordinate so small that c|(x°) cuts 3 ^, and an x° on Sg with z 

so small that C^Cx® ) cuts Sg (see Pig. 55 ). So if p lies under both 



FIGURE 55 

these trajectories CgCp) wllL enter Sg, and c|(p) will enter . 

Thus p lies in a|(R) and in A^(R). In this way the circles may be 
connected by long pipes along z « o, the pipes lying in A'J‘(R) and 
A^(R). Thus combining pipes and circles we obtain a region A lying in 
A+(R) o A^(R), and any R^ such that K(Rq) C A is a K(Rq) as required 
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in the Lemma (Pig. 36). 



FIGURE 36 

Case 6 , m odd, n odd, ^ dealing with the 

critical point Q we construct a circle S as before. The part of the 
circle near Q with x > 0 will belong to a|(R), the part with x < 0 
to AgCR). But In dealing with P on the side y < 0 we have a more 
complicated singularity and must slightly modify the procedure. 

In Part II in discussing this critical point we saw that the In¬ 
terior of any sufficiently small circle Sg around P, y < 0, would be 
divided into three sectors by a trajectory of (15) there referred to as 
C(p) (Pig. 20). Turning to equations (32)^ and (32)^ we have different 
circles and different divisions, but choosing a circle sufficiently small 
to serve for both equations, we have it divided Into the three closed 
sectors E^, Eg, E^, by a suitable trajectory (a) of (32)^, and into 
sectors E|, E^, E^, by a suitable C2(a*) of (32)2- The properties 
ascribed to the sectors in Part II show that E^ '-'Eg C a|(R), and 
®2 ^5 ^ A^(R). Also, a3.^C^(A) and CgCa*) both approach P tangent 

to z s 0, we have for a sufficiently small circle Sg, E^ E^ = 

E{ E^ * 9 (the null set). 

Using this circle then we may write 

(E^ u Eg o E^) o (E* o Ep * Sg and interior 
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= (E^ o Eg) (E5 Ep (E5 o ) C (E^ o Eg) o (E^ o ) C a|(R) oA^(R). 

So we have a circle around P, y < 0, of the desired type. 

VTe may now construct pipes to the circle around Q by linking 
S (of Q, X > 0) with Sg by a c| which starts on Sg and cuts S 
with X > 0, and a 0 “ starting on Sg and cutting S, x < 0 (Pig. 37). 
The points under this C'J' will belong to a|(R), those iinder C* to 
A2(R). 



FIGURE 57 

Since the line z =» 0 is its own prolongation at P(y > 0), we 

may construct a tube linking Q(x < 0) with Q(x > 0) past P(y > 0). 

The points in the tube will have the property of belonging to a|(R) or 
Ag(R) or to both. Together the tubes and circles form a region 
A C a|(R) 'wJ A^(R). Thus any K(Rq) in A is a suitable K(Rq). 

As we have now dealt with all the cases, the Lemma is established. 

§ 4 . Now take any specific f(x) and g(x) satisfying the con¬ 
ditions for the theorem, and consider the corresponding equations (32)^ and 
(32 )g together with an R and Rq such that 

A+(R) ;^(R) ) KCRq). 

Choose any point p * (a, b) lying in K(Rq). We will associate with p 
a half-trajectory and a ray in the following manner. If p € A^ (R), the 
trajectory is c|(p), If p e A^(R) the trajectory Is C2(p), If b is 
positive, the ray is the ray x = a, y > b, if b is <0, the ray is 
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X - a, y < b. 

The chosen trajectory through p may behave In one of two possible 
ways (Pig. 38 Is an example), either It cuts the chosen ray again after 
leaving p, or It does not. If it does cut again at p*, then the tra¬ 
jectory and the segment pp* divide the plane Into two regions, and a path 



proceeding from one region to the other must cut pp‘ or the trajectory. 

If the trajectory does not cut the ray again, then by the definition of 
A‘J'(R) or A^(R) the trajectory must tend to Infinity Inside K(R). Thus 
the ray and trajectory combined again separate the plane Into two regions. 
We will always call this separating curve through p, J(p). 

Now consider the phase plane form of (31). 

( 3 U) ^ - f(x)y - g(x) + E(t). 

Comparing the slopes of trajectories of (32)^, (3^)7 and (32)2, we have 
for any point (x, y), y ^ 0 , 

-f (x)-g(x)+hi (y) -f (x)y-g(x)+E(t) -f (x)y-g(x)+hp(y) 

- - < --- < --— £ - . 

y y y 

This shows that If* c|(p) Is pursued In the direction of In¬ 
creasing time, the motions of (3^) will cross It from right to left except 
possibly at points where y - 0. Similarly If C“(p) Is pursued In the 
direction of decreasing time, the motions of (3^) cross It from right to 
left. Also, as ^ ■ y# the same statement holds for the ray through p, 
provided It Is traversed In the direction of decreasing |yl. 

We may run throu^ J(p) by first traversing the ray with ly| 
decreasing, and then running through the assigned trajectory after reaching 
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p. All along this path, with the possible exception of points y - 0 , the 
trajectories of ( 34 ) cross from ri^t to left. Since the points y » o on 
J(p) are isolated, it follows from continuity that even at these points 
the motions of ( 34 ) cross J(p) from ri^t to left. Hence, all solutions 
starting on J(p) and moving with increasing t will enter only one of 
the two regions into which J(p) divides the plane, while with decreasing 
t they all enter the other. 

We conclude that any trajectory of ( 34 ) cuts J(p) at most once. 
In particular, the solution through p itself never returns to p, where 
p is any point in K(Rq). We are now in a position to duplicate the argu¬ 
ment of Part I. 

§ 5 * Consider in place of (34) 


( 55 ) 


= y F(x, y) 

^ = [- f(x)y - g(x) + E(t)]P(x, y) 


where P(x, y) has continuous derivatives, is always positive, is identi¬ 
cally 1 Inside some circle of radius R' > R^^, and tends to zero so 
rapidly that the right hand sides of ( 35 ) are bounded in the entire plane. 

As the special property of the separating curves J(p) depended 
only on the direction, not the length of the velocity vectors of ( 34 ), the 
curves J(p) have this property again with respect to solutions of ( 35 ). 
Thus a solution to (35) passing through a point p in K(Ro^ never re¬ 
turns to p. 

Just as in Part I, equation ( 35 ) gives us a mapping 

9^ : u°-►u(t, u®) of the plane into Itself. If we consider the index 

of this mapping on any circle S lying in K(Ro ^ with radius R", 

Rq < R*' < R*, we find, just as before, that since solutions Cannot return 
to their starting point the index of 9^ on S is Independent of t. In 
fact, by the argument of I, it is equal to the index on S of the velocity 
vectors taken at t = 0 . 

But, as the theorem assumes that g(x) is of odd degree, this 
last index, obtained from 


dx 




7 


« - f(x)y - g(x) + E(o) 

must be 0. Hence even the index of 9^ is / 0, and there is a point 
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u° Inside S with 9rpU° = u°. The solution throu^ u° is a periodic 
solution to ( 35 )- However, this solution passes through no point of 
K(Rq), for a trajectory throijgh p in K(Rq) cannot return to p. So 
the solution lies always inside S. Here however, P(x, y) is identically 
1 , so we have a periodic solution to (3^) and hence to (31 )• 

This establishes the theorem- 
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VI. ON CERTAIN CRITICAL POINTS OF A 
DIFFERENTIAL SYSTEM IN THE PLANE 

Samuel Barocio* 


Suppose we have a system of the form: 


(1 ) 


X . [x, y]p 
f - [x, y]q 


where the expressions in brackets are real convergent power series, whose 
first terms are respectively of degrees at least p and q. If p » q = 
the system takes the general form: 


( 2 ) 


X = ax + by + [x, yjg 
t = cx + dy + [x, yjg . 


It is a well known result that at the origin, the local phase-portrait is 
that of the linear approximation of (2); l.e., to the system obtained by 
neglecting the terms of two and higher degrees. (The focus-center case is 
a well known exception.) 

In the linear case, when both of the characteristic roots of the 
ab 

matrix of (2) are different from zero, their signs or reality com¬ 

pletely define the type of singularity [ 1 ], [2]. 

The case of one characteristic root zero has been discussed by 
Bendlxson [3] and in a different and with a more direct procedure by S. 
Lefschetz in Chapter X of his forthcoming book On Differential Equations , 

(referred to as [1 ’ ] ). 
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We believe that the case where both characteristic roots are zero 
and nevertheless the matrix of the system Is not Identically the null matrix, 
has not been treated (as a whole phase-portrait) In the literature [U]. It Is 
our present purpose to discuss the possible types of critical points of ( 2 ) 

In this case. At all events such a system may be reduced In a suitable co¬ 
ordinate system to the fom 


(3) 


X = xy + [x, ylg , X y 0 
y = [x, y]| = ax^ + 2bxy + cy^ + [x, y]^ . 


Here the upper Indices x, y are merely to distinguish the square brackets. 

There are now two possibilities. First, c ^ o. Then, by re¬ 
placing y by - y/jj we reduce the system to the same form but with 
c » + 1 . Suppose now that c » 0 . Then, making the transformation of 
variables, regular at the origin: 

X, - X, y, = y + X 


the system is reduced to the form 


X, . xy, + [x,, y,] 


(4) 


= - y^ + 2ta,y, + ax^ + (x,, y,] 


Applying now the Welerstrass preparation theorem together with a change of 
time variable, we may write 

x^ 

x^ = xy^ + x^, yJ = Xy^ + C(x^ ) 

'' •’2 

where E(o, 0) * 1 . 

By changing the "time units we may reduce this last system to one 
of the two forms: 


“ 1 yi + C(x^) 

” 2A(x^ )y^ + B(x, )jE(x, y), E(o, 0 ) » 1. 

It Is sufficient actually to discuss the system with the + sign, since 
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the other may be deduced from it by changing t into - t. Writing now 
again x, y for x^, y^ the system that we shall discuss is 


( 5 ) 


X - y C(x), 

y = - [y^ - 2 A(x)y + B(x)] E(x, y) . 


We notice in passing that 
Now clearly the 


A » [x]^, B = [xlg, 
following system 


C 


[xlg. 


( 6 ) 


X = [y^ - 2 A(x)y + B(x)] E(x, y) 
y = y C(x) 


which is merely the Bendixson system in the form (19*2) of [lM Chapter X, 
is orthogonal to ( 5 )» This system differs in no essential way from the 
system ( 19 . 4 ) (loc. cit.) which has been fully discussed there. 

The Bendixson system in both of its above mentioned forms ( 19 - 2 ) 
and (19.4) has the y axis as trajectory or tangent to a trajectory, and 
it is proved (loc. cit.) that all the possible phase-portraits are re¬ 
duced to the following three types; Node, Saddle-point (four hyperbolic 
sectors with no fans between them) and a node coalescent with two hyper¬ 
bolic sectors. In all the cases each right or left half plane is filled 
with a node or two hyperbolic sectors. 

By Puiseux's theorem, the ri^t hand side of ( 6 ) can be decom¬ 
posed in two factors of the form 




Each such factor represents part of the geometrical locus in which x 
vanishes, and hence, where the tangents of the trajectories are vertical. 

We will denote these branches by Ty. If the factors are complex, there 
are no fy branches at all. The locus in which y vanishes, is a branch 
denoted by (a single one, since y has a linear term in y) and is 

the locus where the trajectories have horizontal tangent. 

At this point it is interesting to observe that if we have two 
mutually orthogonal phase-portraits near (o, o), the branches 

associated with one singularity become the Ty branches associated with 
the orthogonal phase-portrait (i.e., to the other singularity) and vice 
versa. 

This simple property almost enables us to construct at once, from 
the Bendixson system all the possible local phase-portraits of the system 
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( 6 ), which we know from Lefschetz [I’l# and taking orthogonal trajectories. 

In the Bendlxson system, In the form ( 19 •^) the branches 

are symmetrical with respect to the x axis. For ( 19 « 2 ) however, it does 
not necessarily happen, and we will consider, as above stated the orthogonal 
to this latter system. 

Changing t In -t in( 5 ) we see at once that near the y 
axis, y will be positive and x of the opposite sign to y; we do this 
merely to fix a sense to the trajectories. 

From all the above considerations we easily obtain the "repre¬ 
sentative" or "typical" halves of Plate I. These halves are typical in 
the sense that all the other possible configurations are equivalent to those 
of Plate I. In certain cases orthogonality does not give us a complete 
Information of the behaviour of the trajectories. For example, let us 
consider the right half numbered II, Plate I. The Bendlxson phase-portrait 
does not enable us to decide if there are "TO-curves" (trajectories tend¬ 
ing to or away from the origin) between the branches or between the 

Ty branch and the x axis. The curves In Plate I, II, in fact, do not 
occur. In this connection we refer the reader to a forthcoming paper by 
Lefschetz. 

Then, by matching all the right and left halves of Plate I, we 
obtain the eight different (not, however, topologically) local phase- 
portraits of Plate II. 

In each drawing of Plate II there is a chemical like formula de¬ 
noting the "composition" of the phase-portrait. 

The meaning of the letters are the following: 

C - centerj 

F - focus; 

H - hyperbolic sector; 

N - node; 

0 - nested oval sector. 

The phase-portraits orthogonal to those of Plate II, l.e., the 
Bendlxson ones are drawn in Plate III with numbers corresponding to their 
orthogonals in Plate II arg 

2H - N orthogonal to l, 2 , and 5 - 
N - N orthogonal to 4 , 6 , 7 and 8 . 

4 H - N orthogonal to 3 * 

This shows at once that two topologically equivalent phase- 
portraits may have topologically non-equivalent orthogonal phase-portraits. 

The only stable phase-portraits are the focus or center Plate II, 
Figure 6 and node Plate II, Figure 8 , both of them orthogonal to nodes. 
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Then, stability In the orthogonal system Implies stability in the Bendlxson 
system. The converse is not true (see Plate II, Figure 7 )* 

In the description given here there may arise fans between con¬ 
secutive hyperbolic sectors. As we do not know in all cases whether these 
fans exist or not, we say that our description is complete "modulo fans". 

Now, we may summarize our results in the following: 

THEOREM. In the system where both characteristic roots 
are equal to zero, but with non null matrix, there may 
arise modulo fans all the possible phase-portraits (con¬ 
sistent with the Poincare index formula) made up of zero, 
two or four hyperbolic sectors and in addition of one 
hyperbolic sector and a nested oval sector. The corre¬ 
spondence with the Bendixson system is indicated below: 

Bendlxson System Orthogonal System 

2 H-N 2 H-N; 2 H 

4 H 

N H-2N-0; N; F or C. 

Observe that corresponding configurations have the same Poincare 
index. If one endeavours to determine a priori the configurations com¬ 
patible with the preservation of the index one finds types like 3 H -0 or 
2H-20. However, in the note of Lefschetz already mentioned it is proved 
that these configurations cannot arise and that the only scheme under which 
a nested oval Sector may occur is the combination H-o (or H-2N-0). 

In Plate I, Figure II, and Plate II, Figures 2 and 4 , configura¬ 
tions a priori possible (but actually not occurring) are indicated by lines 
in point and dash. 

In certain cases we may dispose of the fans between consecutive 
hyperbolic sectors. In the forthcoming book of S. Lefschetz (Chapter X, 
(21.7)) it is proved that the system ( 6 ) does not have inflexions in the 
zone between the Py and Pj^ branches and in the zone below the x axis • 
On the other hand, in these zones there arises the possibility of a fan in 
the orthogonal system to ( 6 ). 

We will show here by a simple geometrical argument that this 
situation excludes the possibility of fans in our particular regions. 

Let us suppose that there exists a fan orthogonal to a hyperbolic 
sector in a region where all the ciirves of the family (other than the 
separatrices and the origin) are convex toward the origin. Fig. a. 



CERTAIN CRITICAL POINTS 


135 



FIGURE a 


Consider one fixed trajectory f of the assumed fan, and another 
variable one v; and take their intersection A and B with an orthogonal 
trajectory 6 sufficiently near to the origin. Then, for a small arc AB 
the curvatures of OA and OB are not of opposite signs, and the tangents 
to f and V in the points A and B Intersect in a point P of the 
region limited by the tangent to f at the origin, the arc OA and the 
tangent to 6 at A. 

As B tends to A the point P must tend to a limiting posi¬ 
tion (or Infinity contained in the shaded region). 

However, since the arc AB is convex towards 0, the center of 
curvature at A (which is also the limit of P) is in the region above the 
tangent at A. 

This contradiction proves that no fan such as assumed may exist 
in our regions. The fan is thus reduced Indeed to a single separatrlx. 
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VII. ON THE TOTAL NUMBER OP SINGULAR POINTS AND LIMIT 
CYCLES OF A DIFFERENTIAL EQUATION^ 

Felix Haa.s 


The object of the present paper Is to study the relation between 
the number of singular points and limit cycles of a differential equation 
on one hand and the Betti numbers of a manifold on which this differential 
equation is realized on the other hand. If the vector field defining the 
differential equation is the gradient of a potential function and if the 
limit sets consist of singular points only the Morse inequalities for the 
critical points of the potential function Immediately give inequalities for 
the singular points of the vector field in terms of the Betti numbers (l, 2 ). 
Prom the point of view of differential equations, however, it is desirable 
to derive similar inequalities, even for vector fields which do not come 
from potential functions, and to include limit cycles in the consideration. 

There is a fair amount of opportunity to use such inequalities in 
the study of concrete differential equations. Existence theorems are some¬ 
times proved by using the theorem that the sum of the singular point in¬ 
dices equals the Euler characteristic. The Morse inequalities are sharper 
and should be used more frequently. The surfaces Involved are generally 
phase spaces of various kinds or invariant surfaces of a differential equa¬ 
tion defined in a larger space. 

El'sgol'c established certain inequalities for the case where the 
limit set consists of singular points of the simplest kind only^. The proof 
given there is somewhat sketchy and in places difficult to understand. In 
Part I, therefore, we state the result for the simplest singularities and 
supply a proof. In Part II complicated singiaar points are analysed in 
preparation for subsequent parts. The classification, valid also for non- 
analytlc systems, goes back to Brower^^^. In Part III inequalities are 
proved which relate the total number of hyperbolic, elliptic, stable, and 

’Work done under Office of Naval Research Contract No. N6orl-105-Task V 
Project No. NRD 43 - 942 . 
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unstable sectors (see Part II) to the Betti numbers. In Part IV limit sets 
are allowed which may include any kind of singular point, no matter how 
complicated, limit cycles, stable, unstable or stable-unstable, and limit¬ 
ing configurations involving singular points and various connecting tra¬ 
jectories. These last mentioned limiting configurations may be fairly 
complicated since complicated singular points are included. Inequalities 
involving the Betti numbers are again obtained. In the same part the re¬ 
quirement of uniqueness of trajectory is removed at least partially. In 
Part V the theory is applied to certain types -of differential equations 
and the existence of various kinds of limit cycles proved. 

I. Inequalities in the Simplest Cases 

1 . In this part very stringent conditions will be imposed on the 
differential equation to be discussed. However, in later parts all these 
restrictions (\miqueness of trajectory, simplicity of singular points, no 
limit cycles, etc.) will be removed. 

HYPOTHESIS M is a union of disjoint, twice-differentiable, two- 

dimensional, closed manifolds. However, we shall speak of M as a mani¬ 
fold and of the component parts as closed sub-manifolds. V is a vector 
field on M defining a differential equation. V has a finite number of 
singular points only, all of a simple type. V is sufficiently regular 
for the differential equation defined by V to have a unique trajectory 
through each ordinary point. The limit set of the differential equation 
defined by V is to consist of singular points only. The last restric¬ 
tion Implies, in particular, that there are no closed curve solutions. It 
is also assumed that there exist no closed curves consisting of saddle 
points and connecting trajectories. 

NOTATION: If A is a manifold we shall denote by B^CA), B^ (A), and 
BgCA) the zeroth, first, and second Bettl-Number of A, respectively. 

Let pj^, i * 1 , 2 , ..., Nq, be the unstable singular points of the differ¬ 
ential equation on M. Let q^^, 1 = 1 , 2 , ..., Ng, be the stable singu¬ 
lar points of the differential equation on M. Finally, let r^^, 
i=i, 2 , ..., N^, be the saddle points of the differential equation on M. 

THEOREM I (El’sgol’c). Under hypothesis ^ ^. 

B„(M) < N„, 

B, (M) < N,, 

BgCM) < Ng. 

REMARK. Theorem I was first proved In the case where V comes from a 
potential function by Morse. In Its present form the theorem Is due to 
El'sgol'o. 
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2. PROOF OP THEOREM 1. We first construct a system of neighbor¬ 
hoods covering M. If Is an unstable singular point, U(pj^) will be 

an open spherical neighborhood of p^ which is sufficiently small 

a) to exclude all other singular points 

b) to exclude the closure of any neighborhood, U(pj), 
previously constructed 

c) to be bounded by a simple closed curve which has 
the additional property that every trajectory 
emerging from p^^ Intersects this closed curve 
exactly once and from the Inside to the outside. 

If Is a stable singular point U(q^) will be an open 

spherical neighborhood of q^^ having the same properties as the neighbor¬ 
hood of the mstable singular points, only this time with respect to nega¬ 
tive time. U(qji^) is assumed sufficiently small to exclude the closure of 
any nei^borhood, U(qj), previously constructed. 

Let ^ and 2 be the two trajectories emerging from the 
saddle point r^. Then U(C^ j) an open spherical nel^borhood of j 
Is sufficiently small so that 

a) ) o TJ(pj^) Is empty 

b) tJ(q^) Is empty unless tends towards 

qj^ In which case U(C^^j) Is chosen so that the Inter¬ 
section with U(qj^) consists of a single open spherical 
neighborhood which does not Include q^^. 

c) U(Cj^ j) r> U(Cj^ is empty unless j ^k,l 

share at least one of their end points. At a 
saddle point which Is an end point of both *^i^j 
and Intersection Is to be an open 

spherical neighborhood and 

k,l 


is to be a non-empty spherical nel^borhood. The 
same is to hold for 


3. It is clear that there exists a set U obtained from 2U(p^ ) 

1 ^ 

by isotopic deformation such that M Is covered by 


We indicate the deformation; Solution curves starting at the unstable 
singular points are parametrized so that the parametric value on the 
boundary of U(pj^) Is the same for all curves and all 1 . Now all solution 
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oiiTves have to tend to the stable singular points and saddle points. Since 
there are only a finite number of singular points there exists a value T 
of the parameter t, which was used in parametrizing the solution curves, 
such that all solution curves remain In the previously chosen nel^borhoods 
of the stable singular points and saddle points for t > T. The set 
EU(pj^) can be deformed to Include all points with parametric value t < T 
on the trajectories starting at one of the unstable singular points pj^* 

If we call this new set U it is clear that U + 2 U(q^) + 
cover M. 


LEMMA 3 . 1 . The Bettl-N\mibers of U are as follows: 

B„(U) - N„, 

B,(U) - 0, 

BgCU) . 0 . 

PROOF OP LEMMA 3 . 1 . The Lemma follows from the construction of U. 

LEMMA 3.2. The Bettl-Numhers of U + are as 

follows: 

Bq(U .• E(U(Cj^^j))) < Nq, 

B, (U + E(U(Cj_^j)]) < N,, 

BgCU + E[U(Cj^^j)]) = 0 . 

PROOF OP LEMMA 3 . 2 . We may assume that for each 1 U(C^ ,) + 

is 6 in open spherical neighborhood. We shall use the following notation: 


- U(rj^), 

U + [ 11 ( 0 . 1 ) ■*■ U(Cj p)] * P(r. 

j<l J'’ 

B^[U(r^) + P(rj^)l - Bjj[P(rj^)] - . 


The proof of the Lemma will use the Meyer-Vletorls Sequence with 
integer coefficients: 

0—. H2[P(rj^)U(rj^)] —.H2[P(rj^)] + HgEUCr^)] -^H2tP(ri) + UCr^)] 
H,[P(ri) + U(rj^)] .-H,[P(rj^)] + H,CU(rj^)] «-H, [P(rj^)U(rj^)] 

HQ[P(rj^)U(rj^)] —.HQ[P(rj^)] + H^tUCr^)] -♦HgEPCrj) + U(rj^)] o 
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We next consider the various patterns In vhloh P(r^) and V(v^) 
can Intersect. In each case the pattern will hold for sufficiently small 
U(rj^): 

CASE 1: Cj^ ^ and C^^ 2 tend to stable singular points or to 
saddle points not contained In PCr^^). The two trajectories which tend to 
r^ come from saddle points In See Figure i. 

CASE 2: This case is identical with Case i except that ^ or 

^1,2' both, tends to a singular point in P(rj^). See Figure 2. 



FIGURE 1 FIGURE 2 

CASE 3: This case is identical with Case i except that now both 
Cj^^ ^ and C ^^2 singular points of P(rj_). See Figure 3* 



FIGURE 3 

CASE k: ^ and C^^ g tend to singular points not In P(r^). 

One of the trajectories which tends to r^^ comes from a saddle point In 
P(rj^) and one comes from an unstable singular point (which, of course. Is 
also in P(rj,)). The figure woiold be the same as in Case i. 

CASE 5; This case is identical with Case 4 except that either 

C. 1 or C. but not both, tends to a singular point in P(r>). The 

1 , 1 1 , 
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figure would be the same as in Case 2. 

CASE 6; This case is identical with Case 4 except that now both 
Cj: ^ and C^ ^ tend to singular points in The figure would be the 

same as in Case 3* 

CASE 7: Cj^ ^ and C^ g tend to singular points which are not 
contained in P(rj_)* Both trajectories which tend towards r^ come from 
unstable singular points. See Figure 4. 

CASE 8: This case is identical with Case 7 except that now either 
Cl ^ or Cj^ g, but not both, tends to a singular point in P(r^). See 
Figure 5* 



CASE 9: This case is identical with Case 7 except that now both 
Cj_ ^ and CjL g tend to singular points of P(r^). See Figure 6. 

CASE 10; C^ , and C^ ^ tend to singular points not contained 

1,1 1,C 

in P(r^). One of the trajectories which tends to r^^ comes from a saddle 
point in P(r^) and one comes from a saddle point not contained in P(rj_). 
See Figure 7* 



FIGURE 6 FIGURE 7 
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CASE 11: This case is Identical vlth Case 1 o except that now 
either ^ or C^ g, but not both, tends to a singular point In 
See Figure 8. 

CASE 12: This case Is Identical with Case io except that now 
both C^^^ and C^^g tend to singular points in See Figure 9- 



FIGURE 8 FIGURE 9 

CASE 13 : C^ ^ and C^ g tend to singular points not contained 
in P(ri)- One of the trajectories tending to r^^ comes from an unstable 
singular point and one comes from a saddle point not In P(r^). The 
figure would be the same as In Case 10. 

CASE 14: This case Is identical with Case 13 except that now 
either C^ , or C. but not both, tends to a singular point contained 

1,1 Xfd 

In P(r^). The figure would be the same as in Case 11. 

CASE 15 : This case Is identical with Case 13 except that now 

both C^ , and C^ ^ tend to slngiiLar points contained In P(r^). The 

1 , 1 1,2 

figure would be the same as in Case 12. 

CASE 16 : C. , and C. „ tend to singular points not contained 
1,1 i> ^ 

In P(rj_). Both trajectories which tend to r^^ come from singular points 
outside P(r^). See Figure lO. 



FIGURE 10 
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CASE 17:, This case Is Identical with Case i6 except that now 
either , or C^ but not both, tends to a singular point contained 

1, I 

in See Figure il. 

CASE 18: This case is Identical with Case l6 except that now 
both Cj^ ^ and ^±^2 singular points of P(r^). See Figure 12 . 



FIGURE 11 FIGURE 12 

4. We next sudy the Meyer-Vletorls Sequence for the various 
possible cases. We shall use the symbol I to denote the additive group 
of integers. We shall use the symbol d^ defined at the start of the 
proof of Lemma 3*2. 

CASES 7, 11, 14, and l8: 

BQ[P(r^)U(rj^)] = 2, 

B^[P(r^)U(r^)] = 0, 

B2[P(r^)U(rj_)] = 0. 

The following sequence is obtained: 

0 ^HglP(rj^)l —»H2[P(rj^) + U(rj^)] —>0 ->H, [P(r^)] (P(rj^) + U(rj^)l 

' / 8 
o<—HQ[P(rj^) + U(rj^)] 4—HgtP(rj^)] +14^21 ^ 

That the map denoted by f cannot have a trivial Image follows 
from the definition of the Meyer-Vietorls Sequence. It follows that the 
image of g has at most one generator. Hence d| < i • We can also 
Immediately read of the above sequence that d^ » 0 and d^ < o. 
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CASES 1, 4, 8, 12, 15: 

Bo[P(ri)U(ri)] - 1, 

B^[P(r^)U(rj^)] - 0, 

BgCPCrj^mCr^)] « 0. 

The following sequence is obtained: 

0 -♦HgEPCrj^)] ->H 2 [P(rj_) + U(rj^)] -» o -»H,[P(i*j)] --»H,[P(rj^) + V(r^)] 

o<- HQ(P(rj^) + U(rj^)] ^ I + H^[P(rj^)] ^ I 

Again f cannot have a trivial Image. It follows that the Image 
of g Is trivial. In the oases under consideration, therefore, 
d° =0, d| • 0, and d| = o. 

CASES a, 5, 9: 

Bo[P(rj^)U(rj^)] - 1, 

B,[P(rj^)U(rj^))= 1, 

B2(P(rj^)U(r^)) . 0. 

The following sequence Is obtained: 

0 ^H2[P(rj^)] --»H2[P(rj^) + U(rj^)] I -^H,[P(ri)l 

o<-HQ[P(rj^) + U(rj^)] <-HQ[P(rj^)] + I ^ I H, tP(ri) + U(ri)] 

Again f cannot be trivial which implies that g is trivial. 
Suppose h were trivial. Then the non-bounding cycle in the intersection 
would bound in both P(rj^) U(rj^). P{rj^) + U(r^) would cover at 

least one closed submanifold on which there are no stable singular points. 
This is impossible, for the finite number of saddle points form the posi¬ 
tive limit set for only a finite nvmber of trajectories. The rest of the 
trajectories on this closed sub-manifold would have no positive limit-set, 
since under ^ the limit set consists of simple singular points only. 

Since g is trivial and f and h are not trivial it follows 
that d^ = 0, d} • 1, and d® - o. 
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CASES 3 and 6: 

BQ[P(r^)U(r^)] = 1, 

B^[P(r^)U(r^)3 = 2, 

B2[P(rj^)U(r^)] « 0. 

The following sequence is obtained: 

o-^HgEPCr^)] -^H2[P(rj^) + V(r^)] --y 21 [P(rj^)] 

0 HQ[P(rj^) + U(rj^)] ^ HQ[P(r^)] + l 4 ^ I [P(r^) + U(r^)] 

Again f is not trivial. The same argument which was used in 
the preceding case to show that h was not trivial can now be used to 
show that the image of h has at least two generators. Since f is not 
trivial g is trivial. It follows that ^ d| = 2, and d| = 0. 

CASES 10, 13, AND 17: 

BQ[P(rjL)U(r^)] = 3, 

B^CP(r^)U(r^)] = 0, 

B2[P(rj^)U(r^)] = 0. 

The following sequence is obtained: 

0 —>Hg[P(r^)] -^H 2 [P(rj^) + U(rj^)] -^0 ->H,[P(rj^)] ->H,[P(rj^) + U(r^)] 

8/ 

OAr- Hg[P(r3L) + U(rj^)l «— H^^tPCPi)) + ^ 

Again f is not trivial; hence the image of g has at most 
three generators. It follows that < 0, < 3, and d^ = o. 

5 . ¥e are now prepared to prove Lemma 3 * 2 . Since d° < 0 and 
d| » 0 in all possible cases it follows immediately from Lemma 3•1 that 

Bq[U + zU(C^^j.)] « Bq[U + zVir^)] < Nq, 

and 

BgtU + 2U(C^^j.)3 = B^[V + EU(rj_)3 = 0. 
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To study the changes In the first Betti-Number we note that d| 
may be greater than one only In Cases 10 , 13 , 17 (where d| < 2 ) and in 
Case 16 (where < 3). But it follows from the definition of Case 16 
that if there exists a saddle with a neighborhood which leads to Case 16 
there must aJLso exist either one saddle with a neighborhood leading to one 
of the Cases 2 , 3 , 5 , 6 , 9 or two saddles each with a neighborhood leading 
to one of the Cases 1 , 4, 8 , 12 , 15 . 

Now d| < 0 for the Cases 1 , 4, 8 , 12 , 15 and d| < - 1 for the 
Cases 2 , 3f 3, 6 , 9» The total change in the first Betti-Number due to two 
saddles, one of which has a neighborhood which leads to Case 16 and one of 
which has a nei^borhood which leads to one of the Cases 2 , 3 , 4, 5 , 6 , 9 
is therefore < 2 . Similarly, the total change in the first Betti-Number 
due to three saddles, one with a nei^borhood leading to Case 16 and two, 
each with a neighborhood leading to one of the Cases l, 4, 8 , 12 , 15 , 
would be < 3 « 

On the basis of a similar argument for saddles with nei^borhoods 
which led to Cases 10 , 13 , and 17 we can state the over-all result. The 
addition of the N^ neighborhoods of saddle points does not increase the 
first Betti-Number by more than N^. This fact together with Lemma 3.1 
implies that 

BJU + 2U(C^^j)] = B^[U + 2:U(rj^)] < N^. 

This completes the proof of Lemma 3 . 2 . 

6 . We next add the neighborhoods of the various stable singular 
points. We denote by P(qj^) the set 

U + ZU(C. .) + E U(q.). 

J J 

d^ will now denote Bj^[P(qj^) + U(q^)] - Bj^[P(qj^)]. Then the following 
Lemma holds 

LEMMA 6.1. 

Bo[P(qi) + U(qj^)] - BQ[P(q^)] = 0, 

B^[P(qj^) + U(q^)] - B^[P(qj^)] < 0 , 

B2[P(qi) + U(qj^)] - B2[P(q^)] < 1. 

PROOF OP LEMMA 6 . 1 . By construction, the intersection of U(q^) with 
P(qj^) consists of exactly one open annular region. It follows that the 
second Betti-Number of the Intersection is zero, and that the zeroth and 
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first Bettl-Numbers of the intersection are equal to one. The first and 
second Bettl-Numbers of U(q^) are, of course, zero and the zeroth 
Bettl-Number of U(q^) equals one. The following sequence is obtained: 


0 -.HgtPCqj^)] + U(qj^)] I ^H,(P(qj^)] -*H,(P(qj^) + U(qj^)l 

V 

0 4- HQ[P(qj^) + U(qj^)] <r-l * Ho[P(qj^)] f-j.- I 


That f cannot be trivial follows from the construction of the Meyer- 
Vletorls Sequence. Hence g is trivial. If h is trivial d^ « 1 and 
d| » 0; if h is not trivial d| « 0 and d| * - 1. dj = 0 in all 
cases. The Lemma follows from the above. 

Since M = U + + sU(q^) Theorem I follows from Lemmas 

3-2 and 6.1. 


II. Analysis of Complicated Singular Points 
7- We briefly discuss a classification of singular points. The 

li Cj 

methods are due to Brouwer This particiilar classification is also valid 

for non-analytlc systems; in fact, not even uniqueness of trajectory is 
required in most cases. On the other hand, the results obtained are weak¬ 
er than those for analytic systems^. We shall give the classification in 
this generality even though our hypothesis in Part II is more restrictive, 
since such a general approach will be needed in the last parts of the paper. 
The only restriction we Impose is that there be no limit points of singular 
points on M. 


Let p be the singular point under consideration. We distinguish 
between Type A and Tjpe B singular points: a singular point is of Type A 
if and only if there exists an open neighborhood of p which is free of 
closed curve solutions except for those which pass through p* Type B is 
the converse case. A singular point of Type B will be called a center 
point. See Figure 13 . 



If p is of Type A let c be a 
circle around p of sufficiently small radius 
so that the closed nei^borhood boimded by 
c contains only one singular point (p) and 
no closed curve trajectories which enclose 
p but do not pass throiigh p. Let U be 
the open neighborhood bounded by c. U 
contains no closed trajectories, since the 
theorem that a closed trajectory contains a 
singular point does not depend on uniqueness 


FIGURE 13 
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of trajectories. We distinguish among nine classes of points on c. If 

q is a point of c let C^ denote a positive semi-characteristic 

thro\3gh q. Let C“ denote a negative semi-characteristic through q. 
Furthermore, let the exterior of c be denoted by E. The interior is, 

of course, just U. The definition of the nine classes follows: 


q 
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to 
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I 
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enters 
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and 

aCl 
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enters 

u. 
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We note that unless uniqueness of trajectory is assumed a point 
may belong to several classes. However, if uniqueness of trajectory is 
assumed the class of a point is uniquely determined. Now p is said to 
be of Type (source point) if we can choose c so that none of its 
points belong to Classes I, II, IV, VII, VIII. p is said to be of Type Ag 
(sink point) if we can choose c so that none of its points belong to 
Classes I, II, V, VI, IX. p is of Type A^ (sector point) if it is of 
Type A and not of Type A!j or Ag. 

In the case of a sink point every trajectory through a point of 
c tends to p. This follows from the following modified version of the 
Poincare-Bendixson Theorem for a differential equation not satisfying a 
uniqueness condition: 

THEOREM [Brouwer, 5 ]. If a positive, semi-characteristic, 

0“^, remains in a bounded region of the plane and if it 
does not have a singular point in its limit set then one 
of the following will take place: 

a) C"^ is a closed curve trajectory, 

b) o'*" spirals towards a closed curve trajectory, 

c) C^ runs into a closed curve trajectory. 

Figure l4 shows a sink point. The ordinary stable node, stable 
focus, and stable spiral point are exaxi 5 )les of sink points. However, 
these are by no means the only kind of sink points in non-analytlc sys¬ 
tems. What is missing is the theorem of Bendixson *s that in the case of 
an analytic system a trajectory tends towards a singular point either along 
a limiting direction or assumes all possible directions arbitrarily late 
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FIGURE 14 


in its path. The same discussion and 
figure with the direction of time re¬ 
versed applies to source points. 

8. Type A^ singular points 
(sector points) then represent the case 
where the greatest variety of behavior 
is possible. For simplicity we shall 
assume that there exists a unique tra¬ 
jectory throu^ each ordinary point in 
the chosen neighborhoods of the sector 
points. This, in particular, means that 
the class of each point of c is unique. 


We next construct the sectors of a sector point and prove that 
there is only a finite number of them. In this process we shall need the 
following fo\ir superclasses of points belonging to c. 

Superclass 1 , , will contain a point q remains 

in U + c “ U and there exists a point r on C" E 
which precedes on any point in U. 

Superclass 2, Sg, will contain a point q <=*» C” re¬ 

mains in U + C = U and there exists a point r on 
^ E which precedes on any point in U. 

Superclass S^, will contain a point q<^=> q be¬ 

longs to Class VI or IX. 

Superclass 4 , 3)^ , will contain a point q 4=»==> q be¬ 

longs to Class IV or VIII. 


We now modify c to elliminate all points of class I and II. 
This can always be done without increasing the length of c by more than 
a factor of three in the following way: If q belongs to Clas I or II 
we replace the arc of c through q in a sufficiently small neighborhood 
of q by the trajectory through q and two suitable arcs on orthogonal 
trajectories. Once this modification has been carried out the closures 
of S^ and S^ on c, and S^, are disjoint, for 3^ can contain 

only points of Classes III, IV, VII, and IX, while S^ can contain only 
points of Classes II, V, VI, and VIII. Similarly, it can be shown that 
Sg and § 1 ^^ are disjoint. Let d > 0 be the distance between and 

3^ on c and let dg > o be the distance of Sg and S|^ on c. 

Let (Si t)e the set of arc components of S^ on c. We 
claim that there exists a point of 3^ between any two of these arc 
components. Since 3^ is at a non-zero distance d^ from 3^, and c 
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(even the modified c) is of finite arc length, this will establish that 
S^ has only a finite number of components. Let s^ ^ and s^ j be two 
distinct components of S^. Suppose there is no point of S^ between 
them on at least one side. Let and q^ be the end points between 

which there exists no point of 3^. It follows from the definition of 3^ 
that the positive semi-characteristic through each point of the closed arc 
q^qg either enters U or runs into one of the components or 3^ j* 

If a positive semi-characteristic enters U it niust remain in^ U, since 
the part of U which it enters is bounded by the arc q^qg and the posi¬ 
tive semi-characteristics throu^ q^ and q^, which in turn could leave 
U only through the arc q^q^ on c, which is impossible. Similarly, 
the negative semi-characteristics throijgh the points of the arc q^q^ 
either enter E before entering U or run into s ^ or s ^ j. Hence, 
all points between q^ and qg would belong to S^, which is a contra¬ 
diction. Thus there was a point of S_ between s, . and s. .. It 

- j ^ 7 j 

follows that S^ only has a finite number of arc components on c. 

The components of S^ are closed Intervals or single points. 

The interior of a closed interval of 3^ together with the positive tra¬ 
jectories through the interior points of this closed interval will be 
called a stable sector based on p. Since S^ only has a finite number of 
components there exist only a finite number of stable sectors. 

By an argument identical with the one of the preceding two para¬ 
graphs it can be shown that there exists a point of S^^^ between any two 
points of §2 and hence only a finite nimiber of arc components of Sg* 

An unstable sector based on p will be the interior of such an arc 

component of Sg together with the negative trajectories through the in¬ 
terior points of the arc component. At this point we modify c so that 
the trajectories of an imstable sector actually cross c from the inside 
to the outside and the trajectories of a stable sector if pursued in the 
negative direction actually cross c from the Inside to the outside. 

This can be accomplished by using arcs on the trajectories through the 
boundary points of Sg and S^ respectively as parts of c. 

9- {c - (Interior of ) - (Interior of Sg)) consists of a 
finite mjmber of closed intervals , Pg, ..., We focus our attention 

on a particular P^^ and further subdivide it. A point q of P^ will 
be called distinguished if either or C~ tends to p and the entire 

arc (qp) on the trajectory is contained in U. We shall speak of stable 

and unstable distinguished points and stable and unstable distinguished 
arcs. We note that the change in c which elllminated points of Class 
I and II (Section 8) has the additional effect that there exists a distance 
d^ > 0 between the stable and unstable distinguished points of F^. 

We claim that the stable and unstable distinguished points have 
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to alternate on P^. For suppose and qj are unstable distinguished 

points of Points on the arc ) sufficiently near q^^ are 

of Class IX. Since we have no unstable Interval as part of P^^ the 
negative trajectories throu^ such points can not tend to p and hence 
have to leave U throu^^ points of the arc Hence there exists a 

point r on the open arc q^q^ with the following two properties: C" 
leaves U at r; cj does not tend to p and reaches a point of U be¬ 
fore it reaches a point of E. Let J be an arc component around r on 
qj^qj of points which have the same properties as r. At least one of the 
two end points of J will have to be a distinguished stable point. 

It follows from the last two paragraphs that there exists only 
a finite number of stable and unstable points on The distinguished 

stable and unstable arcs divide (U - stable sectors - unstable sectors) 
into a finite number of sectors which we shall call stable-unstable 
sectors until they are further classified. We note that ,the end-points of 
Pj_ are always distinguished points so that the stable and unstable sectors 
are divided from the stable-unstable ones by distinguished arcs. When we 
speak of a stable-unstable sector we shall Include the bounding distinguish¬ 
ed arcs. Such an arc then may belong to two stable-unstable sectors and 
each stable-unstable sector contains In Its boiindary one stable and one 
unstable distinguished arc. 


A stable-unstable sector will be called a hyperbolic sector based 
on p If there exist points r^ arbitrarily close to p In the sector 

such that both and C” contain points outside U. A stable-unstable 

^1 ^1 

sector which Is not hyperbolic will be called an elliptic sector based on 
p. In the case of a hyperbolic sector It Is easy to show that actually all 
points In the sector have the behavior of the sequence r^. In the case 
of an elliptic sector It Is always possible to modify c so that the part 
of c which belongs to the boundary of the sector Is a trajectory and that 
In this way the whole sector Is bounded by a single trajectory which tends 
In both the positive and negative direction to p. It is clear then that 
the trajectories Inside an elliptic sector all have to tend to p In both 
the positive and the negative direction. Figure 15 exhibits the four 
possible types of sectors based on a sector point (Type A^ Singular Point). 


Stable Sector 


Unstable Sector 
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I^erbollc Sector 


Elliptic Sector 



FIGURE 15 





Summarizing then, a singular point is either a center point 
(Type B) or a source point (Type ) or a sink point (Type A^) or a sector 
point (Type A^); in the last case it consists of a finite number of stable, 
unstable, hyperbolic, and elliptic sectors. A sector point without elliptic 
sectors will be called a saddle point. 

We note at this point that the notion of center point sink point, 
source point, and sector point does not depend on the curve c chosen. 

The n\imber of sectors does depend on c, but in subsequent considerations 
we shall always assume that a curve c was used which, in addition to 
satisfying our other requirements, gave rise to the least number of sectors. 


III. Inequalities for Complicated Singular Points 

10 . In this part the restrictions of the first part are somewhat 
relaxed. The results obtained in Part III can be derived from the results 
of Part IV but the proofs here are much simpler. In particular, we shall 
prove certain inequalities under the following hypothesis: 

HYPOTHESIS Jf 2 • conditions are the same as in Jf ^ with the follow¬ 

ing exceptions. The limit sets may contain any kind of singular point 
different from a center point and the positive limit set may also contain 
trajectories connecting sector points. More generally, there may be any 
kind of closed c\irve which contains both sector points and connecting tra¬ 
jectories provided this closed curve intersects the negative limit set only 
in its sector points. 

NOTATIONS AND DEFINITIONS: Let 

Pj^, 1 » 1, 2, ..., Nq be the source points 

q^, 1 * 1, 2, ..., Ng be the sink points 

r^, i * 1, 2, ..., N^ be the sector points. 

Let n^ 2 number of hyperbolic sectors and n^^i^ be the number of 

unstable sectors based on the sector i)olnt r^. 
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Let N- = and Ni. » E„ 

^ ^ 1,3 ^ 1,4 

In what is to follow the notion of a cycle will he Important: A cycle of 
the differential equation is a closed curve made up of sector points and 
trajectories with all the trajectories having the same positive direction 
in relation to the curve as a whole. A closed sub-manifold of M will be 
called special if it carries a cycle and no sink point of the differential 
equation. 

Let be the number of special closed sub-manifolds of M. 

11. We start by constructing a system of nei^borhoods covering 
M. The nei^borhoods U(pj_) and U(qj^) of the source and sink points 
respectively are constructed in the same way in which the neighborhoods 
of the stable and unstable singular points were constructed in Section 2. 
Let Yg, ... be the interiors of the various unstable sectors and 

Wg, ... be the interiors of the various stable sectors. 

If is a sector point U(rj_) is an open spherical nei^bor- 

hood of r^ covering r^^, its elliptic sectors and all those trajectories 
which tend in both directions to r^ and are entirely contained in one 
of the stable sectors of r^. We assijme U(r^) is sufficiently small 

a) to exclude all singular points different from r^^, 

b) to exclude all tJ(Pj^), Ulq^T^ and all U(rj) previous¬ 
ly constructed j ^ 1, 

c) to exclude the curves c used in the construction of 
the sectors except, of course, for the c used to 
construct the sectors of r^ if r^^ has elliptic 
sectors, 

d) to exclude all Yj and W^ not based on r^, 

e) to intersect each Y^ and Wj based on r^^ in a 
single open spherical nei^borhood but not include any 
of the Wj or Yj completely. 

HEPINITION: There exists a certain number of distinguished unstable arcs 
which emerge from r^^ (see Section 9 ) which do not form part of the 

boundary of an elliptic sector based on r^. Let 

trajectories which start as distinguished unstable arcs at r^. (We 
shall speak of distinguished trajectories.) A distinguished trajectory 
will be said to be of the first kind if it tends to a sink. A distinguish¬ 
ed trajectory will be said to be of the second kind if it tends to a 
sector point (which may be r^ itself). A distinguished trajectory will 
be said to be of the third kind if it winds towards a stable limit cycle. 
This last kind of trajectory will sometimes be referred to as a winding 
trajectory. 
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If Is of the first kind with as end point then there 

exist points s^^^j and t^^j on Cj^^j such that the arcs [r^, ®1, 
and [tjL^jqj^] on Cj belong to U(rj_) and U(qj^) respectively. 

U(Ci^ j) then will be an open spherical nei^borhood of the arc j 

which Is sufficiently small 

a) to exclude all singular points and all distinguished 

trajectories except those winding ^ 

which have a positive limit set which includes ^ 

b) to exclude all UTP^, all ^(qj) j / k, and all 
U(rj ) j 7^ 1 

c) to exclude all U(Cj^ 2 .) previously constructed 

d) to exclude all and all stable and mstable 

distinguished arcs except for the unstable distinguish¬ 
ed arc from which . started 

e) to exclude all not based on r^ and among those 

based on r^^ all those which are not partially 
bounded by the distinguished arc from which Cj_^j 
started 

f) for U(rj^) and U(qj^) each to 

consist of a single open spherical nel^borhood which 
excludes r^ and q^^. 

Note that d) and f) together imply that the intersection of with 

the closure of any sector based on r^^ is empty unless the sector is one 
of the two sectors which were separated by the distinguished unstable arc 
from which Cj starts. We assume that the neighborhoods of all the 
distinguished trajectories of the first kind have been constructed. 

If . is of the second kind with the sector point ri. as its 
J 

positive limit set there exist points s^^ j and j on . such that 

the arcs tr^Sj_^j] and [tj^^jr^^] are entirely contained in U(rj_) and 

U(rj^) respectively. U(C^^j) then will be an open spherical neighborhood 

of the arc [s^ .t. J on C. . which is sufficiently small 
j j j 

a) to exclude all singular points and all distinguished tra¬ 
jectories except j and those winding ^ which 
have a positive limit set which includes 

b) to excliide all U(p^), all U(qj)> and all 
unless j equals i or k 

c) to exclude all U(C^ j) previously constructed 

d) to exclude all W^ except those based on r^^ and 
among those W^^ based on r^^ all those which to¬ 
gether with their boundary do not intersect j 
arbitrarily close to r^^ 

e) to exclude all stable and unstable arcs except for the 
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\Jii8table distinguished sltc from which j started 
and the stable arc to which ^ may give rise 
to near r^^ 

f) to exclude all not based on r^i^ and among those 

which are based on r^ all those which aj?e not 
partially bounded by the distinguished arc from which 
j started 

g) for U(rj^) and U(rj^) each to 

consist of a sln^e open spherical nei^borhood which 
excludes and r^^; if assume 

that U(r^) was sufficiently small so that the inter¬ 
section consists of two spherical nel^borhoods, one 
at each end. 

Note that d) and f) together Imply that the intersection of with 

the closure of €my sector based on r^ and r^^ is empty unless the closure 
of this sector is actually intersected by j. We now assume that the 
neighborhoods of all the distinguished trajectories of the first and second 
kind have actually been constructed. 

If • is of the third kind it tends toward a closed ciorve 
consisting of sector points and trajectories. If such a closed curve is 
part of the stable limit set of some trajectory it must be made up of 
sector points, distinguished trajectories of the second kind or boundaries 
of elliptic sectors. In general, there may be curves, of course, connect¬ 
ing sector points which are not distinguished trajectories of the second 
kind or boundaries of elliptic sectors, but these are not part of the 
stable limit set. Thus, the neighborhoods of the sector points and dis¬ 
tinguished trajectories of the second kind cover the closed curve toward 
which winds. There exists a point s^^^j on such that the 

arc ^l>j entirely contained in U(r^). There also exists 

a point j on such that the part of the trajectory beyond 

tj^^j remains in previously chosen neighborhoods which cover the closed 
curve toward which winds. j) is now an open spherical neigh¬ 

borhood of the arc ®i, j'^k, j s^ifflciently small so that 

a) intersects UCr^^) in a single open spherical 
nel^borhood whicirdoes not include r^^, 

b) U(C^^j) intersects one of the neighborhoods covering 
the closed curve toward which it winds in a single open 
spherical neighborhood (this may require some modifica¬ 
tion of the nei^borhoods previously constructed) which 
Includes no singular point, 

o) With exceptions a) and b) does not Intersect 

any of the lJ(rj) or any of the previously 

constructed. 
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d) does not intersect any of the other distinguish¬ 
ed trajectories. 

e) does not intersect any of the U(p^) or “TTTq[][7, 

f) excludes all not based on r^^ and among 

those which are based on r^^ all those which are 
not partially bounded by the distinguished arc from 
which j started 

g) ^^^i, j^ excludes all and all stable and unstable 

distinguished arcs except for the distinguished 
unstable arc from which ^ started. 

12. Let V » iUCpjl) ^i* clear that there exists a set 

U obtained from V by isotopic deformation such that the manifold M is 
entirely covered by U + ZU(r^) + i:U(qj^) + The construction of 

such a deformation was described in Section 3* We note that the W^ are 
not needed since an open neighborhood of each sector point is covered by 
the U(rj^) and this neighborhood was sufficiently large to Include those 
trajectories which are entirely contained in a stable sector and which tend 
in both dii*ectlons to r^^. 

We now proceed to relate the n\miber of singular points to the 
topological structure. 

LEMMA 12.1. 

Bo(U) = 

B^(U) = 0 

B2(U) = 0 

PROOF OP LEMMA 12.1. Lemma 12.1 is a direct consequence of the construc¬ 
tion of U. 

13* In this section we add the various U(C^ .)• In this connec- 

j 

tlon we shall use the following notation; When considering the addition of 
U(Ci^j), P(C^ j) will denote U plus whatever U(C^ j) had previously 
been added, will denote j^^* 

start by adding the neighborhoods of the CjL j 1^^© third kind. 

LEMMA 13 • 1 • If j is of the third kind (winding 

BolP(C^,j) * U(Ci^j)] - B„[P(Ci,j)] < 0 
B,[P(C^^j) + U(Oi^j)] - B,fP(Ci^j)] < 1 
B,(P(Ci^j) . - BgtPCCi^j)] < 0 
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PROOF OP LEMMA 13 . 1 . We shall again use the Meyer-Vietoris Sequence des¬ 
cribed in Section 3- P(C^ ) intersects U(C^ .) in two spherical 
nei^borhoods if U(Cj_ j) was originally chosen sufficiently small. The 
following sequence is obtained: 

0 j)] — 0 -^H,(P(Cj^^j)] 

O^H^(P(Ci^jKU(C^^j)] ^ I + H„(P(C^^j)] ^ 2l«^H,[P(C^^jKU(C^^j)] 

Where I again stands for the additive group of integers. That f can 
not be trivial follows from the construction of the Meyer-Vietoris Sequence 
Hence the image of g has at most one generator. It then follows by 
inspection of the sequence that d°^j and d|^ j are smaller than or equal 
to zero and that d| j is smaller than or equal to one. 

We now assume that all the neighborhoods of the distinguished tra 
jectorles of the third kind have been added. We next add the neighbor¬ 
hoods of the j of the first and second kind. 

LEMMA 13 . 2 . If j is of the first or second kind 
and if P(C^ j) Includes all the neighborhoods of the 
^ of the\hird kind 

Bo[P(Ci,j.) + U(Ci^j)] - < 0 

B,[P(Ci^_5) + U(Ci^j)l - B,[P(Ci^_j)] < 1 

B,[P(Ci,j.) . U(Ci^.)] - B,[P(Ci^j.)] < 0 

PROOF OP LEMMA 13 . 2 . The proof of Lemma 13*2 is identical with the proof 
of Lemma 1 3 • 1 • 

Lemma 13.3 follows immediately from Lemmas 12.1, 13 • 1 j and 13*2 
and the fact that the number of distinguished unstable arcs at a sector 
point is smaller than or equal to the nimiber of hyperbolic sectors at this 
sector point. 


Bq[U + zU(Cj_^j.)] \ 

B^[U + 2:U(Cj^^j)] < 

B^CU + 2:U(C^^j)] < 0 


LEMMA 13-3* 
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i4. We next add the neighborhoods of the sector points, U(r^). 

In this connection P(rj^) will denote at each stage U + ZU(Cj. j) plus 
whatever U(rj) have previously been added. * 

LEMMA 14.1. 

+ U(r^)] - B^EPCr^)] < o 
B^[P(r^) + U(r^)] - B^[P(r^)] < - 1 
BgCPCr^) + U(r^)] - B 2 [P(r^)] < 0 

unless there exists a special closed submanifold of 
M entirely covered by P(r^) + U(r^) but not entirely 
covered by P(rj^) in which case the change in the first 
and zeroth, Betti nmber is less than or equal to o 
and the change in the second Betti number equals one. 

PROOF OP LEMMA l4.i. The intersection of U(r^) with P(rj^) consists of 
a single open annular region if UCr^) was chosen sufficiently small which 
we may assume. The following Meyer-Vletorls Sequence is obtained: 

0 ——>Hg[P(rj^) + U(rj^)] -> I [P(rj^)] 

0 <— HQCP(r^) + U(rj^)] HglPCrj^)] + I ^ ^ [P(rj^) +\(rj^)] 

Again f cannot be trivial. Hence g is trivial. We first assume that 
h is not trivial. Then it follows from the sequence that the second and 
zeroth Betti number can not Increase and that the first Betti number 
actually has to decrease. 

If h is not trivial the non-bounding cycle of the intersection bounds in 
P(rji^). It follows that there exists a closed submanifold entirely covered 
by P(rj^) + U(r^) but not entirely covered by P(rj^). There are no sink 
points on this submanifold since the U(q^) have not been added yet. It 
is easy to show that the submanifold carries a cycle of the differential 
eqmtlon. If there exist elliptic sectors or winding distinguished tra¬ 
jectories on the submanifolds we are finished. Hence we may ass\ime that 
there are none. Since there are no sink points and no winding trajectories 
on the submanifold a distinguished trajectory leaving r^^ has to tend to 
some other sector point (there has to be a distinguished trajectory j 
leaving r^^ since there are no elliptic sectors). But by the same argument 
there has to be a distinguished trajectory leaving the sector point to which 
tends. This new trajectory again has to tend to a sector point and 
so forth. Since there is only a finite number of sector points this process 
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leads to a cycle of the differential equation. Thus the closed submanifold 
which is entirely covered by P(r^) + U(r^) but not entirely covered by 
P(r^) is a special closed submanifold. The Lemma follows. 

Lemma 14.2 follows from Lemmas 13.3 and 14.1. 

LEMMA 14.2. 

Bq[U + + ZV(r^)] < Nq + 

B^[U + + EU(r^)] < - N, + 

BgtU + 2U(C^^j) + EU(r^)] < 

15* We next add the neighborhoods of the sink points, U(q^). 

At each stage P(q^) will stand for U + EU(C^ j) + EU(r^) plus what¬ 
ever U(qj) have been previously added. 

LEMMA 15-1 . 

Bo[P(qi) + U(qj^)] - B^lPCq^)] < 0 
B^CP(q^) + U(q^)] - B^[P(qj_)] < 0 
BgtPCq^) + U(q^)l - BgtPCqj^)] < 1 

PROOF OP LEMMA 15.1. The intersection of P(qj^) with IlCq^^) consists of 
a single open annular region. The following Meyer-Vietoris Sequence is 
obtained: 

0—.HglPCq^)) ->H2(P(qj^)+U(qj^)] I _♦ H, [P(qj^)] -ii-, H, [P (q^ )+0(qj^)] 

0 <— HQ[P(qj^) + U(q^)] 4- H^tPCq^^)] + I 4^ I 

f cannot be trivial; hence g is trivial. Depending on whether h is 
trivial or not the change in the first Betti number is o or -i and the 
change in the second Betti number is 1 or o. The zeroth Betti number 
cannot Increase in any case. The Lemma follows. 

The following theorem follows from Lemma 14 .2 and 15 . 1 . 

THEOREM II. Under hypothesis g 

Bo<M) 5 

B,(M) < N3 - N, + N5 

B2(M) < Ng + Hg 
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REMARK 15 • 1 • The result seems unsyrametric since one would expect to get 
similar results for and Bg which are, after all, the same. Actually 
it is possible to get more symmetric results by deforming in the direction 
of (- t) even though Jf ^ was not symmetric. But we shall not try such 
an approach at this time and instead postpone it to the next part where we 
shall have a symmetric hypothesis. However, we note that the estimate of 
Bg is better than the estimate of B^. 

REMARK 15*2. Something like the number is essential to the theory. 

The two examples which follow show vector fields on the sphere and on the 



FIGURE 16 FIGURE 1? 


torus which give rise to neither a sink nor a stable limit cycle. In fact, 
there does not seem to be anything else which characterizes these vector 
fields except that they give rise to a cycle (not a limit cycle) and no 
sink points. Of course, instead of N^ we could have used the number of 
stable limit cycles plus the number of stable sectors, but this estimate 
is much worse. Figure l6 shows the construction in one half of the sphere 
onlyj the construction in the other half is to be identical. Figure 17 is 
to be made into a torus by double identification. 


Inequalities for Limit Cycles and Complicated SI 


lar Points 


l6. In this part we change the hypothesis to include limit cycles 
and center points. 


HYPOTEIESIS I^othesis identical with hypothesis except 

that we now permit the limit sets to contain any kind of singular point, any 
kind of closed curve consisting of singular points and trajectories, and any 
kind of closed curve trajectory. The restriction on closed curve solutions 
and closed curves consisting of singular points and trajectories are com¬ 
pletely dropped except that we require the nimiber of closed trajectories to 
be bounded in the following sense: For each center point z^ there exists 
a closed trajectory 0^ such that 
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a) is contractible to 

b) is a limit cycle from the outside 

c) there exists an open spherical neighborhood around 

which includes and is free of singiilar 

points 

d) there exists only a finite number of closed curve 
trajectories in (M - {E Interior of C^] - 


NOTATION. In what is to follow the various symbols will have the same 
meaning Q-s lii Part III. 

Pg, ..., Pjg are the source points, 
r^, Tg, ..., are the sector points. 

•••> are the sink points. 

N^, Nj^ and N^ are the total number of hyperbolic sectors, stable sectors 
and special closed submanifolds respectively, where a submanifold now is 
considered special only if in addition to the previously stated properties 
it carries no stable or stable-unstable limit cycle. (See Section 10.) 


Certain new definitions will also be needed. A center point, z^ 
will be called stable or unstable depending on whether (See 




^3’ ^ 

be the stable 


center points and let 
points. 


^'• 6+1 


^' 6+2 


^N^+N, 




be the unstable center 


By hypothesis there exists only a finite number of closed curve 
trajectories in {M - z Interior of - zC^). We shall call these simple 
limit cycles, reserving the term limit cycle for a larger class. A simple 
limit cycle is stable it has two sides and is stable on both, or if 

it has only one side and is stable on that one side. The terms stable- 
unstable simple limit cycle and unstable simple limit cycle are defined 
similarly. 

Let E,, E„, ..., E^ be the stable simple limit cycles. 

1 d ng 

Let Fn stable-unstable simple limit cycles. 

12 

Let Gi, Go^ Gw lanstable simple limit cycles. 

12 

An alternating sequence of trajectories and sector points may form 
the complete limit set for certain other trajectories. We call such a se¬ 
quence a limiting configuration. If such a limiting configuration has two 
sides (as in the case of an orlentable manifold) both sides cannot form 
complete limit sets. Otherwise, the sector points involved would not be 
singular points. So whether a limiting configuration has two sides or not 
there is always a preferred side associated with it, this being the side 
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on which it forms a complete limit set. Any part of a limiting configura¬ 
tion or In fact the whole limiting configuration may be part of some other 
limiting configuration on the non-preferred side, of course. See Figure i8. 

In Figure 18 the sector points r^, and 

r^ and the trajectories T^, Tg, T^ form a 
limiting configuration from the outside only. 
The inside may be part of a limiting con¬ 
figuration but cannot form a complete limit¬ 
ing configuration. Let H., ..., 

\ d. 

be the unstable limiting configurations and 
K^, Kg, ..., be the stable limiting 

configurations. 

The term limit cycle will be used for 
either simple limit cycles or limiting con¬ 
figurations . 

17* We next construct a system of 
neighborhoods covering M. The neighborhoods 
of the sink and source points, 

U(p^), are constructed as before, only we 
now assume that they are sufficiently small so that their closure does not 
Intersect any limit cycle or any of the curves which enclosed the 

center points. (See Sections il and l6.) The , Yg, ..., and 
W^, Wg, ... will be as In Section ii the Interiors of the various unstable 
and stable sectors. 

If Zy Is an unstable center point was unstable from the 

outside. There exists then a closed curve such that 

a) Is outside and homotoplc to 

b) the closed cell bounded by is at a non-zero distance 

from all the singular points other than z^, all the 
UTp^, U(z j ) previously constructed, Y^, W^, UTq^, 

Cj if j / 1, all the limit cycles, and all the tra¬ 
jectories which tend In both directions to singular 
points. (We recall that all the simple limit cycles 
were contained In (M - L Interior of Cj - zCj) by 
definition and that there was only a finite number 
of them.) 

c) the solution curves through points of all cross 
from the Inside to the outside. 

Let U(z^) be the Inside of the closed curve 

If Is a stable center point U(zj^) Is constructed In the 
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same way except that we now require that solution curves throu^ each point 
of the closed curve cross from the outside to the Inside. 

If Is a stable simple limit cycle U(Ej^) will be an open 

annular region which Is sufficiently small to exclude all singular points, 
other limit cycles, U(p), TJTq^, U(z^), and all trajectories 

which tend In both directions to singular points. 

If Is a stable-unstable limit cycle we shall associate with 

It two nel^borhoods, to be defined presently, V(Pj^) and U(Pj^). If F^ 

Is stable-unstable there always exists a closed curve, d, homotoplc to 
on the side on which P^ Is unstable such that all solution curves 
through points of d cross d from the open annular region between d 
and the unstable side of Pj_ to the other side of d. We shall mean by 
V(P^) the open unstable region between the unstable side of F^ and d 
where d Is taken sufficiently close to P^ so that 

a) V(Pj^) Is at a non-zero distance from all the singular 
points, all the limit cycles except Pj_, and all the 
trajectories which tend In both directions to singular 
points, 

b) the Intersection of V(P^) with all the TTTp^, TJTq^, 

TKEp", W^, Y^, and all the V(Pj) previously 

constructed Is empty. 

U(Pj^) will be an open annular neighborhood of P^ which does not 
contain all of V(Pj^) and intersects V(P^) In a single open annular 
region. It Is assumed that U(P^) is sufficiently small for the Inter¬ 
section of Xl(P ^) with all singular points, all limit cycles except P^, 
all trajectories which tend In both directions to singular points, all 
TjTpP’, all U(qj^), all U(z^), all Y^, all W^, all U(Ej_), all 
V(Pj ) j ^ 1, and all tJ(Pj) previously constructed to be empty. 

If is an unstable simple limit cycle let U(Gj_) be an open 

annular neighborhood of Gj_ bounded by one or two simple closed curves, 
depending on whether has one or two sides, which is sufficiently small 

so that 

a) the solution curves through points of the boundary 
of U(Gj^) cross from UCG^l) to M - tf((jj_), 

b) the Intersection of with all singular points, 

all limit cycles except G^^, all trajectories which 
tend in both directions to singular points, all ty(pj_), 
all all TT(Zj[)’, all Y^, all all 

lJ(!S^ ), all U(Pj|_ |, all and all ) 

previously constructed to is empty. 

If is an unstable limiting configuration there exists a 
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closed ciirve d homotopic to the limiting configuration on its preferred 
side such that all solution curves throu^ points of d cross d from 
the open annular region between d and the preferred side of to the 

other side of d. U(Hj^) will then be the open annular region between 
and the appropriate d where d is taken sufficiently close to so 

that 

a) the intersection of ) with all simple limit 

cycles, all tJ(p^), all ), all all 

U(zj^), all ), all V ), all all 

Y^, all and all r^^ not part of is empty. 

b) the Intersection of with those trajectories 

which tend in both directions to singular points is 
empty unless such a trajectory Is part of in 

which case the intersection consists of the whole 
trajectory, but is not part of U(Hj^) Itself 

c) the intersection of Udl^) with the sector points 

which are part of consists of those sector 

points, but again the intersection is not part of 
U(HjL) Itself 

d) the intersection of U(H^) with any TTHip’ 

previously constructed is empty unless and 

Hj share certain trajectories and singular points 
in which case the intersection again consists of 
those trajectories and singular points but is not 
contained in either U(Hj^) or U(Hj). 

The neighborhoods of the sector points r^^ and the distinguished 
trajectories j are constructed as in Section 11. We shall again speak 
of distinguished trajectories of the first, second, and third kind. Certain 
slight modifications are needed. 

U(rj^) is assijmed sufficiently small so that in addition to ful¬ 
filling the requirements of Section 11 the intersection of UTr^ with the 
closures of the neighborhoods of center points, simple limit cycles, and 
unstable limiting configurations not containing r^ is empty. The 
are sufficiently small now so that in addition to fulfilling the require¬ 
ments of Section li the intersection of j) with the closures of the 

neighborhoods of center points, simple limit cycles and unstable limiting 
configurations not containing j is empty. If an unstable limiting 
configuration contains let the intersection of with 

U(Ci^j) consist of a single open spherical neighborhood. 

18 . Let V - (ZUCPj^) + rY^ + ZU(G^) + 2:U(H^) + LY(F^) + lU(z^)) 
where the last sum extends only over the unstable center points. It is 
clear that there exists a set U obtained from V by isotopic deformation 
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such that 


U + + LU(r^) + 2U(C^^j) + 2U(Ej^) + ZU(P^) + ZU(Zj_) 

cover M where the last sum extends only over the stable center points. 

We Indicate briefly how the deformation is carried out. In the 
case of a source point, unstable center point, or unstable simple limit 
cycle we always reparametrize so that the parametric value of the solution 
curves is constant on the boundary of the chosen neighborhoods. In the 
case of an unstable sector we reparametrize so that the parametric value 
is constant on the part of the boundary of the sector which is not a dis¬ 
tinguished arc or a singular point (we recall that the unstable sectors 
were modified so that all solution curves crossed this part of the boundary 
from the inside to the outside). In the case of the neighborhood of a 
stable-unstable simple limit cycle or an unstable limiting configuration 
we reparametrize so that the value of the parameter remains constant on 
the curves which we called d in the construction of the nel^borhoods of 
stable-unstable simple limit cycles and mstable simple limiting configura¬ 
tions. (See Section 17 *) V can then be expanded homotoplcally to 
arbitrarily large parametric values. 

liSyiMA 18.1. 

Bo(U) < + Ni, + + Ng + N,o + N,, 

B,(U) < Ng + K,o + N,, 

B2(U) ■= 0 

PROOF OP LEMMA 18.1. Lemma i8.i is a consequence of the definition of U. 

LEMMA 18.2. 

Bq[U + EU(rj_) + < Nq + 

B^[U + ZU(rj_) + ZU(Cj.^j)] < + N^q + + N3 + 

BgCU + ZU(r£) + 2:U(C^^j)] < 

PROOF OP LEMMA 18.2. The proof of this lemma is identical with the proofs 
of Leninas 13 . 1 , 13 * 2 , 13 ‘3/ i^.i, and 14.2 in Sections 13 and l4. 

It remains to add the neighborhoods of the stable limit cycles, 
sinks, stable--unstable limit cycles and stable center points. We shall 
first add the nel^borhoods of the stable limit cycles, U(Ej^). In this 
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connection P(E^) will denote U + + 2 :U(C^ .) plus whatever U(Ei) 

have previously been added. * 

UEffiA 18 . 3 . If a certain number or none of the U(Ej) 
have been added to U + ZU(r^) + ZU(Cj_ j), but U(E^) 
has not been added previously 

+ UCEj^)] - Bq[P(E^)] < 0 
B^[P(E^) + U(Ej.)] - B^[P(E^)] < 1 
B 2 [P(Ej,) + U(E^)] - B 2 [P(E^)] < 1 

PROOF OP LEMMA 18 . 3 . U(E^) and P(Ej^) Intersect In two open annular 

regions. The following Meyer-Vletorls Sequence (see Section 3 ) Is ob¬ 
tained. I again stands for the additive group of Integers. 

0 —»H 2 [P(Ej^)] + U(E^)] —>21 JL, I + H, tP(Ej^)] 

\ 

O^Hq[P(E^) + U(Ej_)] 4— I + Hq[P(E^)] ^2l4-^H^[P(E^) + U(E^)] 

That f can not be trivial follows from the construction of the 
Meyer-Vletorls Sequence; hence the Image of g has at most one generator. 
The Image of h has one or two generators since the non-bounding cycle of 
the Intersection does not bound In U(Ej^). If the Image of h has two 
generators none of the Betti numbers can Increase; If the Image of h has 
one generator, only the first and second Betti numbers can Increase (by at 
most one each). The Lemma follows. 

We assume now that all the neighborhoods of the stable simple 
limit cycles have been added. We next add the chosen neighborhoods of the 
stable-unstable simple limit cycles. When adding a neighborhood U(Pj_) 
P(Pj^) will denote U + zU(Cj^ j) + ZU(rj^) + ZU(Ej^) plus whatever U(Pj) 
have previously been added. 

LEMMA 18 . 4 . If a certain number of the U(Pj) or none 
have been added to U + + zU(r^) + ZU(Ej^) but 

U(P^) has not been previously added 

Bq[P(Fj^) + U(P^)] - BqCP(F^)] < 0 

B^[P(Pj^) + - B, [P(Pj^)] < 1 

B2[P(P^) + U(P^)] - B2[P(Pi)] < 1 
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PROOF OP LEMMA l8.4. The proof Is identical with the proof of Lenana 18 . 3 . 


We assume that all the neighborhoods of the stable simple limit 
cycles and of the stable-unstable simple limit cycles have been added to 
U + zU(rj^) + 2U(C^^j). We shall add the neighborhoods of the stable center 
points, U(zj^). pUjl) vill denote U + + zU(r^) + lU(E^) + zU(Pj^) 

plus whatever U(Zj) have previously been added. 

LEMMA 18 . 5 * The addition of JJiz^) has the following 
effect on the Betti nmbers: 

Bq[P(zj^) + U(z^)] - Bq[P(zj^)] < 0 

B^[P(z^) + U(z^)] - B^[P(z^)] < 0 

B 2 [P(z^) + U(z^)] - B^[?(z^)] < 1 

PROOF OP LEMMA 18.5‘ The intersection of U(Zj^) with P(z^) consists of 
a single open annular region. The following Meyer-Vletoris Sequence is 
obtained: 


0 


0 


H2[P(zj^)+U(Zj^)) I JL»h,[P(Zj^)] -.H,[P(Zj^)+U(z^)] 
Hq[P(zj^) + U(zj^)] 4 —H^[P(zj^)] + ^ 


f can not be trivial; hence g is trivial. The Image of h either has 
one or zero generators. If the image of h has one generator none of the 
Betti numbers can Increase. If the image of h has no generators only the 
second Betti number can increase (by at most one); the Lemma follows. 

Finally we add the neighborhoods of the sink points, U(q^). When 
adding a nei^borhood U(q^) P(qj^) will denote U + EU(C^ j) + zU(r^) + 
ZU(Ej^) + ZU(Pj^) plus all the neighborhoods of the stable center points and 
whatever U(q^) have previously been added. 

LEMMA i8.6. The addition of a new U(qj^) has the follow¬ 
ing effect on the Betti numbers 


B^[P(q^) + U(q^)] - BQ(P(q^)] < 0 

B,[P(qjL) + U(q^)] - B,[P(qj^)] < 0 

B^[P(q^) + U(q^)] - B^[P(q^)] < 1 
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PROOF OP LEMMA i 8 . 6 . The proof of Lemma l 8.6 is Identical with the proof 
of Lemma i8.5« 


^9• Lemmas 18 . 2 , 18 . 3 , 18.4, 18 . 5 # and 18.6 together imply the 
following theorem: 

THEOREM III^. Under I^othesls 

B^(M) < + Np + N,o + N,, 

B, (M) < Nq + 2N5 + N,q + N,, + Nj + Nj - N, 

B2(M) < Nj + Ng + Ng + Ng + Ng 

By reversing the direction of all trajectories it is possible to 
prove the symmetric Theorem Illg of which we shall note only two of the 
relations 


THEOREM III 3 . Under I^othesis 

B^(M) < Nq + 2 N^ + + N» - N^ 

B2(M) < N’ + Nq + N^ + N^ + N^o 

where N^, defined symmetrically to the old N^, 
is the number of closed submanifolds of M which 
carry a cycle (see Section 10 ) of the differential 
equation but on which there are no source points, 
unstable center points, unstable simple limit 
cycles, or stable-unstable simple limit cycles. 

It is clear that on each of the submanifolds just defined there 

exists either an unstable sector or an unstable limiting configuration. 

Hence, < N^^ + ^. Since the second and zeroth Betti number are the 

same we may therefore substitute N^ for N]^ + N^ ^ in the estimate of 

Bq of Theorem It also follows from the definitions that each of 

the closed submanifolds counted under N- or Ni contains a sector 

5 5 

point; thus either N^ or N^ is < which gives a simpler but weaker 
form for the estimate of the first Betti niimber. The following theorem 
then follows. 
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THEORIM III. Under Hypothesis Jf ^ 

Bo(M) < No + N., + Ng + N,o + + Nj + N,o + + N,, 

B,(M) < Ng + SNg + N,o + N^ + N,, + % - N,'! 

or L< Ng + 2 Nj + N,q + Ng + mln(N, ,,N,g) 

B,(M) < Ng + 2N3 + N,o + Ng + N,2 + N^ - nJ 

B2(M) < Ng + Ng + Ng + Ng + N, < Ng + Ng + Ng + Ng + N,g + N,g 

where all the constants except were defined in 

Section 16. N.,^ is the number of stable sectors. 

OBSERVATION ON UNIQUENESS. It is clear from the proof of Theorem IV that 
this theorem holds even if the differential equation under consideration 
does not have unique solutions in sufficiently small neighborhoods of the 
sink points, source points, center points, and simple limit cycles. In 
Section 17 a series of neighborhoods were constructed. Some of these 
neighborhoods were subsequently deformed and some were not deformed. If a 
nel^borhood was not deformed it does not matter from the point of view of 
the proof if the differential equation did not have unique trajectories in 
this neighborhood. If a neighborhood does get deformed we can permit non- 
uniqueness in a sufficiently smaller sub-neighborhood, without affecting 
the deformation process. 

REMARK ON THEOREM III. We shall show in a series of examples that the 
constants on the right hand side of the inequalities represent roughly the 
best possible estimates. In particular, we shall show that something like 
N^ and N^ is required and that counting the stable-unstable limit cycles 
twice in the estimate of the first Betti number is essential. The first 
two examples were previously given in Section 15 but the interpretation was 
different. 



EXAMPLE 1. A vector field on the 
torus is obtained by double identi¬ 
fication of the sides of the rectangle 
of Figure 19 * In this case N^ = 2 , 

N^ = 1, N5 = 1, N' = 1, Nj^ = 1, 
and N^ 2 = l; all other Nj_ = 0 . 


FIGURE 19 
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Hence Theorem III gives 

Bq (torus) < 1 

(torus) < [2 + 1 - 1 ] 

B^ (torus) < 1 

EXAMPLE 2 . A vector field is 
constructed on the sphere of which we 
only show the front half. The be¬ 
havior on the rear half is assumed 
Identical. There exists a single 
singular point which is a sector 
point with two elliptic, one stable, 
and one unstable sector. Hence, 

= 1, = 1, N^ - 1, N^^ - 1, 

and = 1 while all the other 

= 0 . Theorem III then takes the 
following form; 

Bq (sphere) < i 

B^ (sphere) < i - l 

Bg (sphere) < 1 • 

EXAMPLE 3 . It is easy to construct a vector field on the torus such that 
the limit set consists of a single stable-unstable simple limit cycle. In 
this case, N^ = 1 and all the other = o. Theorem III then takes the 
following form; 



Nq (torus) < 1 
N^ (torus) < 2 
Ng (torus) < 1 • 

V. Applications of the Inequalities 
2 0 . We assume throu^out this part that Hypothesis is 

satisfied. 

a) Suppose there exists a component of M without a cycle, i.e., 
no closed curve consisting of both singular points and tra¬ 
jectories can be given a direction which coincides with the 
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direction of all Its trajectories. Suppose there also exist no 
center points on this component of M. Then and 

are zero. It follows from the Inequality Involving the second 
Betti number that there has to be a stable simple limit cycle, 
or a stable-unstable simple limit cycle, or a sink point on 
this component. (The Important point here Is that the stable 
sectors do not enter the picture. ) Similarly, there has to 
be an unstable simple limit cycle, or a stable-unstable simple 
limit cycle, or a source point on this component. 

b) Suppose M Is a k-handled sphere and suppose there are no 
sector points on M. Then , N^, and ^ are zero. 

The Inequality for the first Betti number Implies that the 
number of limit cycles is greater than or equal to k. 

c) Suppose M Is again a k-handled sphere. Suppose none of 

the sector points has hyperbolic sectors. Suppose also that 
there exists either a sink point or a source point or a 
center point. Then either or Is zero. It then 

follows from one of the two Inequalities for B^(M) that 
the nijmber of limit cycles is greater than or equal to 

(k + one half times the number of sector points). This 
inequality Improves if we assume that all the simple limit 
cycles are either stable or unstable. In this case the 
number of limit cycles Is greater than or equal to (2k + 
the number of sector points). 

d) Suppose M Is again a k-handled sphere. is either 

zero or 1 . If k Is large It follows from the Inequality 
for B^ that there are either many hyperbolic sectors or 
many limit cycles. 
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VIII. BANACH SPACES AND THE PERTURBATION OP ORDINARY 
DIFFERENTIAL EQUATIONS 


George Hufford^ 


1 . Introduction 

The terminology and theory of Banach spaces can be a powerful 
tool for the study of ordinary differential equations. A striking example 
is the way in which the fundamental existence theorem is very elegantly 
proved using Schauder's fixed point theorem (i). A second example, one 
which we should like to present here, concerns an autonomous system of 
differential equations having a periodic solution and the results of 
giving this system a periodic perturbation. This is a problem which has 
been previously treated by Krylov and Bogoliubov (2) and by Levinson (3); 
but, as will be seen, our treatment is more general and, in a sense, simpler. 

I wish to acknowledge here my Indebtedness to Professor S. P. 
Dlllberto of the University of California who suggested the problem, and to 
Professor 3 . Lefschetz who was a constant encouragement. 

Let us begin, then, with an autonomous system of n differential 
equations which we write in the vector form 

(1.0 if-XU) 

where, say, the second derivatives of X(x) satisfy a Llpschltz condition. 
Let there exist a solution 

(1.2) X - u(t) 

of period 1. 

This is a dissertation presented to the faculty of Princeton University 
in candidacy for the degree of Doctor of Philosophy. It was done in 
connection with an Office of Ordinance Research Project, OOR Contract No. 
D/V« 36 - 034 -ORD- 64 o. 
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Then we can write the equation of first variation 

where the right hand side is meant to represent the n x n Jacobian matrix 
acting on the n-vector v. This equation is a linear homogeneous equation 
with periodic coefficients, and if V is a matrix consisting of n col¬ 
umns of linearly Independent solutions, then it is well known that V may 
be written as 

(t •'») V(t) = P(t)e'^^ 

where A is a constant (complex) matrix and P(t) a non-singular matrix 
of period l. The real parts of the characteristic roots of A are 
Llapounov’s characteristic numbers. Their values are decisive in the 
analysis that follows. 

In order to emphasize the special role that the trajectory ( 1 . 2 ) 
plays, we shall want to transform our equations to coordinates 
•••> ^n-l^ defined by some such equation as 

(i ‘ 5 ) X = u(e) + S(e)y 

where S( 0 ) is a suitable n x (n-i) matrix of period 1 and of, say, 
class C . That such a transformation can be satisfactorily made, at least 
within a neighborhood of the trajectory ( 1 . 2 ), has been shown by Levinson 
( 3 )* It might well be profitable to present.here a paraphrase of his proof. 

We remark firstly that (1.5) will always define a new set of 
coordinates in some neighborhood of the curve (1.2) provided that at all 
points on this curve the Jacobian satisfies the inequality 

- |3<^) x(u(6))i/o 

Thus we must look for a matrix 3 ( 0 ) for which this is true. Note that 
the regularity of 8(0) need not concern us, since as long as we can find 
a continuous matrix satisfying (i.6), we can always find a second matrix 
having any required number of derivatives but whose elements differ from 
those of the original matrix by as little as desired, thus maintaining the 
inequality (1.6). 

Now if the dimension of o\ir space n * 2 , then put 
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(1.7) 


S(e) = 


/ x^(u(e)) 
\ - X2(u(e)) 


and ( 1 . 6 ) follows immediately. Suppose, therefore, n > 2 , and consider 
the curve in n-space defined hy x = X(u(e)). It is of class and so 

cannot be space filling. Thus there exists a ray extending from the 
origin which does not intersect this curve, and we may, without loss of 
generality, suppose that this ray coincides with the x^-axis. In other 
words, we can assume 

n 

Y, Xj^(u(e))2 > 0. 

1=2 


Then put 


KX2(u(e)) KXj(u(e)) 


( 1 . 8 ) S(e) 


KXj^(u(e)) 

0 


The Jacobian ( 1 . 6 ) becomes 

KXg(u(e)) KX3(u(e)) ... KXj^(u(e)) X,(u(e)) 


(1.9) 


1 Xjj(u(e)) 


11 

= - (-1 )'' [ X,(u(e)) - K ^ X3 ^(u(9))® 1 
*• l»a ■' 


and this, if K is only large enough, will never equal zero. 

To continue, after we have made the coordinate transformation 
( 1 . 5 ) the trajectory (1.2) is defined by y » 0, e = t, and the equation 
( 1 .1 ) becomes 


( 1 . 10 ) 

if' 
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where Y(y, e) is, of course, an (n-i )-vector. Note that Y and B both 
have period i in e, that both have second derivatives which satisfy a 
Lipschitz condition, and that 


(i .1 1 ) 


( 1 . 12 ) 


Y(o, e) £ 0 
0 (o, e) s 1 

Now consider a new, perturbed system of differential equations 
^ = X(x, t, e) 


where e is a real number (or, with only very sli^t modifications in what 
follows, an element of any locally compact topological space), where 
X(x, t, e) is a function whose second derivatives with respect to x and 
t are continuous in c and satisfy a Lipschitz condition in x and t, 
where X(x, t, e) is of period T in t, and where finally 
X(x, t, 0 ) = X(x). 

The curve defined by (1.2) is, of coiirse, not a trajectory of our 
perturbed system, but there is nothing to prevent us from continuing to 
describe points in its neighborhood, and the motion of such points, by means 
of the coordinates (y, e); and this we shall henceforth do. Thus, our 
perturbed system (1.12) must be rewritten in the form 


(1.13) 


^ - Y(y, 0, t, e) 
^ = ®(y> Qf t, €) 


where the functions Y and 8 satisfy the same conditions as does X and 
in addition have period 1 in 0. 

Now, let us suppose that at t = 0 we start at a point (y^, 0 ^) 
and follow its motion until t = T. Ass\miing that c is small enough and 
(yo^ Qq) close enough to the curve (1.2) so that this motion does not 
leave the domain of definition of our new coordinate system, the point 
(yo^ ©q) will have been carried to a point given by 


( 1 . 14 ) 


y = P(yo» v 

» - ♦(yo' »o' 


where, of course, P(y, 0, c) is an (n-i )-dimensional function and 

a simple one dimensional function. Note, too, that since the 
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differential equation (1.13) has the period T, it is also true that the 
point {Jq, ©q) at t * kT, k being any integer, will be carried into 

the point at t = (k + i )T. 

Some properties of the functions P and are noteworthy. 

Since, in a sense, they are the general solution to (1.13)1 and since the 
right hand side of (1.13) has second derivatives which satisfy a Llpschltz 
condition, it follows that the second derivatives of P(y, 9, €), e, e) 

with respect to y, 9 exist and are continuous in y, e, e. Furthermore, 

P has the period 1 in e, while i|r(y, e + 1 , c) = T|f(y, 9, c) + 1. And 

finally, since y = 0 , e = t, e = 0, is a solution to (1.13) we see that 


( 1 . 15 ) 


P(o, e, 0) = 0 
\k(o, 9, 0) » 0 + T 


Now let us wander afield a bit to consider the Banach space 
whose elements of are the (n-i)-dimensional, real valued functions of( 0 ) 
of class and of period 1. The norm is defined as 


(1.16) |la|| = max( |ofj. (e) I, |dQfj(0 )/d0|; J*i ...n-i, o<e<i) 

Clearly, if the element a lies in a small enough neighborhood of 0 , it 
may be interpreted as a closed curve 

(1.17) a: y * a(e) 

in n-space lying in a neighborhood of the ciorve (1 . 2 ). 

Consider the mapping of n-space into Itself which is obtained by 
following along for a given length of time the trajectories resulting from 
(1.13). Since it carries closed curves of class C^ into closed curves of 
class c\ it is very natural to think of this mapping as the transforma¬ 
tion of an element a of into some other element of . In par¬ 

ticular, if we consider the cu 3 ?ve y =* cif( 0 ) at t » kT, then at 
t » (k + 1)T it will have been carried into a curve which we can define 
parametrically by 

r y » P(of('J>), ♦, e) 

(1.18) f(cr, €): J 

L 0 = ♦(a(i>), <J>, c) 

By this notation we mean that f(a, c) is the new element of and that 
it corresponds to a certain closed curve in n-space whose coordinates (y, 9) 
are prescribed in terms of the parameter ♦ by means of the equations (1.18). 
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Thiis for each value of ♦ we begin at t = kT with the initial point 
= «(♦), 0 Q = ♦ which is located on the curve a, and at t » (k + i)T 
this point will, because of (i.i^), have been carried into the correspond¬ 
ing point of (1.18). 

One further provision, however, must be made before we can say 
that this new curve is actually an element of 6 ^ : we must require y to 
be a single valued function of e, which in turn requires e to be a 
monotonic function of ♦. But 

and since, because of (i.i 5 )> 8 \if(o, e, o)/ 3 e = i, the derivative will 

always be positive provided that c and ||a|| are small enough. 

To summarize, for each € small enough we have defined a trans¬ 
formation of a certain open set I) c which contains the origin, into 
the space . It is with these transformations that we are to be concerned. 

Note especially, that if there exists an element a such that 
f(a, €) = a, in other words, if there exists a fixed point, then any point 
of n-space which at t = o is on the curve represented by a, will always 
return to this same curve at t = kT. The motion of such points is there¬ 
fore described as motion on a two dimensional torus imbedded in n-space, 
and the analysis of PoincarS and Denjoy (k) will be applicable. Prom this 
and the fact that 4f(a(<>), <d, c) is twice differentiable, it follows 
Immediately that the motion is almost periodic. 

Our purpose, then, will be to show that such fixed points do ex¬ 
ist under proper conditions. To be specific, we shall prove the following 
theorem. 


THEOREM 1 . 1 . If the only characteristic number of the 
equation of first variation (1.3) which is zero is the 
one associated with the solution v = X(u(t)), then for 
any e small enough there exists a unique closed curve 

2 

of class C which after a time T is carried by the 
motion resulting from the pertiu*bed equation (1.12), 
into Itself. 


2. The Implicit Function Theorems 

We turn now to a few theorems involving functions on arbitrary 
Banach spaces. These theorems, together with their proofs, are very similar 
to theorems proved by Lustemik and Sobolev (5)* However, we Include them 
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here both because of slight differences in their formulation and because the 
above reference is rather inaccessible to the English reading public. 

Let f{a) be a function from an open set I) of a real Banach 
space X into another Banach space . We say that f(a) is differentiable 
^ Of if for any r\ € x the limit 

(2.1) lim [f(af + sn) - f(a)] 

s —^ 0 ^ 


exists and is a bounded linear transformation in t). This bounded linear 
transformation is called the derivative and is denoted by f'(a) or, 
variously, by Thus the limit (2.1) is written f'(a)T] or f^^(a)Ti . 

Now, let P* be any element of the adjoint space g *. Notice 
then that for small enough s the expression ^*f(Q^ + st]) Is a function 
of the real variable s, and f\irthermore, that it is differentiable at 
s = 0, 


(2.2) 


^ p*f (a + st] ) 


s =0 


lim 1 [P*f(a + ST)) - P*f(a)] * 
s —^ 0 ^ 


= p*f‘(Qf)Ti 


THEOREM 2 . 1 . Let a^, be two points such that the 
straight line joining them L(a^, a^) = {a|a = 
sCttg - ), 0 < s < 1 ) lies wholly within Suppose 

that the function f(a) is differentiable at every 
point of this line and that the derivative f’(a) is 
continuous along it. Then 

(2.3) IlfCai) - fCafp)!! < sup ||f'(Qf)|| • ||a - a, II 

^ 2 a€L(a^,c(^) 2 ^ 

PROOF. Let P* be any element of f) *. Then the expression 3 *f (a^ + 
sCffg - a^)) is a continuously differentiable function of the real variable 
s, and it follows from the mean value theorem that there exists a corre¬ 
sponding s*, 0 < 3* < 1 , such that 

(2.4) P^fCofg) - P*f(Qr^) » ^ + s*(a2 - Qf, )) 


Thus from (2.2) 
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|p*(f(ag) - f(ot,)]l < ||P*|1 • Ilf (a, + a*(ag - a,))|| • ||ag - o, | 


(2.5) 


< llP*ll sup ||f (0)11 • llotg - o II . 
0(eL(o(,,o(g) 


But it Is a known theorem that there exists one p*, ||p*|l « i, for which 
the left hand side attains the maximum value of IlfCofg) - f(Qf^)|l. The theo¬ 
rem follows. 


THEOREM 2 . 2 . The implicit function theorem. Let 
f((x,n) be a continuous function on X x S to ^ , 
where @ is any topological space. And suppose 
1 ) for eveiy a € c fCor, ii) is 

differentiable and in addition the 
derivative ^Jl) is continuous in 

both Of and n; 

li) there exist and such that 

f(ofQ/ 

iii) the inverse f^^CcifQ/ ©xlsts and 

is a bounded linear transfomation. 

Then there exists a neighborhood of such 
that for any n € Nq there is a corresponding unique 
cif(u) for which f(cif(4)^ n) = o. Furthermore, the 
function a(n) is continuous. 

PROOF. Define the function 

( 2 . 6 ) g(a, n) . e„(a^j Hq)"’ ‘'o^“ " • 

This is a continuous function on 3 ) x ® to x , and for every a e x, 
€ @ it has a derivative 

(2-7) g(^(o(, n) = Mq)"' (faCaQ, Mq) - ejct, u)] 

which is also continuous in both a and |i. Furthermore, we have the 

particular values 


8 (“o' ' “o 

(a.8) 

8 cr(“o' ° • 

From here we proceed almost exactly as in the proof of the ordinary 
implicit function theorem. Choose any positive k < i; then there exists 
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a p and a neighborhood of \x^ such that l|a - < p and n c 

imply 


( 2 . 9 ) ||g^(a, n)|| < k 

Again, there is also a neighborhood Ng such that c Ng implies 

(2.10) IlgCofo, a) - ocj < p(i - k) 

Let Nq C r* Ng. Then 4 € N^, ||a^ - of^H < p, ||Qfg - aj < p 

imply 


sup 4)11 < k; 

Qf€L(a.,a^) 


and therefore by Theorem 2.1 and from the fact that g(cx, 4) is continuous¬ 
ly differentiable along L(Qf^, ag) it follows that 

(2.11) llg(Qf2^ ^i) - g(ai> 4)11 < kllofg - OfJ| 

Now, define by iteration 


(2.12) 


“^n+i 


g(V 


This forms a sequence which is well defined as long as ||a^ “ 

we must show that this inequality is indeed true for all n. Suppose, first 

that ||a^ - or^ll < p ... Il^j^ - (x^\\ < p; then we have for j » 0 , ..., n. 



- “jii 

- llg(Q(j> M 

) - g(«j,,» 

m)|| 

< k||aj - cfj_, II 

(2.13) 


< ''^ll“j_i ■ 

<.. 

. < 

k^llot, - a^ll 



- k^lIg(V 

»*) - otoll < 

p(i 

- k)k'! . 

Thus 







ll“n+i - “oil 5 

ll“n+i - “nil 

+ 

1 

.,11 ^ 

^ + ||a, - a^ll 

(2.U) 

< 

p(i - k)(k" 

+ k“-' + .. 

. + 

Q. 

V 

0 

Whence 

Q. 

V 

1 

g 

for all n. 





Furthermore, for any n, p we have 
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ll“n+p - “nil ^ ll“n+p " “n*p-l H + ••• * ll“nH-l ' “nil 

( 2 . 15 ) 

< p(i - + ... + k^) < plc^ . 

And since this last tends to zero as n goes to infinity, (ofj^) is a 
Cauchy sequence and so converges to some element q:(p). Because g(cif, p) 
is continuous, g(oc^> m) —>g(Qf(p), p) and af(p) » g(Qf(p), p) vhlch is to 
say f(Qf(p), p) » 0 . 

To prove uniqueness, suppose there were a second element ex' such 
that ||Qf‘ - ^q\\ < P and f(ce', p) » 0. Then 

(2.16) l|a(p) - Qf’ll = ||g(of(p), p) - g(Qf‘, ^)il < k|lcif(p) - Qf'li 

from which it follows that a' = cif(p). 

Finally, if p, p* € N^, we have 

||a(p) - Qf(p»)ll = ||g(a(p), p) - g(Qf(p'), |i')|l 

(2.17) < llg(a(p), p) - g(a(p), p’)|l + ||g(of(p), p’) - g(a(p»), p»)|| 

< l|g(of(^i), n) - g(a(p), p»)|| + kl|a(p) - of(p')|| 
or 

(2.18) lla(p) - a(p*)ll < ||g(a(p), p) - g(a(p), p»)|| 

so that continuity follows. Thus the theorem is completely proved. 

Using the same notation we have the formal statement 
00 n 

n*o 

00 n 

“ Z [ ‘ 

n»o 

But from (2.11 ) it follows that for ||a ” < p and p e N^, the series 

converges and hence truly represents the inverse. In particular, we have 
shown that for p € the inverse f^(a(p), p)"^ exists and is bounded. 


n) 

(2.19) 


THEOREM 2.3. If @ is Itself a Banach space or an open 
subset of a Banach space, and if, besides the properties 
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set forth in Theorem 2.2, there is a point € N^ 
such that when a = of(n) the function f(cif, n) has 
a partial derivative with respect to n, then the 
function a(4) is also differentiable at a and 

(2-20) Ot'(n) = - tja, m) 

PROOF. Let r\ be any element of S (or of the Banach space in which @ 

lies). Then we know already from Theorem 2.2 that a(^ + si^) is a con¬ 

tinuous function in s. But we can show even more than this; for from 
(2.18) there follows 

||i[a(ii + st)) - a(M)]|| < ||~[g(of, u + St^ ) - gioc, 4 )]!! 

( 2 * 21 ) < l|f^(Qf^, 4^)-^ II . ||l[f(a, li + 3,) - f(«, 4 )] II 

so that the quantity ||~[of(4 + st) ) - a(4)]|| is bounded. Then also 

||l[a(4 + 3r]) - a(4)] + f^(of, 4 )“‘^f^(a, 4 )t^|| 

< llfc^(ai 4 )”^ II • l|fcf(Qf, 4 ) Ca(4 + sii) - cf(4)] + 4)t)II 

( 2 . 22 ) < ||f^(a, 4 )'’M| • l|f^(a, 4 )n - ^ if{oc, 4 + Sti) - f(a, 4 )]|| 

+ ||fc^(af, 4)"M| • IlfaCof, 4 ) ^ [0f(4 + Sti) - 0 ( 4 )] 

+ J [f(or, 4 +• st)) - f(cif, 4 )] II • 


In this last, the first term goes to zero because of the definition of 

f^(of, 4)1]. And as for the second term, since f(of, 4) = f(of(4 + st]), 4 + Si^) = 0, 

we have 


||fc^(a, 4 ) ^[of(4 + st]) - of(4)] + 4 + St] ) - f(a, 4)] II 

(2.23) . 

= ||~[h(a(4 + St])) - h(c3t(4))]l| 

where 

( 2 . 24 ) h(p) - f^(cif, 4)P - fO, 4 + ST)) . 


( 2 . 25 ) 


Now at all points Pc®, h(p) is differentiable, and 
h»(p) « fj^(of, 4) - 4 + 3 ti) . 
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Furthermore, we have on the one hand that P » 
h'(p) » 0, and on the other hand that h*(p) 
and s. Therefore it follows from Theorem 2.1 


cif(n) and s * o gives 
is continuous in both P 
that 


"s 
(2.26) 


l|^h(Qf(ji + ST])) - h(cif(|i))] II < sup{||h'(p)||, p € L(Qf(|i + St))) a(^l))) 


|Wcr(M + 3 ti ) - of(^)] II —♦ 0 . 


And so the theorem is proved. 


3« The Proof of Theorem 1 .1 

As it turns out, the proof of Theorem i.i is accomplished best 
not by treating directly the function f(a, e) of (1.18), but instead by 
considering the function 


r y = P(P(<J>), ♦, e) 

( 3 . 1 ) g(P, 7, €): < 

L e * T|f(r(«), ♦, €) 

Defining I) to be the same subset of £ ^ which was introduced in Section 
1, it is clear that g(p, 7^ «) is defined for all p, 7 € ;^ and € small 
enough. And what we now Intend to show is that there is an such that 
for any | e | < there exists a corresponding a e 2) for which 
oc = g(Qr, a, €). 

First of all, we remark that for any P, 7, e within the range 
of definition g(p, 7, e) is differentiable with respect to p. Thus for 
any ti € 


ry . 

(3.2) gp(P^ ^ 

L ® * ♦(7(^)# e) 

In particular, we have the very important special case 

(3-3) gp(0, 0 , 0 ) 1 ,: y - ^(e _ t) . 

Furthermore, note that gp(P/ 7f «) is continuous in all three of its 
variables. 


Now consider the equation o«p-g(p, 7, c). We want to solve 
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it for p in terms of 7^ «• Since we have already g(o, 0, 0) « 0, all 
the conditions of Theorem 2.2 are satisfied if we can only show that 
0)]“^ exists and is hounded. 

To do this we must consider the exact form that the derivatives 
8F(o, e, o)/ 3 y take. But as we mentioned before, the functions P(y, e, c), 
♦(y> G, c) are, in a sense, the general solution to (i.io), and therefore 
their derivatives are solutions to the equation of first variation 


(3.M 


^(7,G 


where, of course, we suppose the Jacobian matrix evaluated at y = 0, e * t, 
€ = 0. 

Now, since the transformation (1.5) is periodic and since its 
Jacobian vanishes nowhere, the solutions to (3.^) have characteristic 
numbers which are identical with those of the solutions to the original 
equation of first variation (1.3)* Indeed, if W is a matrix of linearly 
independent solutions to ( 3 *^)# we can write 

( 3 - 5 ) W(t) - 


where A is the same constant matrix Introduced in (i. 4 ) and where Q(t) 
is some non-singular matrix of period 1. 

It follows from (1.11) that the last column of the Jacobian 
matrix in (3*^) consists solely of zeros. Therefore the n-vector 


(3.6) 



is a solution, and if we suppose that initially W(t) is the‘unit matrix 
then the last column is exactly this solution and so will always remain 
constant • Thus 


(3.7) 


• W(i) 


W(i) 0 

x(i) 1 


Where vJf(t) is an (n -1 ) x (n-i ) matrix and x(t) an (n-i) row vector. But 
from the form of (3*7) It is easy to see that A may be chosen so that its 
last column, too, consists solely of zeros, and henceforward we shall s\jppose 
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that this Is so. Not© finally that this implies that the last column of 
Q(t) is also equal to (3*6). 

Thus it follows that at y * 0, 0 = e, € = 0, 

w(e * T)w(e)-’ 

^ 3 * 8 ) j.— 

« Q(e + T)©^-^Q(0) ^ . 


But all the matrices of this equation have the same fom, inasmuch as their 
last columns are always equal to the column vector (3.6). Thus, if w© wish 
to determine the first n-i rows and the first n-i columns in this matrix 
equation, w© see that neither the last rows nor the last columns have any 
effect, so that 


(3.9) 




Q(e 


T)e^^Q(e)"'' 


where A, Q are the matrices formed from the first n-i rows and the n-i 
columns of the corresponding n x n matrices A, Q. 

Now we can proceed to prove the existence of [I - gp(o, 0, o)]"^. 
Actually what we shall do is to prove its existence on the (complex) Banach 
space of all complex (n-i )-dimensional functions a(e) of class eind 

period 1. But then the transformation I - g^Co, 0, 0) defined in the 
obvious way over this new complex space cannot carry any function with 
non-zero Imaginary part into purely real ones, because this would be tanta¬ 
mount to the existence of purely imaginary functions which are carried into 
zero, a thing which is forbidden since the inverse exists. It follows that 
the inverse must carry purely real functions into purely real functions, 
and therefor© defines a bounded inverse on our original space . 

Define, therefore, transformations on the complex space 


( 3 - 10 ) 


Qn: y = Q(e)n(e) 

Bn; y = e^'^nCe - t) . 


There follows Immediately 

(3.n) y - ^{er\{e) 


and 

gp(0, 0, 0) = 


( 3 - 12 ) 
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So that th© inverse exists if and only if (I - B)“^ exists. 

LEMMA 3 . 1 . If none of the characteristic roots of the 
TLt 

matrix © is of absolute value 1 , then th© trans¬ 
formation 

( 3 - 13 ) (I - B)ti: y - n(e) - e^^ti(e - T) 

has a bounded inverse. 

_i at 

PROOF. Let R be th© non-singular matrix for which R © R is in 
canonical form. Then (I - B) has a bounded inverse if and only if 

( 3 • 1 ^^) R”’(I - B)Rii: y - n(e) - R“'e^'’’RTi(e - T) 

has a boimded inverse. But this transformation acts independently on cer¬ 
tain linear subspaces of these subspaces being characterized as th© 

r-dimensional, complex valued functions of class and period i. Thus 

( 3 .i 4 ) can be written as the direct product of transformations each having 
the form 

( 3 - 15 ) (I - a)t): y » ri(e) - ATi(e - T) 

where A is an r x r matrix of the form 


(3-i6) 




'00 IX.' 

and |x| 1 * It follows that (I - B) has a bounded inverse if and only 

if each of the subtransformations (I - a) have bounded inverses. Let us 
consider the two cases that arise. 

CASE I. |x.| < 1 . Let 


( 3 * 17 ) S = 
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be a "shear" transformation such that \\\ + |B| < l. Then 

X 0 ... 0 0 ^ 

/ 8 X 


(3-18) SAS”^; y 


0 0 


8 X 


j 


It follows from the definition (i.i6) of the norm that 1 |Sa 3 “^ 1 | = lx| + |8| < 
and thus 


( 3 - 19 ) (I - SAS"')"’ - 3(1 - a)’'s'' =■ 2 ( 3 * 3 "’)" 

n»o 


converges and so defines a bounded transformation. 

CASE II. lx| > 1 . In this case the matrix a has an inverse a’^ whose 
characteristic root is l/x, and, of coxirse, |l/x| < i. Then 

(3-20) a"‘'ti: y - + T) 

is a well defined bounded linear transformation. Prom the previous case 
the inverse of 

( 3 - 21 ) (I - A"^)ti; y - n( 5 ) - A'%(e + T) 

exists. Thus - (I - a'M'^a"^ » (I - a)’’\ and in this case, too, the 
inverse exists and is bounded. 

Thus we have shown that all the subtransformations I - a have 
bounded Inverses, and the Lemma la proved. 

But the conditions of Theorem i.i assure us that the only char¬ 
acteristic root of the matrix A which has a zero real part is the trivial 
zero which our machinations have eliminated from A. Thus, for every char¬ 
acteristic root X of e ^ there is a corresponding root p of A and 
IX, I » e ^ / 1 . It follows that under the conditions of Theorem i. i, 

(I - B), and hence [I - gp(o, 0 , o)], always has a bounded Inverse. 

Thus, all the conditions of Theorem 2.2 as applied to the function 
^ 7 > €) are satisfied, and it follows that there is a continuous 

function 8(7^ e) defined on a certain neighborhood || 7 |l < |€| < e^, 

such that P( 7 i e) » g(p( 7 , e), 7 ; «)• 
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LEMMA 3*2. If the (n- 1 )-dimensional function 7(e) 
Is of class C^, i.e., if dr/de c and If 

II7L ||d7/de||, |€| are all small eno\i^, then the 

function p(0) corresponding to ^(7, e) is also 
of class C^. Purthemore, dp/de is a continuous 
function of 7, d7/d0, € to the apace . 

PROOF. Prom the definition of ^(7, c) 


(3.22) 


p(0) = P(P(<^), €) 

0 = t( 7 ('>)# €) 


for all 0 . Since p(e) € we can differentiate this, finding 


(3.23) 





8 F dp ] r 
Uy d<> j L 


8\lf d7 1 

"Sy 3T J 


where the derivatives are to he evaluated at the obvious points. 


(3-2U) 


Now define the element 



8P r ^ d7 1 

^[■ 3 e * J 

♦ {r(*)> *1 «) 


and the linear transformation 


( 3 - 25 ) 


Dn: 



-1 

Tl(0 




Then (3*23) can be written 

( 3 - 26 ) . 

And this is a valid equation in the space of continuous (n-1 )-dimension¬ 

al functions of period 1 . But D is a bounded linear transformation from 
to which is continuous in 7, d7/de, e. Furthermore, at 

7 - d7/d0 = 0 , € - 0 , we have D - gp(o, 0, 0). Now Lemma 3 -i and its 
proof are equally valid in C®, and therefore it follows that for II7II, 
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lldr/d©!!, € small enougji, (I - D)”^ exists and Is bounded. Thus 

( 3 . 87 ) ^.(I-D)-'C 

is the unique element of 6® which satisfies (3-26). 

But C Is also an element of and furthermore it is con¬ 

tinuous in 7, dr/de, c. And D is a bounded linear transfomatlon from 
to ff’ and is again continuous in dr/d©, e. It follows that 
(I - and hence dP/d©, is likewise an element of (S:^ and is con¬ 

tinuous in 7, dr/d©, €. 

Let us stop here to examine more closely the way in which i de¬ 
pends on the three variables 7, dr/d©, €. At 7 = dr/d© = 0, c = 0, we 
have C = 0, because p(o, 0) = 0 and ^P(o, ©, o)/be = 0. And so for 
II7 II, lldr/dell, |€| all small enough i will become as small as desired. 

But this result is, to some extent, independent of dr/da; indeed we contend 
that ► 0 with 7, € unlfomly for all bounded dr/d©. Now, to say 

that II 7 II goes to zero while ||d7/d©|| remains bounded is to say that 
I7I (©)|, Idri (0)/d©| go to zero for all i and © while Id^ri (e)/d©^| 
remains bounded. But if this is true, it can be seen (again because 
^P(o, e, o)/^e = 0) that both Ul (®)| and |d^l ( 0 )/d 0 | go to zero, so 
that Indeed ^ —► 0 in the topology of . 

Furthermore, the same can be said about dp/d©. For suppose that 
a is a positive number such that for ||d7/d©|| < 0 and Urll# \^\ small 
enough. Lemma 3.2 is valid and dp/d© c ; then certainly ||(I - D)"^ || 
is bounded and from (3*27) it follows that dp/d© -►o with 7, c uni¬ 

formly for lldr/d©!! < 0. in particular, we can infer the existence of val¬ 
ues pg < p^, €2 < such that lldr/d©!! < o, Hrll < Pg# 1^1 < ^2 
that dp/d© exists and 

( 3 - 28 ) ||dP/d 0 |! < a 

To continue, if P, 7 are both of class C^, the derivative of 

7 f with respect to 7 exists, and 

^ ' r 8F . 8P dp 1 f ^ dr 1 

(3.29) L'^ J J 

7t €)n: j 

^ © * ^(7(0, e) 

But from Lemma 3.2, if 7 is of class C^, and if Hdr/d©!! < 0, 
llrll < P2^ l^l < €2 then P(7, €) is of class C^, and it follows from 
Theorem 2.3 that PrCr# €) exists and 
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(3-30) €) - - j^I - gp(p, 7, e) J g^(3, 7, e) 

This again is continuous in the three variables 7, d7/d0, e. And again 
since d3/d0 goes to zero with y, € uniformly for |ld7/ddll. < a 30 also 
does y, €) and hence P^(7> e)* Thus for any positive k < 1, 

there exist values < pg, such that ||d7/d0l| < a, II7II < p3^ 

|€l < all imply 

(3-31 ) €)|| < k 

Now the set of elements 7 for which |ld7/d0|| < a, II 7 II < P3 is 
a convex set, and it follows from Theorem 2.1 that if y^» y2. 
elements of this set 

(3-32) llP(7-,> e) - ^( 7 ^, €)|| < k|l7^ - 72 II 

Finally, define in such a way that |€| < Implies 

(3.33) llP(0, €)|| < p^Cl - k) 

Then for any |€| < define by iteration 


( 3 - 3 ^) 


0 


This, as we shall show, defines in the limit the function a(€) for which 
we are looking. 

First, assume Hof^H < P3^ < Py and assume that 

da^/de, ..., da^^/de exist as elements of while ||daQ/d0|| < a, ..., 

I|daj^/d0|| < a. Then we are assured that defined, and from (3-28) 

we know that daj^^^/d0 is an element of and lldof^^^/d 0 || o. Further¬ 

more, because (3.32) is valid for oc^, ..., cr^^, we know that we can obtain 
expressions analogous to (2.13), (2.1U), ( 2 . 15 ), thus showing that 
ll^n+JI ^ ^3* follows by induction that ||a^|| < p^, ||daj^/d0|| < or for 
all n. Therefore we have actually defined a sequence which is a Cauchy 
sequence and hence converges to some element ce(€) which satisfies the 
relationship 

(3.35) 0f(€) = p(a(€), €) « g(a(€),"«(€>, €) 


LEMMA 3.3. If a € (f’ satisfies ( 3 - 35 ) and if ||of|| and 
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|€| are small then the oo3?respondlng func- 

O 

tion a(e) Is of class C , and furthemo3?e da/dd 
is a continuous function of cx, e to . 


PROOF. We proceed along lines similar to those used In the proof of Lemma 
3.2. We have 


(3.36) 



P(a(«), 4 >, e) 
^(oc(<t>), <t>, e) 


and since 


a(8) e c’ 


we can differentiate this obtaining 


( 3 - 37 ) 


{ da r da 1 f ^ ^ da 1 

ae [ae ^ J ^ J 

e = ♦(«(♦), ♦, e) 


Now consider the function 


[-y - 

(3.38) d(5, a, €): J 

^ 0 » \|r (a(i>), €) 

This can be considered as a function in b either on to or as 

well on to . In both spaces it is differentiable with respect to 
b, the derivative dg(6, a, c) is continuous in all three variables, and 
dg(0, 0, 0) = gp(0, 0, 0). Thus the equation 6 = d(6, a, c) has a unique 
solution for 6 in terms of a, c. But in the space this solution 

must, because of (3-37)^ be exactly da/de, so that the solution in 6^ 
must also be da/d 0 . It follows that 5 (a, c) = da/d© c and is a con¬ 
tinuous function of a, €. 

Finally, to complete the proof of Theorem i.i we must prove 
uniqueness. But from Lemma 3*3 it follows that any solution of ( 3 - 35 ) is 
of class C , and that moreover there exists a Pq < such that 
||a|| < Pq implies ||da/d 0 || < o. Thus if there is a second solution a’. 
Ha’ll < pQf then from ( 3 - 32 ) 

(3.39) ||a - a’ll = ||p(a, e) - p(a', €)|| < k||a - a’|| 


and a » a'. 
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4 . The Analytic Case 

When the functions X(x, t, €) of (1.12) are all analytic, then 
the trajectories are analytic and it might well be supposed that the fixed 
curve Of whose existence we have demonstrated is also analytic. Indeed, 
Levinson ( 3 ) has stated that when the original periodic solution (1.2) is 
asymptotically stable, then this is in fact true. Unfortunately, there is 
a counter-example which seems to disprove not only the general statement, 
but also Levinson’s more specialized statement. 

This counter-example is based on the following considerations. 

If we were going to attempt the proof of some such statement, we should 
want to consider functions cif(0> C “ ® js, which are of period 1 and 
are analytic in some suitable region ls| < 6; and we should want to 
define a transformation f(Qf, e) on some suitably restricted class of 
functions of to give an analytic function P ( O belonging to the same 
restricted class. But this is not in general possible, because the trans¬ 
formation f(cif, c) will be forced to use values of oc(^) which lie out¬ 
side of the region |s| < 6. And it is not possible to control the be¬ 
havior of such values by putting any but the most excessive restrictions on 
of(0 inside this region. 

To proceed to the counter-example itself, we suppose that the 
transformation f(a, e) of (1.18) can be written in the form 


( 4 . 1 ) 


f(a, €): 


y = kof(|) + €P(| ) 
C * €) 


where we have used the letter i for the parametric representation to in¬ 
dicate that it can take on complex values, and where k is a constant, 
k < 1, and P and t are analytic functions of their variables. We can 
solve the last of these equations, finding | = |(^, e); and it is q-uickly 
seen that the solution to the equation 


( 4 . 2 ) 


of(0 - ka(5 ) + €P(|) 


is simply 

00 

(U. 3 ) o(?) = * ^ k" P 

n»o 

where 6^^^(0 is the nth Iteration of ft( 0 * 

In particular, suppose that for every Integer m, P(s) has a 
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pole at m + i; and that € ) * | + i - sin 5* Then Qf(^) as 

defined in (^^* 3 ) will have poles at every point for which = + 1 ; 

l.e., for every 5 €). But 

( 4 . 4 ) ik(ls, c) 5 l(s - slnh s) (mod 1) 

which, for small enough s, €, Is nearer to the real axis than was the 
original Is. Indeed, It follows that 1 , c) —> 0. In other 

words, the origin Is a point of accumulation of poles and a(^) cannot 
be analytic there. 


^. Final Remarks 

One or two generalizations of Theorem i•1 are immediately evi¬ 
dent . For instance, the period T of (i. 12 ) may change with €. If this 
Is .so and if the function T(€) is continuous, then we can carry through 
unchanged the arguments of our proof, so that the conclusion is still valid. 

Again, if the functions X(x, t, c) of ( 1 . 12 ) have greater regu¬ 
larity than we have required, one would expect that the resulting fixed 
curve whose existence Is assured by our theorem, will also have a greater 
regularity. Indeed, we can immediately state that If X(x, t, c) has the 
kth derivatives (k > 2) with respect to x and t which are continuous 
In € and satisfy a Llpschltz condition in x and t, then the fixed 

Ir 

cu2?ve a will be of class C . That this is true can be most simply seen 

k— 1 

by substituting everywhere in our previous proof the spaces 6 : and 

6 ^"^ for and where always G^ is the Banach space of 

(n- 1 )-dimensional functions oc( 9 ) of period 1 and of class with the 

norm 

(5.1) ||all = max 11 d”^a j (e)/de"^ |, j = i...n-i, m = o...p, 0 < 0 < i| 

An interesting example of the kind of equations to which the re¬ 
sults of this paper apply is given by the well-known van der Pol equation 
with a small forcing tern 

(5.2) X + H (x^, - 1 )x + X = e cos cot 

At e = 0 this equation has the unstable solution x * 0 as well as a 
stable periodic orbit encircling the origin of the x, x plane. Here the 
words "unstable" and "stable" are used to Imply that the corresponding 
Llapoimov characteristic numbers are in the first Instance positive and in 
the second negative. Thus for small enou^ € we can say this about the 
solutions to (5.2): 
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( 1 ) the unstable critical point at the origin is changed into 
an unstable periodic solution with period ait/oo; and 

(2) the stable periodic orbit is changed into a stable set of 
almost periodic functions. 

P\irthermore, by analogy with the autonomous case one would sus¬ 
pect that all other solutions tend towards the latter almost periodic solu¬ 
tions. However, as Cartwright ( 6 ) has already pointed out, this is still 
an open problem. 

Actually, we are being a bit glib when we brush off the second set 
of solutions as almost periodic functions. A better description is this; 

There is a closed curve a(t, c) which always remains near the original 
periodic orbit and encircles the unstable periodic solution near the 
origin. This closed ciirve a(t, c) forms a stable set Inasmuch as any 
point near enou^ will approach it asymptotically. And, finally, a(t, c) 
is periodic, by which we mean that the entire curve repeats Itself whenever 
t Increases by 2 jt/tu. It follows that the solutions which go to make up 
cif(t, e) are described as solutions on a torus and so, depending on €, 
fall into one of two cases. They may all be almost periodic and have two 
fundamental periods which are irrationally related. Or there may be one 
or more solutions which are periodic having a least period 2 jrm/a) where 
m is some suitable Integer depending on e; all the other solutions will 
tend asymptotically towards these periodic ones. 

Added in Press. W. T. I^er has pointed out to me that the proof 
of Theorem 1.1 as presented in Section 3 is fallacious. The theorems of 
Section 2 and several lemmas of Section 3 require that gp(P# y» e) be con¬ 
tinuous in 7 and € in the uniform topology, which is not true for even 
the simplest examples of such functions. However, Kyner, elsewhere in this 
volume, has shown that Theorem i.l is still valid. As he demonstrates. Lemma 
3.1, which is unaffected, together with the consequence that [I - gp(o, 0,0)] 
exists, are sufficient to make the present theorem a special case of his 
own more general result. 
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IX. A FIXED POINT THEORM' 


Walter T. Kyner 
SECTION 1 


The purpose of this paper Is to prove a fixed point theorem that is 
useful in the Diliberto perturbation theory. The (non-degenerate) per¬ 
turbation theorems of G. Hufford [l] and M. Marcus [2] are implied by this 
result. 

I wish to thank Professor S. P. Diliberto for suggesting this problem 
and for his continued interest in it. In addition, I wish to thank Pro¬ 
fessor L. Nirenberg for pointing out a mistake in an earlier "proof" of this 
theorem. 

We are interested in a family of transformations defined on a subset 
of the space of real multiply periodic continuously differentiable 
m-dlmenslonal vector valued functions of s real variables. If f « 

(f^, ..., is such a function, then f( 0 ^, ..., ©g) must be periodic 

with period co^ in 

We use 

Ilf 11 - max [||f||„, llllj^llo]. 

where 

Ilf IL - max max If^ (0 )| . 

° 1 8 ^ 

Por a fixed real number r, the transformation g ■ T^(f) Is given by 


This report represents results obtained at the Institute of Mathematical 
Sciences, New York University, londer the auspices of Contract No. 
DA-30-069-ORD-1258 with the U. 3. Army, Office of Ordnance Research. Re¬ 
production in whole or in part permitted for any purpose by the United 
States Government. 


197 



198 


KjTNER 


( 1 ) g(e) = N(0)f(e) + W(f(e), e, 7) 

where e is a function of &, f, and 7 defined Implicitly by 

(2) e = Vf^(e) = 0 + n + U(f(0), 0, 7). 

n Is a constant s-vector. N(0) Is an m x m matrix whose entries 
are functions of 0. U(y, Q, 7) and W(y, 0. 7) are vector valued 

functions of m + s + 1 real variables whose second partial derivatives 

with respect to y and e are continuous In y, 0, and 7. U, W, and N 

are periodic In 0. We also require that 

W(o, 0, 0) = 0, 

U(o, 0, 0) s 0, 

and 

dv(o,e^o) , 

ay 

The transformations used by Marcus and Hufford are of this form. 

To insure that equation (2) can be solved for 0, we restrict 7 and 

l|f|| so that 



Is non-singular. 

For each 7 sufficiently small, we hope to find a function that Is 
Invariant under T^. It is necessary to make an additional restriction on 
the transformations considered. Hufford (for s * i ) assumed that all but 
one of the characteristic exponents of a variational equation had non-zero 
real parts. This hypothesis determines the form of N(0). For his many 
variable resxilt, Marcus assumed that the norm of N(0) was less than one. 
Marcus* theorem does not Imply Hiifford*3. It will be shown below that 
their hypotheses Imply the following; 

(H): For each f and 7 such that ||fl| < r^, 

I7I < 7 Qf define the linear transformation by 

(3) [L£.^g](e) - g(Vf^(e)) - N(0)g(e). 

We assume that is invertible and that Its in¬ 
verse is uniformly bounded, l.e., ||L^J|| <A for 

all IlfII <rQ, Irl < Tq- 
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SECTION 2 


THEOREM. If Ty is defined as above^ and if the 
hypothesis (H) is satisfied, then there exists 
such that if Irl < has a \inique fixed 

point fy. f^ is continuous in y, and as 
y — 0 , f^ —► 0 . Furthermore 



satisfy a uniform Llpschitz condition. 


PROOF. If f is invariant under T^, then 

(^) “ N( 0 )f(e) + W(f( 0 ), 0 , 7). 


Therefore 


(5) f = LfV(f, 7) 

where 


[W(f, 7)1(0) = W(f( 0 ), 0 , 7)- 

It is sufficient to show that L“V has a fixed point. This will be 
done by restricting its domain to a compact convex set. If this set and 
7 q are properly selected, then L’V is continuous on this set and maps 
it into Itself. By Schauder's theorem, L”V has a fixed point. Unique¬ 
ness and continuity in 7 follow from a separate computation. 

Let 

C(r, u) = |g«C^ I llgll < r, l-I^H < u, k - l, aj- . 

The proof depends on the careful selection of the n-umbers r, u, and 
7. To emphasize this a separate numbering system will be used. 

(o) We pick r^, y^ so that if |r| < r^, 1 7 1 < Tq/ 
then T^ is well defined and is uniformly 

bounded by A. 

If f is in C(r, u) and g * W(f, y), then l|g|l < Al|W(f, 7) II* 
We want ||gl| < r. 
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If we expand W(f(e), e, 7), we get 


||W(f, /)|| < ||W(o, r)ll 


To control the size of lfg^ll> it Is sufficient 










( 1 ) Since ■ Is uniformly bounded, and since Q) = 0, 

we can pick r^ < and 7^ ^ ^o' - i * 

(il) We then pick 73 < so that Al[w(o, 7)!! < 
li* 1 7 I < 73 • As we further restrict the size of r, 
it will be necessary to select 7 so that (il) is still 
satisfied. 

We now have that if f is in C(r^, u) and |r| <73^ then 
l|Lf^W(f, 7)11 <r,. If g • Lj:^W(f, 7), then L^^g - W(f, 7)- Therefore 




_ y dW ^^n , aw 
“ ^^n ^"k ^®k 

To obtain a bound on , we form a product space and consider ele- 

dSk 

ments h = (h\ h®). For fixed f and 7t a linear transformation 

is defined on this space by 


1 k ® . dV. 

7 ^ ^ ^ 


N( 0 )h^(e) . 


Defining by [L^^] * see that 


[<%., -C„)B 




k - 1, s. 
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invertible implies that is Invertible. To invert we 

must malce - ^fyW sufficiently small. To do this, we see that 


(n) 



aUi aujL 


z' 


n»i 




(13) 

and 


llh(V^ )|1 = llhll , 

^ o o 



h(Vf^ 


< llhllo 



5 Ui 

JT 

^ o J 


u( 0 , e, 0 ) S 0 , and — are uniformly bounded. 

(lii) We can pick rg < 7 -^ < 7 

that if f is in CCrg, u^ ) and Irl < 7 ^, then 
is invertible and IlM^^II < B. 

We now have (from equation ( 8 )) 



(iv) We pick r^ < 74 < 7 -^, so that B||^ll < and 
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so that 



It follows that if f is in ), and if Irl < 7^# then 



We have selected a conditionally compact set that is mapped into it¬ 
self by L^^W. We will now show that L”'W also maps C, the closxire of 
C(r2> ), into Itself and is continuous on C. 

If f^ is in C{r^, u^ ), and if 11 m f^^ = f^, then we can assume 
that lim = gQ, where is the image of f^. f^ and g^ are in C. 

Let Iv = Lf and V = Vj. . Since l^gj^ = W(fj^, 7 ), we have 

n^ n' 

(17) ' W(fj^(e), e, 7) + N(e)gj^(e). 

The limit of the right hand side of the equation defines a function g*. 

- go(Vo(«))l < Ign^^o^®^^ “ So^^o^^^^l 

(18) 

Since is in C(r^, u^ ) (and therefore in C), 

(19) Ign^^n^®^^ “ gn^^o^®^^! ^ r) - U(fo, yH^ . 

By taking n large, we see that |lg* - go^^o^l^o * Therefore 
g* » go(VQ), and g^ = L“V(f^ 7 )» We have shown that C is mapped into 
Itself. If we duplicate the argument, taking f^^ in C, we see that L“^W 
is continuous. 

For fixed y, L“V is a continuous map of a compact convex set into 
itself, ^y Schauder’s theorem, there is at least one fixed point. We will 
complete the proof of our theorem by showing that this fixed point is unique, 
and that it is a continuous function of 7* 

Suppose we have two invariant functions f and h. Then L^^f - M(f,y), 
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and * W(h, 7). Following Dlllberto, we write 

(20) IlL^yf - L^^hll < llL^^h - L^^hll + |lW(f, 7) - W(h, r)ll. 


Since 


IlLf^ll < A, ||f - h|| < - h)l|. 

L^^h(0) - L^^h(e) = h(V^^(e)) - h(V^y(e)). h la an element of 6, 
therefore h la Lipachltzlan with conatant r^^ and la Lipachltzian 

with conatant . Using this plus the big 0 properties of W and U, 

(v) we pick rj^ < r^, , and 7^ < 74; so 

that the right hand aide of (20) is less than or 
equal to (47f)ll^‘ “ ^H. 

We now have that if L“^W is restricted to the closure of C(r4, Ug) 
and if I7I < 75# the fixed points h and f satisfy the Inequality 

(21 ) ||f - h|| < 11^ “ ^11* 

Therefore f = h. 

If we let L^^f = W(f, 7), and L^^,h = W(h, 7'), then using (20), 
it is easy to show that ||f - h|| tends to zero as I7 - 7’1 tends to zero. 
This completes the proof of the theorem. 

SECTION 3 

It was stated earlier that M. Marcus* result is incl-uded in the above 
theorem. Marcus assumed that 1 |N||q < 1, and obtained an invariant func¬ 
tion that is continuous and satisfies a Llpschitz condition. In order to 
obtain invariant functions whose derivatives satisfy a Llpschitz con¬ 

dition, we will make the sll^tly stronger assumption that UNjl < 1 . 

If this is done, exists and is uniformly bounded. This is es¬ 
tablished by taking 0 - the inverse of 0 - V- (§), and then 

picking Pq and 7 q so that for all h, 11 N(Q^^ )h( 0 ^^)! < q|lh||. q is a 
constant such that ||N|| < q < 1 • 

SECTION k 

We now take s * 1. All functions considered will have period i in 
d. Let B be a constant matrix, Q( 0 ) a non-singular periodic matrix, 
and let 
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( 22 ) N(e) - Q(e + jt)BQ"’( 0 ), 80 N(e - «) - Q(d)BQ ‘’(0 - k). 

We take as a transformation on the space cf complex valued func¬ 
tions. If exists and is uniformly bounded, it induces a transforma¬ 

tion on the space of real functions that is also uniformly bounded. We 
must use the complex space since the eigenvalues of B play an important 
role. 

Hufford showed that his N(e) had the above form. He assumed that if 
X is an eigenvalue of B, then | X | i. We will use the equation 

B » RJB”\ where R is a constant matrix and J is the Jordan canonical 
form of B. 

If N(e) has this special form, then is uniformly bounded. To 

show this, we will find transformations acting independently on certain 
subspaces. Since none of the eigenvalues of B have absolute value equal 
to 1 , these transformations will have inverses. This will imply that 
exists and is uniformly bounded. 

Let P( 0 ) » Q(e)R. We define linear transformations P, « and 

J by 

tPh)(9) * P(e)h(e) 

(i("'h)(e) = h(e - «) 

( 23 ) 

[Vf^hl(e) = h(Vj.^(e)) 

(JhKe) - Jh(e) . 

Then 

( 24 ) - P (P"’ - i<“’j)P"’ 


Let 


( 25 ) 

(26) [Kf^h)( 0 ) - P"’(e)P(Vf^(e - «))h(V^^(e - *)) - Jh(e - *). 

( 27 ) ^f/^® -«)-©+ U(f(e - It), 0 - K, 7). 

Because of this, if 


P(V^^(0)) - P(0) - Pfy(0). 


(28) 
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then llPfyll can be made small by restricting l|f|| and \y\^ 

( 29 ) [Kjj.^h](e) - h(Vf^(e - *)) - Jh(e - «) + p"’(e)Pj^(e)h(Vf^(e - *)). 

The first two terms define a linear transformation that acts independ¬ 
ently on the subspaces determined by the canonical form of J. The third 
term can be made small in norm. A slight modification of the argument of 
Section 3 plus the proof used by Hufford in Lemma 3 •i of his thesis [ 1 ] 
shows that - jr”^J has a uniformly bounded inverse. This implies 

that is uniformly bounded. 
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X. PERTURBATION THEOREMS FOR NON-LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS 

S. P. Dillberto and G. Hufford* 


1 . Introduction 
Consider the equation 


( 1-0 gf = f(x) 

where x and f(x) are n-vectors; and suppose that x = u(t) is a peri¬ 
odic solution of period, say, cd^, of this equation. The usual perturba¬ 
tion problems connected with this situation can be classified into these 
three types: 

TYPE I. (Poincare). Does the equation 
(1.2) ^ = f(x) + € R(x, €) 

have any periodic solutions "near” u(t)? 

TYPE II. (Poincare). If R(x, t, c) is of period 
in t, does the equation 

(1 - 5 ) ^ = f (x) + € R(x, t, € ) 

have any period solutions of period "near" u(t)? 

TYPE III. (Krylov-Bogoliubov). If R(x, t, e) is of 
period cog, say, in t, does the equation (1.3) have 
any almost periodic solutions "near" u(t)? 

This paper contains results obtained in a class seminar given by the 
first-named author in the spring semester of 1952 at Princeton University. 
Present at this seminar in addition to the two authors there were C. 
Coleman, R. Gomory, and D. Hall, all of whom contributed materially to the 
paper. All five were sponsored wholly or in part by the Office of Naval 
Research, Contract No. N 6 ori-105-Task V, Project No. NRO k 3 - 9 k 2 . 
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The present study is principally concerned with problems of the 

last type. 

Krylov and Bogoliubov [5], who first considered such problems, 
dealt with the very specific equation of a harmonic oscillator with a small 
periodic force function: 

(i-**) ^ ® af' 

where here x is a real variable and R is an analytic function of its 
four variables. Furthermore, they go on to state, without a detailed proof, 
that the general problem of Type III, as given above, can be answered 
affirmatively with these restrictions: f and R must be analytic func¬ 
tions of their variables, and x * u(t) must be an asymptotically stable 
solution of the unperturbed equation. 

Using a more geometric approach, Levinson [ 6 ] supplied the de¬ 
tails to this latter problem and in so doing, showed that instead of re¬ 
quiring f and R to be analytic, it was enough if they were both of 
class C^. And most recently, Hufford [ 4 ] has shown how the stability con¬ 
dition on the solution x = u(t) can be relaxed. 

It is not true, however, that the first problem treated by Krylov 
and Bogoliubov, that of equation (l.i^), is a special case of these later 
results. For in the unperturbed equation formed by setting € = 0 in 
(1.4), a kind of degeneracy is Introduced in that the periodic solution 
X = u(t) is one of a whole family of similar periodic solutions. One of 
our objectives in this paper is to extend the results of Krylov and 
Bogoliubov to more general equations having such a degeneracy; but to do 
this we must decide in which direction to generalize: for which is the more 
pertinent fact; that the unperturbed equation has a family of periodic so¬ 
lutions, or that it has an integral? We have chosen the latter direction; 
but our solution is certainly not the only one. Friedrichs [5], for 
example, has proposed a second attack on the problem of degeneracy. 

In this connection, the work of Malkin [7] is interesting. He 
has treated the two-dimensional dynamical problem in which the unperturbed 
equations have the form 

dx _ 3 H ^ 

^ Ht ” " ’ 

For such equations, of course, H is an Integral. 

In all these problems, we are essentially dealing with the be¬ 
havior of a differential equation in the neighborhood of a given closed 



PERTURBATIONS OP DIFFERENTIAL EQUATIONS 


209 


curve. The natural coordinates for us to use are obviously not the original 
x-coordinates, but rather an "angular” coordinate measured along the closed 
curve, and n-i "normal" coordinates measured in hyperplanes perpendicular 
to the curve. Notwithstanding the great number of places in the literature 
where such coordinate systems have been used, we have been unable to find 
a proof of their actual existence. Therefore, although such proofs are 
elementary, we have made bold to supply one here. 

Finally, since a part of our study consisted of systematizing the 
arguments used in these perturbation problems, it seemed advisable also to 
reexamine the older perturbation problems of Poincard, the problems we have 
labeled here Types I and II. 

ThroLighout this paper we use a matrix notation, a fact which will 
seldom be mentioned explicitly. Thus any entity appearing will be a rec¬ 
tangular matrix, although the determination of its size will ordinarily 
be left to the reader. If u(y) is an n-vector, y an m-vector, then 
^u/dy is an (n x m) matrix. By the letter I, we mean a mit matrix 
which must, of course, be square. Where necessary we shall indicate the 
components of a vector by superscripts. And finally, |ly|l or IjWH are 
meant to indicate any of the standard norms of vectors or matrices. 

We should like to acknowledge here o\ir indebtedness to Professor 
Lefschetz for his friendly encouragement and sound advice. 


2 . Definitions 

As before, let x = u(t) be a solution of period cu^ of equa¬ 
tion (1.1 ). If we make the substitution x = u(t) + v and then subse¬ 
quently discard all but the terms linear in v, we are led to the so-called 
variational equation 

(2.1) ^ - G(t)v 


where G(t) Is the n x n matrix 


(2.2) 


G(t) 


j 


which, of course, has the period in t. 

Now, as is well known, there exists a certain linear transforma¬ 
tion w » B(t)v, having the period cd^ in t, by means of which equation 
(2.1) is transformed into a set of linear equations with constant (possibly 
complex) coefficients 
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(2.3) If 'A'' 

The characteristic roots of A are called the characteristic exponents of 
the solution x = u(t). (It should be noted here that some writers use 
the term "characteristic exponents" to refer to the characteristic roots 
of the matrix exp(a)^A). ) 

The order of a periodic solution Is the number of characteristic 
exponents whose real parts are different from zero. The degree of dej^enerac; 
Is one less than the number of characteristic exponents whose real parts 
are zero. It is defined as one less, because there Is always, whether 
degeneracy Is present or not, the trivial solution v = f(u(t)) to (2.5) 
which corresponds to a characteristic exponent equal to zero. 

A function g(x) defined In a neighborhood N of x = u(t) is 
a regular Integral through u(t) provided: 

( 1 ) g is an Integral of the equation (1.1) In that 
each member of the one-parameter family of 

(n -1 )- 3 urfaces g(x) = c is" an integral surface, 

(2) g Is continuously differentiable and the gradient 
( 3 g/ 3 x^, ..., 3 g/^x^) is never zero in N, 

(3) g has been normalized so that g(u) = 0, 

( 4 ) the separate branches of the surface g(x) = c 
(If there are more than one) do not intersect 
and after following along a given branch once 
around u, one arrives again on the same branch. 

Now, let K be an (r-i )-dimensional analytic manifold and I 
the real line. Let x = P(y, t) be a map of K x I into iP with these 
two properties: 

(1) Its first derivatives satisfy a Llpschltz condition 
and 

(2) for each fixed t, F is a homeomorphlsm of K 
onto = F(K, O. Then M = F(K, I) is an 
r-dlmenslonal Invariant surface of the equation 

(2.4) ^ = g(x, t) 

if, for any solution v(t) of ( 2 . 4 ), v(tQ) e 
Implies v(t) € for all t. Of course, if ° 
g is Independent of t such an invariant surface 
can have no proper self-Intersections, but we have 
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worded the definition specifically so that in 
the general case such proper self-intersections 
are entirely possible. The purpose of requiring 
regularity conditions on the map F is to en¬ 
able as to consider solutions v(t) lying in 
M as defined by a differential equation on the 
original manifold K. 

Here are two examples of how we may use this notion of invariant 
surfaces. First, let x = u(t) be a solution of period co^ of equation 
(l.l ). Then clearly x = u( 0 ) defines in parametric form an invariant 
curve. And the purpose of Poincare's investigation of equations (1.2) and 

(1.5) was to find a whole family of invariant curves x = u(©, e) such 
that 


u( 0 , c) _ ■ U ( 0 ) 

as e - > 0 . 

Again, if in (1.5) R(x, t, €) has period cog in t, then the 
equation will almost never possess periodic solutions. What we can do, 
however, is to prove that with the proper restrictions, (1.3) does possess 
a family of invariant tori x = T(<J>^, «) such that 

T( 4 >^, c> 2, €) - + <i>2) Q-s € -► 0 . In this way we have reformulated 

the Krylov-Bogollubov-Levlnson theorem. The nature of the solutions on the 
tori will depend on the smoothness of T and f. If they are smooth enough 
then Denjoy's results [2] will imply either that each solution is almost 
periodic and is everywhere dense on T, or else that there are certain 
periodic solutions on T whose period is a multiple of a>2 and towards 
which every other solution converges. 

A periodic solution x = u(t) of (l.l) is commonly said to be 
asymptotically stable if the real parts of its characteristic exponents 
(always excepting the trivial zero) are all negative. This is true if and 
only if, letting be the point u(t), there exist constants 6 , A, 

all positive, such that if v(t) is any solution of (l.l), 

(2.5) dlst (v(o), Mq) < 5 
implies 

(2.6) dist (v(t), M^) < Ae'^^dist (v(o), M^) 

for all t > 0 . In the same way, any invariant surface of ( 2 . 4 ) is said 
to be asymptotically stable if there exist constants 6 , A, x such that 
if v(t) is a solution, then (2.5) implies (2.6) for all t > 0. 
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3 • Normal Coordinates 

Let X * u( 0 ) be a simple closed curve 
differentiable and has the least period . Let 
linearly Independent vectors, each of period 
to u'( 0 ). Then every point p has at least one 

( 3-1 ) P = u( 0 ) + 

The n-tuple of real numbers ( 0 , y\ •••/ y^”M = ( 0 ^ y) are called normal 
coordinates . If each of the vectors ) is sufficiently near 

to being perpendlciilar to u'( 0 ) we give the n-tuple (e, y) the name 
almost nomal coordinates . And if for some neighborhood N of x = u( 0 ), 
the representation (3.1 ) is unique in 0 (mod ) and in y, we say that 
the normal coordinates are unique . 

The primary use of normal coordinates is to enable us to rewrite 
(1.1) so that in a neighborhood of the solution x = u(t) it appears in a 
more natural form. Thus, if the normal coordinates are unique we can speak 
of the map F: x —* (0, y); differentiating this map with respect to t, 
using (1.1) to eliminate dx/dt, and then ( 3 *i) to eliminate x, we arrive 
at the transformed equations 


in where u is 

Til * * V-1 
and each perpendicular 
vector representation 


af = e(e, y) 

( 3 - 2 ) 

where 0 and Y have period in 0. Clearly, the solution x = u(t) 

is transformed into 0 = t, y = 0. Thus 


( 5 - 3 ) 


0(0, 0) 3 1 
Y( 0 , 0 ) = 0 


Similarly, of course, the perturbed equations (1.2) and (1.3) can be trans¬ 
formed into normal coordinates. 

Now, any periodic solution of ( 1.1 ) or of a perturbation of (1.1) 
which has the period T, will correspond to a solution in normal coordinates 
9 * T^(t), y » u(t) having this property: ijrCt + mT) = \ir(t) + mco^, m being 
any integer, while u(t) is periodic, having the period T. Because of 
the behavior of such a solution is not, strictly speaking, periodic, 

although it has most of the qualitative characteristics one attributes to 
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a periodic solution. We call such a solution e-yCt), y«u(t) a 
repeatinj^ solution . 

THEOREM 3-1. If the first derivative of u(0) satisfies 
a Lipschits condition then nomal coordinates exist which 
are unique and for which the ^ ^ ®) a-re continuous. 

THEOREM 3 ‘2. Let x » u(t) be a periodic solution of 
(l.i) and suppose that f is of class 0 ®, s > i. Then 
almost normal coordinates exist which are unique and for 
which the transformed equations (3*2) are also of class 


THEOREM 3 * 3 » Let x * u(t) be a periodic solution of 
(l.i) and let (x).. .gj^(x) be k independent regular 
Integrals, Then there exist normal coordinates 
(e, z\..z^) = (e, y, z) such that the 

surface g(x) = c becomes z » c. 

theorem that in terms of these normal 


( 0 , y, z) 
(o, y, z) 


in e. Thus, the equations have the 
form of a system of n-k equations with k parameters. 

Now let us continue with the proofs of the above three theorems. 
First we establish the following lemmata. 

LEMMA 3.1 . Let v(e) be a unit vector in n > 5 ^ 

which la of period cu^ and which satisfies a Llpsohitz 
condition. Then there exists a constant unit vector | 
such that v( 0 ) ^ + | for any e. 

PROOF. Clearly if S is any set on the unit sphere in E*^ of diameter 
less than d, there is a spherical cap and an absolute constant K 

such that S C Sq and the area of 3 ^ is less than Kd^”^. Since 
|lv(0) - v(e‘)l| < M|e - e’l, if we divide 0 < 0 < into i Intervals 

of equal length, then v( 0 ) may be covered by spherical caps whose total 


It follows from this last 
coordinates, (1.1) becomes 


( 3 -^) 


if- 


where 0 and Y are of period 
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area is less than /i . But this, because n > 5, tends to zero 

as i tends to Infinity. Thus let I be a vector chosen from "almost any¬ 
where" on the sphere. 

LEMMA 5-2. Let v(0) be a vector in E^, which is of 
period , which nowhere vanishes, and which satisfies 
a Lipschitz condition. Then there exist continuous 
vectors t) ^ (e). • (e ) of period co^, such that the 

set (v(0), 11^(0)..., orthogonal for all e. 

PROOF. By Lemma 3.1 there exists a unit vector which is never parallel 

to v(0). Thus v(0) has a non-vanishing projection C^( 0 ) on the hyper¬ 
plane perpendicular to . In that plane there exists a unit vector 
which is never parallel to ^^(0). Repeating this process we obtain a set 
of n-2 unit vectors ^i***^_2 which, together with the vector v(0), 
form a linearly Independent set. By the Gram-Schmldt orthogonalizatlon 
process one obtains a set of n-i orthogonal vectors v ( e ), ^ (0 ). • .■n^_2 (0). 

Finally, let vectors perpendicular to the plane 

determined by this set. 

LEMVIA 3 * 3 - Let x = u(0) be a regular (i.e., u’(0) 

never vanishes) simple closed curve of period whose 

first derivative satisfies a Lipschitz condition. Then 
there exist 6 > 0, c > 0 such that for any point x 
and any two distinct values 0^, e if 
||x - u(0^)|| < 6 , Ijx - u(02)|| < 5 , [0^ - 0^1 < e, then 
the vectors x - u(0^ ) and x - u(02) cannot both be 
normal to the curve u(0). 


PROOF. Suppose, Indeed, that x - u(0^) is normal to u(0); then 
[x - u(0^)]u’(0^) = 0 . Now, since u*(0) satisfies a Lipschitz condition 
we have llu'(0^) - u’(02)|l <K |0^ - 0^ | • And since u'(0) never vanishes, 
llu*(0)||^ is boianded away from zero. Let € be so small that |0^ - 0| < c 
implies u*(0^)u'(0) >m > 0 for some value m. Then 


> 


> 


X - u(eg) j u'Ceg) I = I 
u(e,) - u(eg)j u'(e^) 

1 I 

I J u'(e,)u'(e)de 


-ai(0g) j u'(e 2 ) - j^x - u(e, )j u'(s, 
|[x - uOg) j [u'(0, ) - u-(eg)]| 

ekIs, - Sg I > (m - 8 k) I j . 


Thus, if 6 < m/K and 0^ ^ 9 ^, we have [x - u(02)]u'(02) / 0 . 
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We are now ready to complete the proof of Theorem 5 •i• Since 
Lemma 3.2 guarantees the existence of normal coordinates all we have left 
to prove is their uniqueness. Suppose that every neighborhood of u(e) 
contains a point whose representation in the form ( 3*0 is not unique. Thus 
there exists a sequence of points (Xj^) to each of which corresponds two 
distinct values 0^, 0^ such that - u( 0 j^) and x^ - u( 0 j^) are both 
normal to u( 0 ) while their lengths tend to zero. Now^ by choosing a 
suitable subsequence we may suppose that 0 ^^ -► 0 and 0 ^ -► 0 . Further¬ 

more, llu( 0 j_) - u( 0 ^)ll < llx - u( 0 j^)II + llx - u( 0 ^)ll —> 0 , which implies 
l|u( 0 ) - u(0)ll = 0 or 0 = 0 . But this clearly contradicts Lemma 3.3. 

Since the (0 ). . . (0 ) are all continuous, there exist 

trigonometric polynomials which are as close to these as one could desire 
and hence as close to being perpendicular to u*( 0 ) as one desires. Thus 
there exist almost normal coordinates for which the y\^(6) are all trigo¬ 
nometric polynomials. In these terms the map F: x -► (0, y) is of class 

< 3 + 1 

G , and from this Theorem 3 •2 follows. 

To establish Theorem 3.3, let = ^g^/^x = (^g^^/^x^ ... ^gj^/^x^), 

1 = i...k, and determine ) • • • ^ before. 

k. Perron’s Lemma 

In what follows we shall often make use of the following: 

LMMA. Consider the n-dimenslonal linear equation 

( 4 . 1 ) ||=C(t)y 

Where C(t) is of period . If the characteristic 
exponents of its solutions all have negative real 
parts, then there exist a non-singular periodic change 
of variables x = B(t)y and a constant x. > 0, such 
that 

( 4 . 2 ) ^ = Ax 

is an equation with constant coefficients while if 
W(t) is its matrix solution, W(o) = I, then 

(4.5) ||W(t)l| < 

The proof is sinqple: By Ploquet^s theorem we may assume that a 
non-singular periodic transformation z » B*(t)y exists such that 
dz/dt = A*z where A* is a constant matrix in canonical form. The 
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transfomation 

(4.4) 

where p is a positive niamber, leads to the equation dx/dt = Ox where 
Cj. Since C» o for i > j and the diagonal 

terms remain constant, while as p -» « all the other terms tend to zero. 

Prom this the lemma follows. 


Perturbation Problems of Type I 

THEOREM 5.1. If g^(x), i = 1, ..., k, are k in¬ 
dependent regular integrals, x = u(t) being of order 
n - k - 1, then if f is of class equation (1.1) 

possesses a continuous k-parameter family of periodic 
solutions X = u(t, x), X = (x.|, ..., Xj^), and 
u(t, 0) = u(t). 

The case k » l was proved by Poincare, and k * n - l by 

Reeb [8]. 

PROOF. Using the normal coordinates guaranteed by Section 3# (1.1) becomes 

II = 0 (0, y, z) 

(5.1) ^ = Y (e, y, z) 

dz _ o 

Let the general solution which at t = 0 has the initial value e = 0, 
y = y^, z = Zq, be written in the form 

0 = i|f(t, y^, z^') 

(5.2) y - ii(t, y^, Zq) 

z “ v(t, y^, Zjj) 5 Zq 

This solution corresponds to a periodic solution of period T if at t * T 
it has the value 0 = y » y^, z * z^. Hence we must find continuous 
functions T(Zq)^ Yq^^o^ ^ 

♦ (T, y^j, Zq) - <0, - 0 

u(T, y^, Zjj) - y^j - 


(5.3) 


0 
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But since T = = 0, * 0 is one solution, the theorem will follow 
from the implicit function theorem if only we can prove the Jacobian is not 
zero. That is, we must prove 


( 5 . 4 ) 




bu 

■ST 



4 0 


where all the functions are to be evaluated at 
But \jr(t, 0, o) = t, u(t, 0, o) = 0, so that 
(5.4) becomes 


T = yo ■= 0» Zq - 
^\|r/^t = 1, byilbt = 0. Thus 


(5.5) 



4 0 


And this is equivalent to saying that the original periodic solution 
X » u(t) is of order n - k - i. 


REMARK. Prom this point on, whenever we assume that a system has k in¬ 
tegrals, we shall also assume that the k-parameter family of periodic solu¬ 
tions given by this theorem, are given. "When this is true, the equations 
in normal coordinates may be simplified: if Is the function de¬ 

fined above, define e, f by means of the equations 


(5.6) 


y = u(e, y^Cz), z) - f 
9 = 'l'(e» yo(z)» z) 


Since e = t, y = o is exactly the periodic solution corresponding to 
Zq = z, it follows that changing the coordinates to 0, y, z will give 
equations similar to (5-1) with e(e, 0, z) = i, Y(0 , o, z) = o. 

Conversely, the assumption that e(0, 0, z) * i, Y(0, o, z) » 0, 
implies that the k-parameter family of periodic solutions is given simply 
Uy 0 = t, y * 0, z = Zq. 


THEOREM 5.2. When e « o, let e=t, y*0 , z=0 
be a solution of order n - k - i of the equations 


d0 




(5.7) 


e( 0 , y, z) + € 0 ^( 0 , y, z, €) 
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y, z) + € Yg(e, j, z, £) 



in which all the functions are of class and of 

period in e, and in which e(e, o, z) = i, 

Y(0, 0, z) = 0. Then for some neighborhood of € = o, 
there exists a family of repeating solutions provided: 


(a) 


(b) 


J Z^(t, 0, 0, o)dT = 0 
o 

UJ 

1 

J 0 , 0, 0)d. 


i 0 


PROOF. Let the general solution which at t = 0 has the Initial values 
0 = 0, y = y^, z = Zq, be written in the form 

0 = ^(t, y^, e) 

(5.8) y = u(t, y^, Zq, e) 

z = v(t, y^, Zq, e) 

Then we will have proved the theorem if we can find a continuous functions 
T(e), such that T(o) = ° 

^(T, yQ, Zq, e) - 0)^ =0 

(5.9) u(T, y^, Zq, €) - y^ = 0 

v(T, y^, Zq, €) - Zq = 0 

A simple calculation shows that the Jacobian of this system with 
respect to (T, z^) evaluated at (co^, o, o) is identically zero, so 

that we are momentarily stopped, 'ilowever, define 

( 5 . 10 ) h(t, y^, Zq, e) = ^ [v(t, y^, z^, €) - z^ j 
Clearly, 


; €) 


I 


Zg(t, 


u, 


V, 


€ )dT 


(5.11 ) 


b(t, y^, Zq, 
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which l3 obviously well-defined and differentiable, even at e - 0. Thus 
( 5 . 9 ) will be uniquely solvable if and only if the same system but with 
v(T, y^, Zq, c) - Zq = 0 replaced by h(T, y^, z^, e) » 0, is uniquely 
solvable. In particular, we must have 

“1 

(5.12) h(a)^, 0, 0, 0) = J Zg(T, 0, 0, 0)dT = 0 

o 


which is condition (a). Thus the theorem will follow if we can prove the 
Jacobian is not zero. That is, if we can prove 





^u 


b\l 

•ST 

^ 


^h 

bh 

bh 


^0 



where all the derivatives are to be evalmted at t * , y^ = 0, * 0, 

€ = 0 . But since tCt, 0, z^, 0) = t, u(t, 0, z^, 0 ) = 0 , we have 
= 1 , ^^ir/^ZQ = 0 , ^u/bt * 0 , bu/hz^ = 0 . Thus (5*5) becomes 


(5.14) 


3u -r 





^ o' 


But the first of these terms cannot be zero since the original repeating 
solution is of order n - k - 1 . And that the second cannot be zero is 
exactly condition (b). 


6. Levinson’s Theorem 

THEOREM 6.1. Let x » u(t) be an asymptotically 
stable periodic solution of equation ( 1 . 1 ). Let 
R(x, t, €) be of period in t, and suppose 

that both f and R are of class C^. Then there 
exists a nei^borhood of c » 0 such that for any € 
within this nel^borhood, equation ( 1 . 5 ) possesses an 
asymptotically stable Invariant torus x = T(t, e, c), 
where T is of period co^ in 0 and in t, and 

has first derivatives which satisfy a Lipschitz condition. 
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Furthermore, T(t, e, c) -> u(t + e) as c -*> o, 

while solutions of (i. 5 ) on T have the form 
X = T(t, e(t), c) where 0 (t) satisfies the equation 

( 6.1 ) = h( 0 , t, €) 

h having periods co^ in e and in t. 

Prom this theorem and from Denjoy's work there immediately 
follows the 


( 6 . 2 ) 


( 6 . 3 ) 


COROLLARY. Let n(€) be the rotation number for the 
solutions of ( 6 . 1 ). Then 

(i) if ^(c) is irrational. 


HOJ. t / 

= ®o ^ -34-^ ^(®o ^ 

where P(e, t, e) has periods 
in t; 

(ii) if ji(€) is rational 


t 


in 



e and 


CO 


2 


|IC0 t 

e(t) = + -jj— + 8(0^, t, c) 


Where g(0Q> t, e) ->■ 0 as t - y«>, and where 

Sio^f t, e) = 0 for some (perhaps many) values of 0 ^. 

To begin the proof of Theorem 6.1, let us construct normal cO' 
ordinates as in Section 3> so that ( 1 . 3 ) becomes 


(6.4) 


^ = e(0, y) + € 0^(0, y, t, e) 
^ = Y(0, y) + € Y^(0, y, t, e) 


where all the functions involved are of class and have period co^ 

0 and cog in t. Furthermore, e and Y can be written in the form 


in 


( 6 . 5 ) 


9(0, y) = 1 + 9^,(0, y) 

Y(0, y) * A(0)y + Y^(e, y) 
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where: 

(1) All functions are of class and of period 

In B 

( 2 ) 0 ^ Is of first and of second order In y; 

In particular there exist R > 0, K > 0 such 
that llyll < R Implies 

(6.6) y)il < K ||y||2 

( 6 . 7 ) l|Yj.(ei, y,) - Yy(e 2 , yg)!! <K ||y, + ygll |^|e, - e^\ + |ly, - ygllj 

further, we assime 

||Y^(0, y, t, €)|| < K 

( 3 ) We may assume, without loss of generality, that 
A(0) Is a constant matrix A. For, as we know, 
there exists a linear transformation L(t) re¬ 
ducing the linear differential equation y = A(t)y 
to one with constant coefficients. Then the trans¬ 
formation e — >e, y—> L(0 )y, since de/dt * 

1 + o(llyll)y reduces (6.5) to one where the corre¬ 
sponding A(e) Is constant. This amounts to mere¬ 
ly a new choice of the normal coordinates ( 0 , y). 
Unfortunately, as we also know, the transfomatlon 
L(0) may be complex. This Is an annoying detail 
which we dispose of In the following way. Con¬ 
sider the (n-1)-dimensional complex Euclidean 
space. The transformation L(0) carries the 
(n-1)-dimensional real Euclidean space inuo a 
real sub-manifold of the complex space. In what 
follows, therefore, we treat the y’s as ele¬ 
ments of this sub-manifold, and In It will all 
our further operations be carried out. 

Furthermore, the hypothesis of stability means, according to 
Perron's lemma, that, with perhaps one more linear transformation of the 
y-coordinates, we can assume there exists a X > 0 such that if W(t) is 
the matrix for which 

(6.8) ar ■ 'f(o) “ I 

then 

(6.9) ||W(t)|| < 
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The Transformation T^. Let 


( 6 . 10 ) 


e(t) . ?(t, tg, Sq, €) 


y(t) = U(t, tg, 6^, e) 


be 

those solutions of 

0 

VO 

which 






0 

II 

0 

Q3 

to' 

' ®o' ^0 

; e) 





Yq = U(tQ, 

to' 

' «0' ^0 

, e) 


The 

functions 

^ and 

U are of 

class 

and 

have 



(1) 


) - 

*(60) + 

“1 





U(eo + <0, 

) = 

U(®0> 



(6. 

11 ) 

(11) 

*(t + (Og, 

to 

•= 


to) 




U(t + 

to 

+ ° 

U(t, 

to) 



(ill) 

'*(t, tg, 

«0' 

0 , 0 ) = 

®0 * 

t - 





®0' 

0, 0) . 

0 



These relations are established by showing that they are true for t = t^ 
and that both sides are solutions; the uniqueness theorem then asserts that 
they hold for all t. 

Let C denote the space of all continuous curves y = of( 0 ), a 
having period o)^, and values in the real sub-manifold of the complex 
Euclidean space mentioned above. And let the norm |Ia|| be defined In the 
usual way by ||Qf|| = maXg||a(0 )||. Then define a transformation T^Cb, a) of 

C Into Itself In the following way; for a c C, 

(6.12) tTg(b, a)a](0) » U(b, a, e, oc{d), e) 
where 0 Is defined by the equation 

(6.13) 0 » f(h, a, 0, oc(0), e) 

In this way, the curve Tg(b, a)a Is merely the set of points which were 
on the curve a at time a and which have proceeded along the trajectories 
of (6.4) until time b. Note that Tg(a, a) = I, the identity transforma¬ 
tion, while Tg(c, b)Tg(b, a) = Tg(c, a), T^(b + cd^, a + ) = Tg(b, a), 

and finally TQ(b, a)0 » o. 

One consideration must be made, however, before Tg(b, a) Is 
well-defined. For given a and 0 there must be defined a unique 0 . 
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But for Of * 0 and €*o, 0 = 0- b + a is such a unique value. Further¬ 

more, as we shall show In Lemma 6 . 2 , If both ||cif|| and ||da/dei| are small 
enough, then the derivative is approximately i. Thus it follows 

that Tg(b, a)a is well-defined, at any rate if Hajl and |lda/d 0 || are 
small enough. We are, however, concerned only with such a; therefore 
we redefine Tg(b, a) by restricting its domain, so that it is well-defined. 

Now put T^ = '^€^“ 2 ' principal object is to show 

that Tg has a fixed point. In other words that there exists a curve a 
depending on e such that T^a = a. For suppose that y = Qf(0, c) is 
such a curve; then y * [T^(t, 0 ) 0 :] (e), or more explicitly 


0 

= »(t, 0 , 

0 , a( 0 , €), €) 

(6.14) 

y 

= U(t, 0 , 

0 , cif( 0 , e), e) 

is exactly the invariant 

torus for 

which we are looking 

show, a( 0 , e) zzj: 0 as 

€ -> 0 , 

then 

^(t. 

0 , 0 , a( 0 . 

€), €) t + 0 

(6.15) 

U(t, 

0 , 0 , Of( 0 , 

€ )/ €) 0 


If, as we shall 


which is just the original periodic solution x = u(t + 0 ). 


Properties of T^. The necessary facts about T^ which we need 
are contained in the following lemmata. 


LEMMA 6 . 1 . Let T)(t) be an (n -1 )-vector function which 
satisfies the differential equation 

( 6 . 16 ) n = At) + G(t|, t) 


( 6 . 17 ) 


where G is of class C’ and satisfies this property: 
there exist k > 0 , T > 0 such that IU1| < k implies 
||G(t), t)|| < for all 0 < t < T. Then liri(o)li < ^ 

implies lh(t)|| < K, for all 0 < t < T. 

Again, put 



both of which are positive and strictly less than one. 
And suppose that ||t]|| < k implies ||G(t), t)|| < \[ik 
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for all 0 < t < ojg. Then lh(c>)|l < #c Implies 

lh(a>2)|| < PK. 


PROOF. 

( 6 . 18 ) 

or 


Let W(t) be the matrix defined above. Tlien we have 

t 

i,(t) . W(t)ri(0) + J V(t - T)G(r)(T), T)dT 
o 


t 

h(t)|| < II,, (0)11 + J e^''||G(,,(T), t)||dT . 

o 


Now suppose the lemma false. Then there exists a first t^, o < t,, < T, 
such that lh(t^)ll * K, But for 0 < t < t^ the inequality does hold, and 

-xt, -xt, n ' , 

(6.19) lh(t^)|| < e \ + e ^ J e^'^XK dx = /c 

o 


which is a contradiction. 

If the stronger condition ||G(ti, t)|| < X\ik holds, then surely 
lh(t)|| < K for all 0 < t < cDg, and 

“"2 

-Xoj^ -Xo)^ p . 

1111 ( 0 ) 2)11 < e + e J e^'^Xp.K dx 

o 

( 6 . 20 ) 

= ''[p® + (1 - p®) p« . 

LEMMA 6 . 2 . Let (e(t), y(t)) be the solution of (6.4) 
which has the initial value (e^, y^). Then there ex¬ 
ists > 0 , such that for any 0 < 6 < ||y^|| < 6, 

|€l <5^ imply lly(t)|l < 6 for all t > 0 . In par¬ 
ticular if llofll <8, l€| < 6^, then llT^ajl < 5. 

PROOF. Put Ti(t) = y(t) and G(t,, t) = Y^(e(t), y) + €Y^( 0 (t), y, t, e). 
Then ( 6 . 16 ) becomes exactly the second part of (6.4). Prom ( 6 . 7 ) it 
follows that if llyll < R then |lG(y, t)|l < K[|iy|i^ + |€|]. Now put 
= min (R, x/ 2 K); if ||y|| < 8 < 6^ < R, and if |€| < 8^, then 
llG(y, t)l| < 2K8^ < 2K88q < X8 for all t > 0 . The lemma then follows 
from Lemma 6 . 1 . 


LEMMA 6 . 3 . There exists 8 ,| > 0 such that for any 
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0 < 6 < 6^, I|da/(i0|| < 6, || 0 f|| <8, |e| < 6*^ imply 

( 6 . 21 ) las '('^€“^11 


PROOF. By definition 

( 6 . 22 ) 


(T^of)(e) = U(i, cc(0)) 
e = *(6, a(5)); 


and 30 
(6.23) 



W© shall proceed to calculate these terms. 

First we dispense with d'?/de by noting that 
is of class , while at y = o, e = o we have, by (6.n(lll)), 
h'^/'6e = 1. Thus 


(6.24) 


^ ^ I do? 

de de 



or under our hypotheses, 

(6.25) ^ ^ Q(5) _ 

d0 


Now let (0(t), y(t)) be the solution of (6.4) with the initial 
value (§, Qf(0)), and put ♦(t) = d ^(t, 0, e, a(e), e)/de, T)(t) = 
dU(t, 0, e, a(e), €)/de. Then n satisfies the variational equation 


( 6 . 26 ) 




where the derivatives are to be evaluated at (0(t), y(t)). But this is 
just ( 6 . 16 ) where G(ti, (t)) consists of the last four terms. Using the 
notation of Lemma 6.2, let us require 6^ < ^o* II®II ® ^ ®1^ 

|e| <8^ imply, by Lemma 6.2, ||y(t)|| < 8. Thus 


(6.27) 


i|G(r|, t)|| = Odiyil® + |«|)|»| + 0(||y|l + I.DIhil 
. 0(5®) + 0(6 )||ti|| 


and Hull < 5 Implies ||0 (ti, t)|| - o(5®). In other words, there exists 
8^ such that IITill < 8 < 8^ implies ||G(ti> t)|l < ^^8 for all o < t < cog* 
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Then by Lemma 6 . 1 , lh(o)l| = Uda/deH < 8 < &^ implies “ 

||dU/de|| < p5. Thus finally, 

(6.a8) ||f;(V)ll < Ilf 11 • Iff’ 

from which the lemma follows* 

LMIA 6.4. There exists a 5^ such that Hall < 5^, 
llda/de|l < 63 , lei < and Hd^a/de^H < 1 imply 

(6..9) ||^^V)|| <’ 

(the value 1 here has no significance). 



which again is ( 6 . 16 ). By Lemma 6 . 2 , 6 . 3 , llyll, |dY/de - ll, HdU/deH are 
all 0 ( 62 ), while since d^a/de^ is bounded so is <J>. Thus with G(ii, t) 
defined as the remainder terms, in ( 6 . 31 ) we have |1 G(t], t)ll = + 0(62)11 nil 

Therefore we can find 62 small enough so that Ihll < 1 implies 
1 |G(t), t)ll < Xp. Then from Lemma 6 . 1 , IhCo)!! = ||d^a/de^l| < 1 Implies 
11 ^( 0 ) 2)11 = lld^U/de^ll < p. Since the second term in ( 6 . 29 ) is in norm 
0 ( 62 ), the lemma follows easily. 

LEMMA 6 . 5 . Let (©^(t), y^(t)), (e 2 (t), y 2 (t)) be solu¬ 
tions of (6.4) for which y^(o) = y^, ygCo) * 

0 ^(u) 2 ) = “ ®o' there exists 6^ > 0 such 
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that for any r > o, ||y, || < 6^, Hygli < 6^, |«| < b^, 
liy, - ygll < 7 Implies |ly, (<Og) - y2(iBg)|| < p7- 

PROOF. First, It is clear that such solutions do exist and are unique, since 
It Is only necessary to solve the equations 

(6.32) 0Q = 0, 0^, y^, €) 1=1,2 

for the Initial values 0 ^; and this can he done In only one way provided 

yj_, € are small enough. Secondly, If 6^ < 6^, then It follows from 

Lemma 6.2 that |iy^(t)li <6^ for all t > o. 

Now from (6.32) there follows 

(6-33) || (5, -h'> (jl - ?£) - 0 

the derivative to be evaluated at suitable points "between" (0^, y^) and 

(®2^ ^2^’ 1^1 " ®21 ' since 0j^(t) « 'F(t, 0, 0j^, y^^, c) 

(6.3^) (t) - ^ Iff ^®1 " ®2^ ” ff ^^1 " ^2^1 


uniformly for 0 < t < ujg. 

Finally put t) (t) = y^ (t) - y^ (t). Then from (6.4) 

§1= A, y,) - Y^Og, yg)]. 

( 6 . 35 ) 

+ €[Y^(e,, y,) - Y^( 9 g, yg)] 


which once again Is In the form (6.16). Setting G(t], t) equal to the 
remainder terms and using (6.7) 


(6.36) 


IIO(n, t)i| < K[||y,|| 
+ K«|^| 9 , 


Ily2ll][|8, - 9gl 

egl + hll] 



+ 


30 that Ihll < 7 implies ||G(n; t)|| = 0(6^7); or If 6 ^ Is small enough, 
I|G(ti, t)|| < Xn7. Thus, from Lemma 6.1, it follows that |h(o)ll ■ lly^ - 72 ^ ^ ^ 
implies hCcog)! = Hy^CcOg) - 72(032)11 < py. 


LEMMA 6.6. There exists a 6j^ such that ||aj_|| < 8j^, 
||daj^/d0|| <81^, |6| < 8^, 1 - 1, 2, imply 

ll'^€®i “ '^€°^2ll ^ 11^1 “ “gll* 
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PROOF. To oalc\alat© - *^€“ 2 ^ must find solutions (0j_(t), 

yj_(t)), i « 1, 2, to (6.4) such that while the initial points 

lie on cc^» As in Lemma 6 . 5 , the initial values of these solutions will 
be 0 ^, - ®l^®i^' then 

ll?! - ygli “ ^ ‘ 

( 6 . 37 ) < lla^Ce^) - 02 ( 01)11 + 

< l|a^ - Qfgli + Ilda2/d0|i • |0i - ©g | . 

Thus lioi - Ogll <7 implies Hy^ - y^H < 7 + o(6|^^); or if is small 

enough, H^i - ygH < rA^p. From Lemma 6 . 5 , therefore, IKT^a^ - < 

sT P7« 

With these six lemmas we are now in a position to complete the 
proof of Theorem 6 . 1 . For if we put 6 ^ = min (5^, 6 ^, 5^^ ^ 3 ^ ^ 1 +) 
fine D to be those elements a of C such that l|all < 5^, lldQf/d 0 ll < 8 ^, 
|ld^o/d0^1i < 1 , and if we suppose |€| < 8 ^, then by Lemmas 6 . 2 , 6 . 3 , 6.4, 
the transformation carries D into Itself; by Lemma 6.6 it is, with¬ 

in D, a distance decreasing transformation; thus it follows from the 
Cacciopoli fixed point theorem [ 1 ] that a unique curve a(e, e) exists in 
D which is invariant under T^. Moreover, since D consists of curves 
whose first derivatives satisfy a Llpschltz condition, our theorem is proved. 

T» A Generalization of the Krylov-Bogoliubov Theorem 
Consider now the system 

= 1 + 0p(0, y, z) + € 0g(e, y, z, t, e) 

(7.1 ) ^ = Ay + Y^(0, y, z) + € Y^(0, y, z, t, €) 

§1- = c B(e, t)y + € C z + e Z„(0, y, z, t, e) 

where y and z are vectors of dimension n-k-l and k, respectively; 
and where the functions on the right hand sides have the periods in 0 

and oig in t. Thus it is a ^stem of k-fold degeneracy, having a periodic 
perturbation. The theorem of Krylov and Bogollubov is concerned with the 
special case n » 2 , k « 1. 

THEOREM 7•1• Let the functions on the right hand sides 
of (7*1) be all of class C^, and let A, C be constant 
matrices whose characteristic roots all have negative 
real parts. Then there exists > 0 such that to 
each €, 0 < € < €^, there corresponds an asymptotically 



PERTURBATIONS OF DIFFERENTIAL EQUATIONS 


229 


Stable invariant torus y * T^(e, t, c), z » TgCe, t, e), 

T^ and Tg being of period < 0 ^ in e and tOg in 
t, and having first derivatives which satisfy a 

Lips chit z condition. Furthermore, as e -► 0 , we 

have T^(0, t, c) —f 0 , TgCe, t, €) ==^0. 

!Ehe proof of this theorem and that of Theorem 6.1 are very similar. 
The added complexity is taken care of by treating separately the y-coordinates 
and the z-coordinates. Thus we define two function spaces Cy, which 


consist 

of continuous functions 

y = 

a(e), z 

= 3(0) all of period cd^ . 

Let 


e = 7(1, 

to' 

«o' ^0' 

Zq' 0 


(7.2) 

y = u(t. 

to' 

CD 

0 

0 

Zq' €) 



z « v(t, 

to' 

»0' ^0' 

V 



be the solution of ( 7.1 ) which at t = t^ has the values 0 » 0^, y * yo, 
z = Zq. Then for each pair of elements (or, P), o in Cy, 3 in C^, we 
can define a second pair Sg(b, a)(a, 3) in Cy and T^Cb, a)(a, 3) in 
in this way; 

S^(b, a)(a, 3)(0) - U(b, a, 0, of(0), 3(0), e) 

( 7 . 3 ) 

T^(b, a)(a, 3)(0) - V(b, a, 0, a{e), 3 ( 0 ), c) 
where in both cases, 0 is defined by 

e = lf(b, a, 0 , a(e), 3 ( 0 ), e) 

Thus, putting S^ = 

find a pair (a, 3) such that S^Cof, 3) = or and Tg(a, 3) = 3. 

Now let us consider the right hand sides of (7-i )• From the re¬ 
marks following Theorem 3 . 1 , it is clear that we can always assume 
l|ej.(0, y, z)|| - o(llyll), ||Yj.(0, y, z)|l * o(|lyl|[||y|| + l|z|l]). Furthermore, 
l|Z^(0, y, Z, t, e)|| - o([|lyll + Ilz||]® + c). Now, If Wy(t), V^{t) are 
matrix solutions of the linear equations 

dW, dW 

(7.U) g? ' ^y HF" ‘ "^z 

Which are equal initially to the identity matrices, then there exists a 
\ > 0 such that 


||Wy(t)|| < e-^^ 


-u 


(7.5) 


< e' 
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Finally, note that none of the above considerations are affected if we make 
the homologous transformation z — ^az. What does happen, however, is 
that the matrix B(e, t) becomes B(6, t)/a; and by making a large 
enough we can make this matrix as small as we please. In what follows, 
therefore, we shall assume 

( 7 . 6 ) ||B(6, t)||<^ 

where is the nvimber defined below in (7*8). 

Armed with these facts we prove the following lemmata, all of 
them following very closely the six of Section 6. 


LEMMA 7 * 1 . Let Ti(t), C(t) be (n-k-i )- and k-vector 
functions, respectively, which satisfy the differ¬ 
ential equations 


( 7 . 7 ) 


f| * At] + G(ti^ t) 

^ = € C ^ + € H(ti, t) 


( 7 . 8 ) 


where € > o and where G and H are of class 
and satisfy this property: there exist > o. 

Kg > 0, T > 0 such that lhll < k^, |U|| < k^ imply 
I|Q(t)> t)|| < K^\, ||H(n, t)|| < KgX for all 

0 < t < T. Then ||n(o)|| < ><1^ IIC(o)|l < 
h(t)|| < K^, |l 5 (t)|| < Kg for all 0 < t < T. 

Again, put 

-Xcug/a -Xa>p€/2 

- e Pg = e 






all of which are positive and strictly less than one. 
And suppose that Ihll < lICll < ^^2 ^P^y 
l|G(n^ t)|| < k^4^\, 1|h(ti, t)l| < KgiigX for all 
0 < t < oig. Then | 1 ti(o) 1 | < k^, |K(o)|| < Kg imply 
h(a)2)|| < P^K^, Ilc(a)g)|| < PgKg. 

PROOF. We see Immediately 
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t 

h(t)|| < e-^''||n(0)|| + J e^^mr,(r), C(t), t)|| dT 

o 

(7.9) ^ 

lk(t)ll < e'*^*|U(o)ll + € J e®^^||H(n(T), C(t), t)|1 dt . 

o 

Thus if the lemma were false there would exist a first t^ such that either 
llTi(t^)ll = or lk(t^)li = Kg. Then for 0 < t < t^ we have llTi(t)l| < k^, 
< f <2 hence 

-xt, -xt, c w 
llTi(t^ )11 < e + e ^ J XK^dr = 

o 

( 7 . 10 ) ^ 

'^^^1 r ^ ciT 

Il^(t^)ll < e ^Kg + € e J X/Cgdt = 

o 


which is a contradiction. 

If the stronger condition holds, then surely i|Ti(‘t)ll < , 

ll^(t)li < Kg for all 0 < t < cog, and 

""2 

-xoj -Xojg r . 

llTi(oog)|| <e K^ e ^ J e X^^K^dx = p^k^ 

o 

(T.n) 

-eXcii -€XcOp r 

lk(a)g)ll < e "^Kg + € e J e x^gKgdx = pgKg . 

o 

LByHVlA 7 . 2 . Let (e(t), y(t), z(t)) be the solution 
of (7*1 ) which has the initial value (e^, y^, z^). 

Then there exists ^ ^ such that for any 
0 < 6 < e^, lly^ll < 5, HZqII < B, 0 < e < 8® imply 
||y(t)|l < 6, llz(t)|l < 6 for all t > 0 . In par¬ 
ticular, if llajl <6, llPll < 6, 0 < € < 6^, then 
ilSg(a, p)ll < 6, tlTg(a, p)ll < 6. 

PROOF. Equations (7.1 ) have exactly the form (7*7) with r,(t) » y(t), 
^(t) * z(t). Furthermore, ||y|| < 6, \\z\\ <6, 0 < c < 6^, imply 
IlGll = IlYj. + «Xjl| - odlylKlIyll + l|zl|] + e) - 0(6®) and 
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||H|| - 11^ + Zj.|i XMgllyll + 0([||y|| + ||z|l]® + e) X^g6 + 0 ( 8 ^). Thus for 
6 small enou^, ||G|1 < X6, ||H|| < XB and the lemma follows from Lemma 7*i* 


LEMMA 7*3* There exists 8^ > 0 such that for any 
0 < B < 6 ^ , llofii < 8, llPll < 8, lldof/dell < 8, ||dp/dell < 8, 
0 < € < 8^ imply 


( 7 . 12 ) 


lie ^ lie P) < & 


PROOP. As before, 


(7.13) 


— 3 (a, p) 
de ^ 

— T.(a, P) 

de ^ 


de \ de / 

^ (§1 \ 
de \de / 


where all the functions are evaluated at (ojg, 0, e, cx(&), 3(0), c). Since 
'^(t, 0, e^, 0, Zq, o) = e^ + t, we have immediately 


( 7 . 1 U) M= 1 + 0 (||«|| 

+ |lda/d 0 || 

+ €) * 

1 + 0 ( 8 ) 

de 




Now let (0(t), y(t). 

z(t)) be 

the solution of ( 7.1 ) with the 

initial value (e, a(e), p(e)). 

and let 

♦(t), 

n(t), ^(t) be the deriva- 

tlves of 'F, U, V with respect 

to 0 . Then 


/^r 


/ ^r 


^ * iw * ' 


iw 

^" w) ^ ^ 



/^Y 

\ 

( 7 . 15 ) 

+ 



5 =eBii + «C? + e 

•• 

■ w ^ 

"^0 


This has the form (7.7) where 

IlGlI “ 0(ll7iltliyll + llzIN + €) + odiyll + lizil + c)|1tiI1 + 

( 7 . 16 ) + 0 (||y|| + €)l|dl 

l|H|| <j 0([||y|l + llziU^ + e) + 0 (llyil + l|z|| + €)(|hl| + lUID • 

, then by Lemma 7 . 2 , ||al| <6, ||^|| < 8, 0 < € < 8^ 


Now if we require 8^ < ®o 
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Imply llyll < &, ||zl| < 8. Thus If further, UtiH < 8, H^H < 8, then 
||G|| * 0(8^), 1|H|| <~ XjigB + 0(8^). For 8 small enou^, therefore, 

||G|| < ^m,8 , ||H|| < XngS, and hence by Lemma 1|t}(o)1| = ||da/d0l| < 8, 

Ilc(0)|| - ||dp/del| < 5 imply hCmg)!] - ||dU/de|| < p,s, |U(m2)ll * lldV/del| < p^e. 

LEMMA 7*4. There exists 5^ > 0 such that l|al| < 
llPlI < Bg, ||dQf/de|| < Bg, l|dp/de|| <53, 0 < c < &g, and 
||d^a/de^|| < 1, ||d^p/de^|| < 1 Imply 

(7.17) 

II d0 II II d© II 

PROOF. The proof follows along the same lines. We derive formulas similar 
to (6.29) and (6.30) and find that we have differential equations in the 
form (7.7). Then under our hypotheses, we show ||G|1 = o(Bg), 

||H|| < ^ X^2 + oCBg), and the result follows easily. 

LEMMA 7.5. Let (0,(t), y^(t), 2,(t), (02(t), ygCt), 

Z2(t)) be solutions of (7*1 ) for which yj^(o) « y^, 
z^(o) = Zj_, i = 2. Then there exists 

B^ > 0 such that for any 7 > 0, ||y^|| < S3/ 
llzj^ll <83/ 0 < e < 8®, ||y, - fgll < 7, ||z, - Zgll < 7 
Imply ||yi(aJ2) - 72(^2^11 ^ “ Z2 (u>2^II < ^2’" 

PROOF. Again the proof follows along the same lines. We need only derive 
formulas corresponding to (6.31), (6.32), (6.33), (6.3^^) whereupon we shall 
have differential equations of the form (7.7). Then under our hypotheses, 

IIGII = 0(537)^ I|H|| <j ^v^ 27 leuma. follows. 

LEMMA 7.6. There exists 8^^ > 0 such that ||a^|| < 8j^, 
llPj_l| < 8^, IldQfj^/dell < 8j^, l|dp^/d0|l < b^, 0 < € < 8^, 
i = 1, 2, imply l|Sg(a^, ^2^11 

||Tg(Q:^, ) - TgCoTg^ ^2^11 <^P2^U’ 

PROOF. Just as in the proof of Lemma 6.6, we must find solutions 
(e^(t), y^(t), Zj^(t)), 1 » 1, 2, to (7.1) such that 

initial values of these solutions are y^^ » then 

it is easy enou^ to see that ||y^ - 72II < “ ®2ll ” ^2^' 

||z, - Zgll < llPi - Pgll • I®1 “ ®2l- ^ enou^, 

l|a^ - cifgll < 7 , - ^211 < 11^1 ■ ^211 < 7/^Pl' 11^1 ■ ^gll < 7A^P2' 

Then our result follows from Lemma 7.5. 

In this way, we have proved the six lemmas which we need. The 
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completion of the proof of Theorem 7«i is a trivial modification of the last 
paragraph of Section 6. 


8. Reduction to Normal Form 

We have proved Theorem ?•! under the assumption that the differ¬ 
ential equation Is In the form, which here we call normal , of (7*1 ). The 
natural question Is now, given a differential system of k-fold degeneracy 
having a periodic perturbation. Is it possible by means of coordinate trans¬ 
formations to reduce It to the normal form (7*1 )? The answer is not, un¬ 
fortunately, an unqualified yes; and this Is admittedly a shortcoming of 
our procedure. What we have done essentially is to follow the notions of 
Krylov and Bogoliubov, which seem in this respect to be overly restrictive. 
Continuing, however, with these notions we find that we can say a little 
more. 

First of all, given any differential system of k-fold degeneracy 
Theorem 3.3 guarantees the existence of normal coordinates so that we may 
assume that the unperturbed equation is given in the form (3*4). On the 
other hand, the most general periodic perturbation will include, instead 
of the third equation of (7*1 ), the equation 


( 8.1 ) 


^ = 6 Z^(e, t) + € B(e, t)y + e c(e, t)z 
+ € Z^(e, y, z, t, e). 


Now since we can no longer toy with the e or y coordinates, we want to 
find a transformation of the z coordinates which 

( 1 ) eliminates the function 2 ^( 0 , t), and 

( 2 ) reduces 0(9, t) to a constant matrix. 

Note that the most general transformation which we can employ for 
this purpose will be of the form z = f(z, e, t) where f is of period 
in 0 and (Og in t. Still following Krylov and Bogoliubov we shall 
restrict ourselves to a transformation of the form 


( 8 . 2 ) z = z - €iy( 0 , t) + D( 0 , t)z] 

where v and D have the periods cd^ in 0 and ojg in t. Thus 

(8-3) g| - .[Zq - I? - - I? - I?] 2 ^ 

Where B = B(0, t), 7f z, t, c) are two new functions whose 

exact form is immaterial. 



PERTURBATIONS OP DIFFERENTIAL EQUATIONS 


235 


theorem 


(8.4) 


(8.5) 


( 8 . 6 ) 


(8.7) 


lemma, 


( 8 . 8 ) 


(8.9) 


Then the solution to our problem can be stated in the following 


THEOREM 8.1. There exists a transformation of the 
form (8.2) which carries (8.1 ) into a differential 
system in the normal form (7*1 ) if and only if there 
exist functions v(0, t), D(e, t) with periods 
in e and oig in t such that 


Z 


o 



8v 


and such that 


C 


C(e, 


t) 


8D 8D 


is a constant matrix. 

In particular we must have 

j r 2 ^( 6 , t)de dt = 0 

o o 

while the constant matrix will be eq\xal to 

COg CO, 

C = —i~ I f c(e, t)de dt 

o o 

In regard to the existence of v and D we have the following 

which makes no pretense to being as general as is possible. 


LEMMA 8.1. Given a function f(e, t) of class 
and having periods co, in 6 and cOg in t, it 

can be expanded in a Fourier series; 

f(e, t) - exp|z«l(|^ * } 

Then there exists a function ♦(©, t) of class C 
which is of period co, in e and oig in t, and 

which satisfies the equation 


be at 


f 


if and only if 
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( 8 . 10 ) 


♦ (e, 


t)-!- 


_!2sl 


ZJti 


\“1 “2 / 



exists and is such a function. In paj?ticular, we must 
have = 0 . 
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XI, A NOTE ON THE EXISTENCE OF PERIODIC SOLUTIONS 
OP DIFFERENTIAL EQUATIONS* 

S. P. Dlliberto and M. D. Marcus 


1« Use of Borsuk*3 Antipodal Point Theorem 
The existence of a periodic solution of the vector differential 

equation 

(1) ^ = f(x, t) = f(x, t + os), 

f sufficiently smooth and defined for all x and t, having period a> 
is completely equivalent to the existence of a fixed point for a certain 
transformation, T, of Euclidean n-space, into Itself. Namely, 

for any point x let v(t, x) he that solution of (i) for which 
v(0, x) = X, and define T(x) = v(a), x).^ By defining at each point x 
the vector V(x) = T(x) - x = v(<d, x) - x, the problem becomes that of 
finding where V(x) = o. One manner of doing this is to find an n-l sphere, 
S, on which the degree of V, d(V, S), is non-zero.^ In such an event, 
there must exist an x Inside S^*^ at which V(x) » 0. 

There are several criteria for the non-vanishing of the degree. 

We mention three; 

(1) E being the closed n-cell whose boundary is S, 
then T(E) C 


This work was done in connection with Office of Naval Research, Contract 
No. 041-154. 

^ If x(t) is a solution of (i), so also is x(t + m). Consequently, 
if x(o) = x(o + co) the uniqueness theorem asserts x(t) « x(t + m). One 
must know that the solutions are defined for 0 ^ t ^ m i.e., that 
|lx|l 00 as t —► t^ ^ 0 ). 

^ More precisely; Let V* - and be the unit n-l sphere, 

then let d(V, be the degree of the mapping V* : —*- S^"^. 

^ Brouwer's Theorem. 
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(li) - X being the point antipodal to x on S, 

V(- x) * - V(x) for xcS 

(ill) U(x) being a second vector distribution on S 
with d(U, S) i 0, either cos (V, U) ^ - i 
or cos (V, U).y 1 ^ 

In linear or "nearly" linear problems one should expect (ii) to 
yield better results than (1) since it is a linear condition. We shall 
Illustrate this by sharpening a result of Antoslewlcz. Let 

f(x, t, X) » f(x, t + 0 ), x) = A(t)x + p(x, t) + q(x, t, X). 

where f, x, p, and q are (col\jmn) n-vectors and A(t) = (a^^jCt)) is an 
n-square matrix. We shall suppose that A(t)x, p(x, t), and q(x, t, x) 
are continuous in (x, t, x) for all xet^, t€ XeJ^^; and that they 
are locally Llpschitzlan in x. This will Insure that the standard theo¬ 
rems on existence, uniqueness, and continuity with respect to parameters 
are applicable. 


THEOREM. Let 

(2) ^ * f(x, t, X) » f(x, t + 0 ), x) = A(t)x + p(x, t) + q(x, t, X) . 

If ||p(x, t)|| ^ K||x||^ for ||x|| < R, q(x, t, 0) = o, 
and the characteristic exponents of solutions of 

(3) ^=A(t)y 

have non-zero real parts, there exists ^ ® such 
that for |x| < x^ equation (2) has a periodic solu¬ 
tion of period a>. 

Antoslewlcz's theorem reqtiired in addition that the real parts of 
the characteristic roots be negative. 

2. Proof 1. (Diliberto) 

Let v(t, X, x) denote the solution of ( 2 ) such that v(o, x, x) 
and assume for the moment that v(t, x, x) may be defined in the Interval 
0 ^ t < 0 ). Let Sj, denote the sphere |lx|| = r, and let Vj^^(x) « 
v(aj, X, x) - X. Vj^(x) is continuous in both x and x. If we can show 

Borsuk’8 Theorem. [B]. 

^ The condition guarantees that V is homotopic to U via non-zero 
vectors. 
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that there is an r for which d(V, S ) 4 the theorem will follow 

■‘o 

from the continiiity of V. on X and of d(V,, S„ ) on V.. 

A. r© A. 

Our problem has been reduced to the study of 

(^) = A(t)X + p(x, t) = g(x, t). 

Put v(t, x) = v(t, 0 , x) and V^Cx) = V(x). Let u(t, x) denote the 
solution of ( 3 ) such that u(o, x) = x, and let U(x) » u(aj, x) - x. We 
shall show, using (ii), that d(U, S^) 4 0 for all r; and that there is 
an r^ such that if r < r^ then cos (U, V) ^ - 1 on S^. This will 
prove the theorem. 

As to the degree d(U, S^,): Let Y(t) be the matrix solution of 

( 5 ) ^=A(t)y 

such that Y(0) = I. The solution of u(t, x) of ( 5 ) may be written 
u(t, x) = Y(t)u( 0 , x) = Y(t)x. Now, 

( 6 ) U(x) = u(aj, x) - X = [Y(od) - I]x 4 0 

or else ( 5 ) would have a solution with a purely Imaginary characteristic 
root. Since U(x) 4 0# d(U, S^^) is defined. Prom ( 6 ) it follows that 
U(- x) = - U(x), and so d(U, S^) 4 o* Prom ( 6 ) also it follows that for 
some c > 0 

(7) llU(x)|| > o|lx||. 

Since x s 0 (defined for all t) is a solution of (4), it 
follows that there is an r^ such that if l|xl| < r^ then ||v(t, x)|| < R. 

To show that cos (U, V) / - 1 on S^, it follows from the 
triangle with vertices x, x + U, x + V that it is sufficient to show that 

( 8 ) IIU - V|1 < null. 


Prom equations ( 3 ) and (4) we have 

u(t, x) « X + 

v(t, x) = X + 




2k0 


DILIBERTO AND MARCUS 


Put K » max 

l|A(t)L 

then for 

\M\ < r. 

o<t<a3 



1 




t 

(9) 

llvll 

< llxll + 

J [ + KK ||v|| ds 




0 



t 

t 

( 10 ) ||u 

- v|| < 

J llp(v. 

s)|| ds + J |)u - v|| ds 


o o 


Prom a well known inequality^ we conclude from ( 9 ) that 

t[K^+KR] 

l|v(t, x)|| < llxll e ^ 
and for a suitable constant that 

llv(t, x)|l < K, 11x11 . 

Using this in (lo) we find 

l|u(t, x) - v(t, x)ll < (dKK^ 11x 11^ e . 

Prom this, for t = 0 , and suitable constant Kg 

( 11 ) llU(x) - V(x)ll = llu(cD, x) - v((o, x)ll < Kg 11x11^ . 

Prom the inequalities (11) and (7) one finds that if 

11^ II < 

(in addition to ||x|| < r^ ) inequality (8) will hold. 

3 . Proof 2» (Marcus) 

We assume p is a function in its domain of definition. 

Since ||p(x, t)|l < kl|x||^ we expand p to second order terms and make the 
linearizing change of variable x = Xy. Equation ( 2 ) then becomes 

^ “ A(t)y + q(t) + XG(y, t, \), q(t) = (O, t, 0). 

It clearly suffices to obtain a family of solutions, v(b, t, x), of ( 12 ) 
defined for X ^ x^, x^ > 0 , which has period a>. 

T. H. Gronwall, Note on the derivatives with respect to a parameter of 
the solutions of a system of differential equations. Annals of Mathematics, 
Vol. 20 , ( 1918 ), pp. 292 - 296 . 



SOLUTIONS OP DIFFERENTIAL EQUATIONS 


241 


Let Y(t) be the fimdamental matrix solution of 

^ - A(t)Y, Y(0) - I. 

If v(b, t, \) is any solution of (12) then 

t 

v(b, t, X) = Y(t)b + Y(t) J Y"’(s) (q(3) + XG(v(b, 3, x), a, X)) da . 

o 


Now v(b, 05, \) 


( 15 ) 


b if and only if 

05 

(Y(tn) - I)b + Y(ffi) J Y~\a) 
o 

(q(3) + iG(v(b, s, \), 3, X)) ds 


0 . 


Let L(b, X) be the left side of ( 15 )* The condition on the characteris¬ 
tic exponents is equivalent to the statement that 


det (Y(o5 ) - I) / 0 . 


Thus L(b, 0 ) = 0 has a solution b = b^. Since det (L|^(b, o)) » 
det (Y(a5) - I) y 0 we conclude, by the Implicit Function Theorem, that 
there exists ^ ^ such a continuous function b(x) that b(o) = b^ 

and for X < x^, L(b(x), x) 5 0 . Hence v(b(x), t, x) is the desired 
solution. Note that v(b(x), t, x) is continuous in X. We define 
x(x°, t, x) = Xv(b(x), t, X) where x^(x) = x(x°, 0 , x) = xb(x). Hence 
x°(x) is continuous for X < x^ and x°(o) = 0 . Thus xix^ix), t, x) 
depends continuously on X and reduces to the trivial periodic solution 
X 2 0 for X = 0 . 




XII. AH INVARIAHT SURFACE THEORFM FOR A 
NON-rejENERATE SYSTEM* 

Marvin D. Marcus 


1. Three Dimensional Systems. Introduction 

The notion of an invariant surface for systems of differential 
equations has been defined and investigated in a conciirrent paper by Pro¬ 
fessor S. P. Dlllberto [l]. An Invariant surface, M, of dimension r 
for 

(1 ) ^ = f(x, t) 

X, f n-vectors, fcC^ is a manifold in with the property that 

if U(t) is a solution to (l) and U(tQ)€M then U(t)€M for all t. 

Here we investigate the existence of a family of invariant tori 
for the holonomic 3 -dimensional system. 



de 

1 + 

zH(0, 

cp, z) + 

X,P(0, 

9; 

z) 

( 2 ) 

de _ 

m: " 

1 + 

zK(e, 

q>, z) + 



z) 


dz 

A(e, 

9)z 

+ z^L(0, 

<P> z) 

+ 

XR(( 


It is assijmed that H, K, L, P, Q, R, and are doubly periodic in Q 

and cp of periods and respectively. It is clear that for X = 0 

the solutions with initial values on the e and cp axes generate a torus 
period o)^ in 0 and in 9 t>y identifying the 

planes cp = + n«>^, e = + n = 0 , i, ... 

The system ( 2 ) is of interest since it arises after transforma¬ 
tion to normal coordinates from the equation 

This work was done in connection with Office of Naval Research Contract 
No. 041-134. 
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2^4 


^ - f(x) + €R(x, t, €) 

X, f 3 -vectors RcC^, R period a>, in t, which is assumed to have an 
invariant surface A(e^, ©g) of period in e^. A reduction of 

Buffing's equation to equation (2) will be found in a concurrent paper [2]. 

In this paper we establish sufficient conditions for the existence 
of a family of invariant tori for (2) by use of the Schauder fixed point 
theorem [ 5 1 • Let 

W(aj b> t^ x) = (d(a^ b> t> x)^ cp(a) b> t> x)^ z(a> b> t> x)) 


be the solution of (2) with initial values W(a, b, 0, x) = (a, 0, b). 

REMARK 1 . W(a + na)^, b, t, x) = W(a, b, t, x) + (ruo^, 0, o) where 
n is any integer. That is, the solution in the phase space starting at 
(a + no)^, 0, b) is obtained from the solution starting at (a, 0, b) by 
a translation parallel to the e axis through a distance nm^. This is 
an immediate consequence of periodicity and uniqueness. 

REMARK 2 . There exists b^ > 0 and x^ > 0 such that if 
|x| < Xq and lb| < b^ then W(a, b, t, x) has a unique intersection 
with the plane <p = ojg. That is, there exists a unique function T(a, b, x) 
such that 


and 


cp(a, b, T(a, b, x), x) = cog 
T(a, 0, 0) = (Og . 


PROOF. Let a€[ 0 , ]. Then W(a, 0, t, 0) = (t + a, t, 0) which clearly 

Intersects 9 * <»2 for t < t. By continuity in x and b choose b^ 
and Xq such that for |xl < x^, lb| < b^ 

|z(a, b, t, x)K(W(a, b, t, x)) + xQ(W(a, b, t, X))| < i . 

Then <l>*.(a, b, t, X) > i . Thus there exists a unique T(a, b, x) such 
that ■. 

(i) T(a, 0 , 0) = cDg for a€(o, ); 

(ii) <p(a, b, T(a, b, X), x) = Og . 

Now by Remark 1 , any solution W(a, b, t, x) can be obtained by transla¬ 
tion from those for which acEo, m^]. 

Thus it is clear from Remarks 1 and 2 that for x and b 
sufficiently small W(a, b, t, x) well defines a mapping from the 9=0 
plane to the 9 = tOg plane which carries curves of period 03^ into such. 
More specifically let a(a) be periodic of period cd^ in 9 » 0 plane. 
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Define ; a -► 5 where 5 is given by the foimG.a 

5 (e(a, of(a), T(a, a(a), \), x)) = z(a, a(a), T(a, a(a), x), X) 


Remarks 1 and 2 show that 5 is well defined. We define two families of 
periodic curves: « = Bof) [a is continuous of period co^]. 

[«€ a and ||a|| < r and oc is Lipschitzian with constant tj]. Note that 
P, is continuous on to « . 

A. rT| 

REMARK j. is a convex compact subset of the function space 

a under the topology of imiform convergence. 

PROOF. Convexity is clear and compactness follows from Ascoli's theorem. 

We will show that for each |x| < \* that P^( C 9 ^^ for appropri¬ 

ate choices of ti and r depending on \ and thereby apply the fixed 
point theorem. 


THEOREM 1. If H(0, 9, o) = 0 and K(e, 9, o) = 0 and 


J A(t + a, t)dt < 0 for all 0 < a < 


then there exists x* > 0 such that for each 1 x 1 < X 
there exists a curve a^e « such that Pj^(cif^) » 

PROOF. By Remark 2 obtain X^ and b^ such that T(a, b, x) and 
are well defined. Now 


(a, b, t, 0) = A(e(ay b, t, 0), (p(a, b, t, o))z(a, b, t, 0) 




+ z^(a, b, t, o)L(W(a, b, t, 0)). 


Hence using the formiola for variation of parameters 


t t ^ t 

/ Adt / Adt -I Adt 


!(a, b, t, 0) = be 


I 


e ° z^L(W)dt 


where we systematically leave out the arguments of the functions occurring. 


t 

-I Adt 


z(a, b, t, 0) e ° 


< 1^1 


1 

J 


-/Adt 


z IzL(w) Idt 
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applying Gronwalls Lemma [ 4 ] and multiplying both sides by 


t 

/ Adt 
o 


we obtain 

t t 

/ Adt + / |z(a, b, t, o)| |L(W)|dt 

|z(a, b, t, o)| < |b|e° ^ 

Now to shorten writing we introduce some notation: Let 

M(a, b, X.) = z(a, b, T(a, b, x), X), 

T(a,b,x) T(a,b,x) 

I, (a, b, X) = J A(e, (p)dt + J |z(a, b, t, 0)| |L(W)ldt 


Then 


|M(a, b, 0)1 = |z(a, b, T(a^ b, o), o)| < |b| e 


(a,b,o) 


and 


T(a,b,o) T(a,b,o) 

I^(a, b, 0) = J A(e, cp)dt + J |z(a, b, t, o)| |L(W)|dt 
o o 

T(a,b,o) 

< J A(e, cp)dt + |b| 


where is some constant. Now 


T(a,b,o) 


o 

Since 


j A( 0 (a, b, t, 0), cp(a, b, t, o))dt < J A(t + a, t )dt + lb| k 


J* A(t + a. 


t)dt < 0 


for 0 < a < 0)^ and A has period cd^ in 8 we conclude there exist 
positive constants A, k such that 



NON-DEDENERATE SYSTEMS 


247 


I I ( Srfbf o) 

|M(a, b, X)| < |M(a, b, 0)| + |\|k < |b| e ' + l)i|k 

< |b|e-^*>'l^l + l>-Ik . 

Now If ||a|| < r we want 

(5) llP;,(a)l| < r. 

Since ||P;^(a)|| » ||M(a, b, x)|| < + |x|k condition ( 5 ) will be sat¬ 

isfied If 

(4) + Ixjk < r. 

Set r=|x|^, 0<^l<1. Then (4) becomes, upon dividing by 

( 5 ) g(X) = + |»,|^’"‘'^k< 1 . 

Since g(o) = e“^ < l, ( 3 ) holds. 

We next show that Pj^(a) = a is Llpschltzlan of constant ti for 
an appropriate choice of r ]. 

To shorten notation let 

0(1) = e(a^, a(aj_), TCa^^, a(a^), X), X) for 1*1,2. 

Then, by repeated applications of Taylor’s Theorem 

|5(0(1)) - 5(e(2))| < |z^(-; x)\ |a^ - a^| 

+ |z,^(-; >.)| lla, - agl 

* lZrp(-; >-)| |T(a^, a(a, ), X) - T(ag, a(a^), X)1 

< I |z^(-; x.)| . ’^)l 

+ |Zip(—; x)| |Tg^(”i ^)| 

+ Ti|z,p(-; X)\ |T^(-; x,)|| la^ - ag | 

©(2)1 = ^)(a, ~ ag) + " ^(ag)) 

+ 0tp(-; x)(T(a^, Of(a^ ), x) - Tia^, a(a^), x))| 

> la, - agl I | 0 g^(-; x)| - ( |0t,(-; >^)h 

where the dash indicates evaluation at an Intermediate point. The remain¬ 
der of the p»oof is devoted to obtaining magnitude approximations on 


( 6 ) 

and 

|e(i) - 
( 7 ) 
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remark that 0,p and z^ are bounded 
in the finite region we consider. We thus Investigate the variational 
equations for X = 0. 

- 2 (HgU + H^v + H^n) + Hn 

(8) ^ = zCKgU + K^v + K^n) + Kti 

^ = z(AqU + A^v) + An + z^(LqU + L^v + L^^n) + 2zrLL . 

Now b occiirs as a parameter on the right side of (8). Since 
z(a, 0 , t, o) 5 0 (8) becomes, for b = 0, 

^ = H(t + a, t, 0)n = 0 

= K(t + a, t, 0)n = 0 

^ = A(t + a, t)n . 


Hence, for x = o, b » o 


u * C- 


V = C, 


/ A(s+a,s)ds 


n = C^e 


Since W(a, 0, t, o) = (t + a. 

t, 0) we 

conclude 

0 ^(a, 0 , t, o) = 1 


o 

c+ 

o 

M 

O 

cPa(a, 0, t, 0) » 0 


0, t, 0) = 0 

(9) 



Zg^(a, 0, t, 0) = 0 

z^j(a. 

0, t, 0) = e‘ 

Also note 



o 

o 

II 

e 

ro 

Implies 

Tg^(a, 0, 0) 

<p(a, b, T(a, b, X), x) =» 

Implies 

o 

o 

and 


^“2 


/ A(s+a,s)ds 
o 


z^j(a, 0 , T(a, o, o), o) » e* 


/ A(t+a,t)dt 
P ^ 
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By use of relations ( 9 ) we secure a constant r > 0 such that 

iej^(a, b, T(a, b, \), x)l > i - r(|bl + 1>.|) 

l<I>^(a, b, T(a, b, X), x)| s r(lb| + |x|) 

|z^(a, b, T(a, b, X), x)l < r(|b| + |x|) 

(10) |%(a, b, T(a, b, X), x)l < r(lb| + |x|) 1 

l<p^(a, b, T(a, b, X), X)1 < r(lbl + |x|) 
lz^j(a, b, T(a, b, X), x)| < + r(|x| + [bD 

|Tg^(a, b, x)l < r(lbl + X) 

lT^3(a, b, x)| < r(|bl + X) J 

By use of relations (7) and (10) 

|e(i) - e( 2 )l > |a, - a^l |t - r(lb| + |xl) 

- (r(lbl + |xl),i + le^l r(|b| * |x|) + le^l r(lbl + |x|)t,)| 

= la, - agl |i - r(|bl + lxl)(i + |e^| + t|(i + IStD)! 

> la, - a^l |l - r,(|bl i- lxl)(r, + i)} 

where Is some constant. 

Similarly, by use of relations (6) and (lo) 

|5(e(i)) - 5(6(2))! < |r(lbl + |xl) 

* ( e-^-^^l^'rdbl + lxl))n + I^tI ^ 

+ -iIzt' " ®'2' 

(12) < |r(|bl + lxl)(i + Izjl + Tidz^l + n) 

+ j- la, - agl 

< (rgdbl + IxDd + O + ) la, - a^l- 

We simplify notation by setting r, = Tg = r. Now the calculation will be 
complete If we show that 


( 13 ) 


1 - r(r + lxl)(,, + 1) > 0 
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eind 

Now I* * IXI ^ where o < ^ < i so set 

n = • 

Then (13) and ( 14 ) are satisfied if 

1 - rClxl^' + |xl )(|x |>*/2 + 1) > 0 


r(lxr-f|xKi + |xr/^))-h|xl 


dividng the second inequality by |X1 


i-r(|xr+|x|)(|xi'^/2+i) 

^l/2 


in/ag-A+rlxl*" 


11^/2 


we obtain 


( 15 ) 


r(|xl^/®+|x|'"*‘/^)(i + |xr/^)+e’^*''l^l^ 

i-rdxr+lxDdxr/^^i) 


Setting X = 0 on the left side of ( 13 ) and ( 15 ) we obtain the obvious 
relations 

1 > 0 
e”'^ < 1. 

Thus it is clear that we can obtain X* > 0 such that for |x| < X* if 
I* = |x|^^^ and T] = |x|^/^ then ^ ^rii^ thereby completing 

the proof. 


THEOREM 2. If 
and 


H(0, cp, 0 ) = 0 and K(0, cp, o) 



o 


A(t, t + a) < 0 


0 


for all 0 < a < oSg then there exists X* > 0 such 
that for |x| < X* there exists a periodic curve 
of period that is mapped onto itself by the solu¬ 

tions starting in the 0 = 0 plane and extending to 
the e = plane. 
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This is obviously obtained by simply intercheuiging the roles of e and 9 
in Theorem 1 • 

THEOREM 3 • Under the combined hypotheses of Theorems 
1 and 2 there exists an invariant torus rj^(e, 9 ) of 
( 2 ) for 1^1 < ^* of periods 05 ^ in e and tOg ^ 

9 such that 

lim dist (r., r ) = 0 . 

0 A, o 

These tori are obtained after the identification mentioned in the Introduc¬ 
tion. 

PROOF. That we actually have a torus generated by the Integral curves is 
an immediate consequence of Theorems l, 2 and Remark 1 . Since 
llo^ll < t)y continuity in initial values we conclude that 

lim dist (r., r ) = 0 . 

A.—► 0 A. o 

2 . n-Dlmensional Systems 

We extend the results obtained for the system ( 2 ) to a system in 
which z is an n -2 vector. We use precisely the same device to obtain 
a fixed periodic curve under the mapping P^. 

^ = 1 + H(0, 9 , z)z + \F(e, 9, z) 

^ = 1 + K(0, 9 , z)z + 9^ z) 

^ = A(e, 9)z + L(e, 9, z)z + xR(e, 9, z) 

0 , 9 , L, P, Q are scalars, z an (n- 2 ) colimin vector, H, K, R (n- 2 ) 
vectors, A an (n- 2 ) square matrix. The periodicity conditions are as 
before and a, Fj^, ^ have the same meaning. 

THEOREM h. If H, K, L = 0(||zl|) and the fundamental 
matrix solution to 


(16) 


= A(t + a, t)z 
satisfies the inequality 


(17) 


l|Z(a, a>^)|| < 1 



252 


MARCUS 


for 0 < a ^ co^, then there exists X* > 0 such that 
for each X, |x| < X*, there exists a periodic hyper¬ 
curve of period such that 

P^(a^) » cc^ . 


PROOF. Let Z(a, b, t) be the fundamental matrix of the homogeneous 
equation 


( 18 ) 


dz 


(a, b, t, 0 ) = A(e(a, b, t, o), cp(a, b, t, o), z(a, b, t, o)) 


L(W)z 


then precisely as before 

/ IIZ-’ll |L| 

llz(a, b, t, 0)11 < l|b|l |lZ(a, b, t)l| e° 


since Z(a, o, t) = Z(a, t). If 

M(a, b, X) = z(a, b, T(a, b, x), x) 


we see that 


llM(a, b, 0)11 < ||b|| ||Z(a, b, T(a, b. 


0))|| e‘ 


T(a,b,o) 

7-1 


i|Z“'(-)|i liLlI dt 


Now ||Z(a, b, T(a, b, o))lj ^ llZ(a, o, 0 ) 2 )!! + ||bl| and since L = 0(ilz|l) 

we know that 


T(a,b,o) 

J ||Z-’(a, b, t)|| ||L(W)|| dt - 0(||b||) . 


Thus 

k, lib II 

||M(a, b, 0)11 < llbll e ’ (||Z(a, < 02)11 + k, ||b||) 

so 

||M(a, b, x)|l < ||M(a, b, o)|| + |x|kg 

k, llbll 

< llbll e ' (l|Z(a, cOg)!! + k, llbll) + Ixlkg . 


If 11“ II < r we want 
(19) 


l|Px(“)ll S r 
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and ( 19 ) will b© clearly satisfied if 


||P^(a)ll - llM(a, b, X)|| 

( 20 ) Ic r 

< re ’ (||Z(a, a^^)\\ + k,r) + \\\k^ < r. 


Setting r» Ix^, o<n<l, dividing through ( 20 ) by r and setting 
X = 0 w© obtain as a sufficient condition for ( 19 ) that 


llZ(a, cDg)!! < 1. 

W© proceed now to the invariance of the Lipschitz constant under Pj^. De¬ 
note e(l), z(i), i = 1, 2 , as before. 


z^(a, b, t, X) 



an (n-2) square matrix. 


Zg^(a, b, t, X) 


( 


■Sa” ' 


da 


) 


ab 


I \ 

\ "Sa' Y * * *' ^'^n-2 ' 


Then 

||5(0(i)) - a(e( 2 ))ll = llz(i) - z( 2 )ll 
= l|^Zg^(-)(a^ - ag), z^(“)(a(a^) - aCag)), z,p(-)(T(a^, Qf(a^ ), x) 
(21) - T (ag, Of (©g ), ^ ^ ^ jj 

< l|Zg^(-)ll - agl + ||z^(-)lh la^ - agl 

+ ||Zt(-)II llTab(-)ll (la^ - agl -f r, |a, - ag | ) 

W© establish on© further inequality: 
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|0(1) - e(2)| - |e^(a, - a^) + e, 3 (o((a, ) - a(e.^)) 

+ 0^(T(a,, a(a, ), X) - T(ag, o((ag), X,))l 
<22) > le^l |a, - agl - -llle^^ll ja, - agh 

+ IStI llT^bll <I ®1 - agl + n |a, - agl)} 

= {l^al - llTabll <’ + l^i " ^3! • 

Consider now the variational equations for \ = o. For the varl- 
atIon in a we have: 

= 0(||zl|) + H(0, (p, z)Zg^ 
dq)_ 

- ^(llzjl) + k(0, cp, z)Zg^ 
dz 

= 0(l|z|l) + A(0, q>)Zg^ + L(e, cp, 

where b occurs as a parameter on the right. Since z(a, o, t, o) = o 
0(a, 0, t, 0 ) = t + a, (p(a, 0, t, o) = t, and H, K, L = e(llzl|) we 
conclude 

0g^(a, 0, t, 0) « 1 

cpg^(a, 0, t, 0) = 0 

^Q^(a, Of t, o) = 0 


for the variation in b: 


d0^ 


dcPb 

ar" “ 


‘^^■1 , aACe.Q)) 

dt obj 


z + 


A(0, <p)z^ 


j 




Hb - 



where 
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an (n-2) square matrix, 



an (n-2) square matrix, and 




ae 

ae 

■SFT' * 

■5b~r 

1 

n-2 

az^ 

az^-2 

•aFT^ * 

ab. 

j 

J 


) ' ° • ■ 


dcp 


n-2 


). 


Since b occiars as a parameter on the right, set b = o, readily obtaining 
e^(a, 0 , t, 0 ) a 0 , <Pb(a, o, b, o) * o 

and 



0, t. 


o) = A(t + a, t )z^ ^ . 


Thus, since z(a, b, 0, o) = b, (a, b, 0, o) = c. the unit vector. 

Uj J 

Hence, z^ (a, o, t, o) = Z(a, t)€. and also z^(a, 0, T, o) a 0, 
j 

z^(a, 0, t, o) = Z(a, t). We conclude then that 


^ab^^^ 


. Z(a, t) 

0 0 . 


Thus ||Zab(a, 0 , (D^, 0)11 < l also note that 

6(a, b, T(a, b, ^), ” ^2 


and hence cp^ + <P,pT^ = 0 and T^(a, o, o) = 0. Compiling these results 
we have; 


(23) 


e^(a, 0, t, 0) = 1 

cpg^(a, 0, t, 0) = 0 

Zg^(a, 0, t, 0) * 0 

T£^(a, 0, 0) = 0 


%(a, 0, t, 0) = 0 
9b^a> Of t, o) = 0 
z^(a, 0, t, 0) = Z(a, t) 
T^(a, 0 , 0) = 0 


ll^abT^®*^ “2' 


0)11 < 1 . 
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Now, establishing relations (23) which correspond to relations (9) is the 
essential step in establishing the Invariance of the Lipschitz constant. 
It is clear that we may proceed as before to obtain 

*r, • 

Theorems 2 and 3 carry over with no difficulty. 
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XIII. AN APPLICATION OP PERIODIC SURFACES 
(SOLUTION OP A SMALL DIVISOR PROBLEM)* 

Stephen P. Dlllberto 

Section 1 

We propose to discuss the equation 
(l) 5c + rx + oj^x = p(t) + cf(x, x) 

where p(t) Is almost periodic * For € = o and r > 0 the equation may 
be solved by quadratures and produces a certain (one only) almost periodic 
solution, say, q(t); one has the additional fact that every other solu¬ 
tion approaches q(t) exponentially. For a long time nothing was known 
about the case c o. In 19^6 Friedrichs [2] showed that if 

Z 2k. (co,p+cD-q)t 
Cpq® 

f(x, i) = 

where zlC^^I < + c». Then for e small enough (he gives precise estimates 
pq 

in terms of r and l|pll = zlCp^l) equation i has solutions of the form 

2nj^(a)^p+t02q)t 


iBp^e 


(where < + »). 

pq 

The notion of periodic surface can produce somewhat stronger re¬ 
sults but under the restriction that p(t) is an almost periodic polynomial. 

THEOREM. Let x * q(t) be the almost periodic solution 
(periodic if ojg = < 0 ^) of 

This work was done in connection with Office of Naval Research Contract 
No. 041 - 134 . 
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( 2 ) X + 3?x + a>*x - AgSin a)gt + A^sln + €f(x, ±) 

for r > 0, c » 0 , f eC^. For | € | small enoiagh equation 
( 2 ) possesses one solution 

( 3 ) X » q(t) + g(t, t, €) = U(t, e) 

where g(® 2 > «) has period ~ in where g 

is continuous in t, €, and where gCSg^ 

Furthermore, every other solution of ( 2 ) near U(t, e) 
tends to it exponentially. 

There are several points that are worth noticing about this re¬ 
sult: First, since gC^g' doubly periodic it follows that 

g(t, t, e) is almost periodic (provided of course that / noig). 

Secondly, the solution U(t, c) converges uniformly to q(t) over 
- 00 < t < + 00 . This is surprising because initially there seems to be no 
way of excluding that U(t) » g(t + B(t, e)) + h(t, e) where h(t, c) —► 0 
uniformly in e but where 

5(t, €) » o(€, t); 

in other words, that there may be a phase shift. Third, there are no re¬ 
strictions on the form of the function f. Fourth, that here for the first 
time a fairly standard form of the classical small-divisor problem has been 
solved by a geometric device (this will be clear from the proof)^. Fifth, 
the above result clearly generalizes to the case where p(t) is any trlg- 
nometrlc polynomial. 

There are no results for the case r = 0 . It seems highly probable, 
however, that periodic surface will enter the problem. For r = 0 , e = 0 , 
and p(t) s 0 all solutions are periodic, l.e., in the phase space there 
is a one parameter family of periodic solutions. For r = 0 , e ^ 0 , 
fix, x) = x^, say, p(t) s 0, there is again a one parameter family of 
periodic solutions in the phas^ plane. For r = 0 , e = 0 , p(t) = AgSlnoigt 
the equation possesses a one parameter family of periodic 2 -surfaces. We 
conjecture that for r « 0 , e ^ 0, f(x, x) = x^, p(t) * AgSiivogt the 
equation will also possess a one parameter family of periodic two surfaces. 

We do not at present have any good methods for establishing the existence 
of bands of periodic surfaces. 

^ These small-divisor difficulties are inherent in methods which attempt 
to settle existence questions by means of series expansions, and if they 
are resolved are done so by an Ingenious analytic device — the most recent 
example being Friedrich's proof. 
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2. Proof of Theorem 
Replace equation ( 2 ) by the eqmtions 

X + rx + cti^x * AgSlnajgq)^ + A^sinto^q)^ + ef(x, Jt) 

(4) 

d(p. 

ar’ “ ’ 1=1,2. 

Let X * q( 92 ^ 92 ) be the solution (for cpg “ t + const and 9 ^ = t + const) 
of equation (4) which Is almost periodic (periodic If for sane Integers nig 
and m^, = ^ 3 ^ 3 ^' 

The change of variables 


1 

J 



leads to the system 


( 6 ) 


d9., ^ 

- 1 1 = 2, 3 

dx 

cEF" “ *2 I 


dXg 

HT" 


(o^Xj - €f(x^ + q, 


r) 


Since the right members have period ^ 
acterlstlc roots of the linear terms In 


In 9^ (1 = 2 , 3 ) and the char- 


have negative real parts 
Theorem [4] of [lj applies. Hence there Is a curve = cif^(92^ t) which 
Is a permanent repeating curve for say | € | < 

Xi = ^3^ 


e^. This repeating curve 
generates a surface x.^ = 2 ) (period —■ in 9^^ 

of course). On this surface solutions are, of course, 9 j_ = t + const. 
This, plus the fact that nearby solutions approach the surface ex¬ 
ponentially, proves the theorem. 
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xrv. REPEATm SOLUTIONS FOR A DEGENERATE STSTEM' 


Marvin D. Marcus 

1. Introduction 

We consider in this paper theorems concerning the existence of 
repeating solutions to the equations 

= 1 4 - XP (0^ Cp^ 7 ,f X) 

( 1 ) “ 1 + x) 

=* X(A(6; Cp)z + R(d^ Z; x)) 

P, Q, A, ReC^ and period in 0, in <p. Let e(a, b, t, x), 

cp(a, b, t, X), z(a, b, t, x) be solutions to (1 ) with starting values for 
t = 0, a, 0, b respectively. The initial remarks in [ 1 ] concerning the 
transformation from the 9=0 to the 9 = plane are readily seen to 
be true for (1). We recall that the existence of repeating solutions of 
(1 ) is equivalent to the existence of a curve a(a) of period in a 

and a function T(a, b, x) such that 

9(a, b, T(a, b, x), x) = 

( 2 ) 

z(a, cif(a), T(a, a(a), x)) = a(0(a, cif(a), T(a, of(a), x), x), T(a, b, o) «* 

As in [ 1 ] this device is used to obtain a family of invariant tori of (1 ). 
The idea here is as in [ 1 ] to make the proof depend on the Schauder fixed 
point theorem for mappings in a function space I2]. We will first define 
several sets occurring in the theorems. Let 31 be the set of all con¬ 
tinuous periodic functions of period o)^ with the topology of uniform 

This work was done in connection with Office of Naval Research Contract 
No. 041-1314. 
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H 


n 




' Ecif)[cif€ « and a Is differentiable and ||Qf|| < r, 
BQf)[a€ and ||a|| < r and a Is Llpschltzlan with 


convergence Let 
lirbfil < T)J, and 

constant t) ]. We do not specify the dimension of the range of the curves 
a£ There will be two theorems In the sequel for z a scalar, and z 
a 2-vector. However, we will try to avoid duplication by not specifying 
this until It Is necessary to do so. We note several properties of «, 


^rr, 


and « 


1 

rri* 


(1) « Is a Banach space. 

(11) Is a compact, convex subset of « . 

^ 1 

(111) a ^ ^ and « ^ Is convex: thus 

ri) rt) ** ri) ' 

and Is convex and compact. 

rr\ rt) Tr\ -T 

(Iv) If F ; « -Is continuous on « 

and ^ then P has a fixed 

point In 9r 


(1) Is clear; (11) follows from Ascoll’s theorem; (111) follows 
from (11); and since the continuity of P implies F(5lp^) C « ^^) C fl 
we see that (Iv) follows from (ill) and the Schauder fixed point theorem [2]. 


2. Statement and Proof.of the Theorem 

We will state and prove theorems for the cases in which z is a 
one and two dimensional vector. Let 

0^2 

C(a) » J* A(t + a, t)dt 
o 

and let Lj^(a) = I + \C(a). We let the norm of any matrix function M(a) 

that occurs In the sequel be sup l|M(a)|| where ||M(a)l| Is the usual 

ac [ 0 , 0 )^ ] 

Hilbert space norm. We state and prove a preliminary result in which an 
assumption is made regarding S\afficlent conditions to guarantee 

this hypothesis will be subsequently investigated. 

THEOREM 1. If P, Q = 0(|lz|| + |x|) and 

R . Odlzll® + Ul) 

K’' II S Tfk> 

then there exists > o such that for 
0 < ^ < 1) have a repeating solu¬ 

tion which reduces to the solution 0 = t + a, 

9 » t, z * 0 for X * 0. 
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PROOF. It Is clear that for X siifflclently small q),p(a, T, x) ^ o. 
Thus we may obtain a function T(a, b, X) satisfying (2^). Now, by the 
formula for variation of parameters 


(3) 


z(a, b, T(a, b, X), x) * b 


T(a,b,x) 

'I 


(Az + R)dt . 


Let 


T (a, b, X) 

I(a, b, X) = I A(e(a, b, t, x), q>(a, b, t, X))z(a, b, t, x) 

+ R(0( ), (p( )> z, X)jdt. 


Then 


I(a, b, X) * I(a, b, o) + XH(a, b, X) 


^ /* 2 

' J A(t + a, t)bdt + J R(t + a, t, b, o)dt 


+ XH(a, b, X). 


Then equation (2^) becomes 

Lj^(a)a(a) » Of(0(a, a(a), T(a, a(a)), x), x) 


c. 

- X J* R( )dt - x^H(a, a(a), x). 


Since Lj[^(a) obviously exists for X sufficiently small we obtain for 

(2,) 

^2 

(^) a(a) = Lr^(a) (a(e) - X f Rdt - X^h). 


We will systematically leave out the arguments of these functions since 
they have previously been indicated. We define a continuous function 
^x • *rTi —^ formula 

“2 

Fj^(a)(a) - L"’(a) (a(e) - Rdt - 


We will show that for each X > 0 there exists r(x) > 0 and i](\) > 0 
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such that 


(5) 


Since 


*rr,^ ^ ^PT, * ^ K'll { ll«ll 

^2 

+ x|lj R(t + a, t, o, o)dtl| + x^llHllj. 
oo 

R = Odlzll^ + lx|) and IIL"’ll < ' 


l|Pi(a)li < 


I r + r(xr® + x^ ) |- 


whenever l|al| < r and where r is a positive constant. We seek r such 
that 


(6) 


_J_ I 

1+XA \ 


r + r(xr^ + x^) | < r. 


It is clear r = X^, o < ^ < 1, satisfies (6) for each x > 0. 

We must now consider the magnitude of the derivative, DFj^(of), 
of the transformed curve F,(a). 

“2 

DP^(a)(a) = DLJ^'(a)Ja(e) - ^ f Rdt - x^nj 

o 

+ L‘^(a) I Eto(e)(eQ^ + 0^Da(a) + e^^^a T^^(a)) 

- xj Rg(t + a, t, a(a), 0)dt 

o 

^2 

- X of(a), o)Da(a)dt 

o 

- X^ of(a), x) + H^(a, a(a), x)Da(a)| | . 


Hence 


!lDF^(a)ll < IIL'^II lle^ + e^T^ll llDall^ 


{ IlL-’ll ( lle^ * e^T^ll ^ xll/ R^ll + ^^llHj,||) } 

^ cOg O 

{ lIL-'ll (mi/ Rell * ^^IlHall) 

O OJg 

IIul-MI (i|c»II + J^Ii/ R|| + X^IIHII )} . 


IlDall 
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We note the following; 


J R^Ct + a, t, a(a), o)dt|| = 0(||a|l) 

o 

J Rg(t + a, t, a(a), o)dt|| = 0(||cr||) 
o 

r"^ 

J R(t + a, t, 0 {(a), o)dt|| = 0(|la||) 




Thus If ilall < r we obtain 


|lDF,(a)|| < M||l:'|| |x| WBocf 


{ Ill'll (ll®a * Vail + ^ )} IID“II 


+ IlDL^ II I r + M(xr + X ) I 

where M Is an appropriate constant. Note that since Lj^(a) Lj^^(a) » I 


DL^L-’ + L^DL-' = 0 and HDL-'|1 < ||L-’||2 IIEL^H . 


Ilex'll 5 THiA IlDLj^^ll = 0(lx| ) 

we oonoliide that |lDLj^'1| - 0(|x|). Also by straightforward calculations 
we verify that 

lle^ll - 1 + 0 ( 1 ® + |x|r). 

||T II - 0(x2 t |x|r). 


||EP^(a)|| < xMllDal® + 

+ M(xr + x^) I ||Da|| + K(xr + X®). 


If IlDofll < Ti then we want 


(8) 
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(7) after transposing and dividing throu^ by x condition ( 8 ) becomes 

g()i, n) - Mr,® + + M(r + x)| ^ + K(xr + x^) < o. 

Since r - it is elementary to show that there exists a continuous 
function Ti(x) such that g(x, ti(x)) < 0 for x sufficiently small and 
non-negative. 

We thus see that (5) is satisfied and hence there exists a curve 
oc « ?C satisfying (2^). Hence (1) has a repeating solution and since 
p(x) - p- 0 as X -► 0 we conclude the result. 

We now investigate the condition 

(9) K’|I<t^- 

If the z equation is simply 1-dimensional then 

“ ■l + \C(aT ' 


SO if 



t )dt > A > 0 


for all a and if X > 0 then 


IIL 


-1 

X 


- 1 +XA ' 


To discuss the two dimensional situation we use the following 
formula for the Hilbert space norm of any 2 -square matrix M. 

(10) . ^ N(Mh(N"(M)-4D(M)^)* |^ 


where N(M) * and D(M) * determinant of M. The formula (10) 

may be calculated by simply maximizing the function of two variables 
f(x) - ||Mx|| with the condition |ix|| * i. Prom (10) and 


M 


-1 


Ad.iM 


we see that 


I1M‘ 


-li 


|n(M) + (N(M)® - /-JiDm) . 


Setting M ■ Lj^(a) * I + xC(a) we see that 
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N(M) - 2 |l + xtrC(a) + ^ N(C(a))) 

D(M) - 1 + \trC(a) + X®D(C(a)), 

and 

/ i+x(trC(a)WEg(x.)(a)+x/ 2 N(C(a)) 

( 11 ) ||L,’(a)|| . -;-- 

' (l+XtrC(a))2+x%(x)(a) f 

where 

E,(x)(a) = ^ItL C|a . )) - D(C(a))) | 2(i + \tK!(a)) 

. x2 j,(C(a))} 


and Eq(\)(&) » 2D(C(a))(l + xtrC(a)) + X^D^(C(a)). Let H(x) be the 
quantity Inside the large parentheses in (n). Condition (9) is equivalent 
then with 


that is, 
( 12 ) 


H(X) < 2 ' 

(l+XA) 


s(X) = H(X)(1 + XA)^ - 1 < 0 . 


Now s(o) = H(o) - 1 = 0 and 

s»(0) » 2A + H*(o) = 2A + >/E^ (0) - trC. 

Now there will exist A > 0 such that (i2) obtains if •/e^ (o) < trC where 
E^(0) » N(C(a)) - 2D(C(a)). Thus if for all aefo, ] 

(N(C(a)) - 2 D(C(a))j ^ < trC(a) 

we may conclude that (1) has a repeating solution according to the above 
theorem . 

We note that in case A is a constant matrix with distinct 
positive roots that we may assume by a linear change of variables that A 
has the form 
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and (N(C) - 2D(C))^ * |n^ - Ugl < result hold. 

Similar statements can he made about special cases. 
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XV. BOUNDS FOR PERIODS OP PERIODIC SOLUTIONS 


Stephen P. Dillherto 


1. The Problem 

Let X = u(t) be a periodic solution, of period to, of the two 
dimensional system of real first order ordinary differential equations 

(1 ) ^ 

where x - x^) and X(x)€C^ for all x. Let A be a region which 

is bounded both from infinity and the singular points of X. We shall show 
in this case that if the periodic solution u(t) lies in A there is an 
■Qpp©i» bound for to, the period of u, which depends solely on llXjl, 
certain curvatures, and some measure of the two boimdedness properties of A. 

We shall use the following device for characterizing that A is 
bounded both from infinity and the singular points of X; There exists a 
region B of finite area B; free of singular points, and containing A 
in its interior — specifically we shall suppose that peA, q/B implies 
dlst (p, q) > d > 0. 

Let H(x) and H*(x) denote, respectively, the curvature of the 
trajectory and orthogonal trajectory passing through x. In terms of the 
constants let 


m = min HXH > o 
xcA 

K » max [max (H(x), H*(x)) 
xeB L 

" ■ [^' 8^77 ]■ 


^ This work was done in connection with Office of Naval Research Contract 
No. 041-13^* 
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We shall show that 

( 2 ) 


0 ) < 



«p 



In the last section we shall use this boundedness result to es¬ 
tablish a convergence theorem. 


2 . A Formula for H^p(x) 

At a point X, the vectors X * (X^, Xg) and X-L - (- Xg, X^ ) 
define a coordinate system. Let (p bo the angle, measured counterclock¬ 
wise, from X to a segment, L, through x. Let L be parametrized by 
the distance u along L with u = 0 corresponding to the point x. Let 
x(u) denote the point on L determined by u and let X[u] * X(x(u)). 

We define H^(x) as the rate of change (at u = o) of the direction of 
X[u] with respect to u. The following formula will be established 

(3) H^(x) = H(x) cos cp + H*(x) sin cp . 

Let X'^ • (X^, X^) = X^ cos 9 - Xg sin (p, X^ sin <p + Xg cos (p)* 

Then 

x(u) = X + u X^ . 

In obtaining H^p(x) we must first find ©(u) the angle between X[u] and 
a fixed direction and then calculate 

u»o 

Since this will be the same for any fixed direction, the most convenient 
choice for this direction is X*^. Clearly, 


H^(x) = e(u) 


9 


"!lu. 


cos"^ 


. d[ ] 


iu 


[ ] 


)( 


d[ ] 
du 


. (xi,X[u] ) ] 
l|X(u]|| ||XI||J 


1 d 
sin du 


(xl.X[u] ) ' 
l|X(u]|| ||xi||J 


u*o 
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Consequently, 

Hcp(x) 




.Hj 

’ is ) 

u*o 





I1X(0)|| 



cos <p 

{- 

^x. 

dX, 

.x„-i- 

„2 ^ ^^2 j,2 


11X11 3 

1 

3x, 

' ® dXg 


ax. 

sin <p 


-xf - 

3Xi 

— ^ x,x„ 

ax 

- - X,X„ H 

.^x 

IIXIl^ 

1 ^X. 

2 

1 

ax, ’ 2 

ax, ' " 

SXg 


The formula ( 3 ) follows from this by observing that » H(x) is ob¬ 
vious; and that since can be obtained from H(x) by substituting 

- Xg for and X^ for Xg, one has “ H*. 


3 * Proof of Inequality ( 2 ) 

Let Sp(p) denote the circle with center p and radius p. We 
shall say a solution u(t) "enters a region just once" if u(t) passes 
throxigh p and meets the boundary of S^Cp) in exactly two points. The 
principle idea of our proof is contained in the following 

LPMMA. A periodic solution u(t) enters S^Cp) 

just once. 

PROOF. Prom the formula of the last section, it follows that if qcSg^Cp) 
the angle between X(p) and X(q) is less than (or equal) 

( —\ (max |H_| ) < — . 

Uk/2 / ^ - 4 

As a result, the diameter L of S 2 p(p) through p and perpendicular to 
X(p) is a segment without contact. We shall show (below) that if q€3p(p) 
then the solution through q cuts L. This, plus the fact that a periodic 
solution meets a segment without contact just once, implies that if q 
lies on u(t) it must lie on the arc of u(t) through p: u(t) enters 
Sp(p) just once. 

We shall show that q€Sp(p) implies the solution through q 
cuts L. At p, X(p) and xi(p) determine a coordinate system. We 
shall suppose that q lies in the second or third quadrant, the other case 
reduces to this by reversing t. Suppose that q is in the second quadrant 
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(the other case Is similar). The two lines L + and L - through q with 
slope + 1 and - i, respectively, cut L at q + and q - on L. At 

each point r in the triangle qq+q-, X(r) has a component > m in 

"■ *72 

the X(p) direction. This, plus the fact that the solution through q 
cannot leave the triangle on the sides qq+ or qq- at any point r (or 


else the angle between X(r) and X(p) exceeds 


leave througpi q+q- 
proves the lemma. 


(in a time less than p 

V2 


■J-), imply that it must 
and so cuts L. This 


We shall now derive the inequality (2). We shall construct a 
sequence of points p^ = u(tj_) according to this rule: Let p^ = u(o). 

Let t^ > 0 be the smallest value of t > o such that u(t) lies on the 
boiindary of Sp(pQ). When p^, ..., Pj^ have been determined let 
be the smallest value of ^ such that p^^^^ = u(tj^^^) lies on the 

boundary of Sp(pj^) but not inside any Sp(pj) for j < k. The Important 
property of the sequence is that dlst (p^^, P j ) > p for 1 / j. Conse¬ 
quently the circles 3i (p^) are disjoint and lie entirely inside B. 

2p -I- hta 

Thus the number r of such circles Si (p^) can not exceed —~ . 

^ jtp*^ 

By elementary properties of curvature the length of arc from p^ 
to pj^^^ is at most p -/i . The time required to travel from p^ to 

is then at most p. Including the two arcs from p^_^ to p^ and p^ 

to Pq we have 


(4) 





(5) 


A Uniform Convergence Theorem 


THEOREM. Let 

^ = X(x, X) 

be a system of real first order ordinary differential 
equations where X is C^ in x » (x^, Xg) for all 
X, C® in X for 0* < x > l, and where the singu¬ 
lar points are the same for all X. 

If for X > 0, the eqiiations have a family of periodic 
solutions X « u(t, x) lying in a region A which is 
bounded and strictly Interior to a region B, not in¬ 
cluding singular points, in which the curvatures are 
imlformly bounded then the equation 
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( 6 ) 


X(x, 0 ) 

has a periodic solution. 


The proof Is clear: Since the periods are bounded, choose a sub¬ 
sequence so that as 1 —*> «>, ► o, and (the period of 

X = u(t, X^)) converges to cd. Because of the curvature bounds, the 
x(t, X^) are equl--uniformly continuous. By Arzela’s Theorem there is a 
subsequence x = u(t, X ) which converges uniformly to u(t). u(t) is 
obviously periodic and a solution of equation (5). 


Rotated Vector Fields 

The uniform convergence theorem of the last section gives a very 
direct way of establishing the principal theorem on rotated vector fields. 
This concerns a result about the periodic solutions of the equations 

(7) ^ » X(x, a), 

where X(x, o) = X(x) is c’ for all x = (x,, Xg) and the vector 

X(x, Of) is obtained by rotating X through the angle oc co-unterclockwise. 

Note that the singular points remain fixed as a varies. 

By an annular ring of curves in the plane we shall mean a set of 
curves generated by a topological mapping of the annulus a < r < b (or 
a < r < b if the sinnulus is "open”) into the pleine and such that the 
circle r = constant, o < qp < 2^ are mapped into the curves. Including 
infinity in the set of singular points the theorem in question is; 

FUNDAMENTAL THEOREM ON ROTATED VECTOR FIELDS. Each 
periodic solution of (6) is contained in an open 
annular ring of periodic solutions having singular 
points on both the inner and outer boundary. The 
angle a is a continuous function of r the radial 
parameter. 

It is to be observed in what follows that a(r) is not monotone. 
The first step in proving the theorem is to characterize periodic solu¬ 
tions in some local manner. Let x * u(t, cr^) be a periodic solution of 
equation (6) for oe • oc^; and suppose that the solution is traversed 
counterclockwise by t. (The ensuing discussion requires only minor 
changes if u is oriented clockwise.) Let L be a segment perpendicular 
to u at some point, say u(o), and parametrized by a real niamber X; 
let X * 0 correspond to u(o) and x < o bo outside of u. If L is 
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short enough it intersects u(t) in the one point. For each value x let 
f(\, a) be the value of X determined by the next intersection with L 
of the solution of (6) through x. f(x, a) is defined only for values of 
X near zero and for a near of^. 

LEMMA 1. In a neighborhood of X » 0, or » f(x, a) 

is continuous and oc^ > f(x, ) > f(x, Og). 

The continuity of f(x, a^) is classical and its strict mono- 
tonicity is obvious. 

Now the periodic solution u(t) corresponds to X = o, where 
f(0, a^) = 0; ^and may be characterized by the behavior of f(x, a^) near 
X = 0. In particular periodic solutions correspond to values of x such 
that f(x, Oq) » X. 

Let g(x, a) = f(X, a) - X. Then g(x, ) > g(x, a^) if 
of^ > ofg, as for f; and periodic solutions correspond to the zeros of 
g(X, Of). The monotone properties of g imply that for some 6 and 
“i ^2* Qf^ ) < 0 and g(x^, of^) > 0 if | x| < 6 . Clearly for 

each X with | x| <8 there exists a(x), continuous in x, with 

< a < Og such that g(x, a(a)) «= 0. Thus each periodic solution 
X * u(t, Oq) is a member of a radial band (actually an interior member). 

Prom the above it follows that each periodic solution x = u(t, 
belongs to some maximal open annulus, A, of periodic solutions. Let 
a < r < b be the annulus A. We shall show that if the annulus A has no 
singular point on its boundary it is not maximal. Choose a sequence r^^ 
so that —»■ b and a(r^) —► mod 2n. If the annulus has no 

singular points on its outer boundary, the conditions of Theorem i are 
satisfied, hence u(t, a(r^)) u(t, a^), a periodic solution. But we 
have shown in the previous paragraph that each periodic solution is an in¬ 
terior curve for some annulus, hence A is not maximal. This contra¬ 
diction establishes the theorem. 
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XVT. ONE-DIMENSIONAL REPEATING CURVES IN 
THE NON-DEGENERATE CASE* 

Paul Koosis 

1 . Introduction 

We shall consider solutions of the system 

= 1 + zF(6^, Q^, z) + €P(e^, z) 

(O 62 “! + zG ^ 2 .* 

z = A( 0 ^, e^)z 4 - z^H( 0 ^, e^, z) + €R(e^, z). 

Here € is a small parameter. The functions A, P, G, H, P, Q, and R 
are all periodic in and with periods and cu^ respectively. 

Also, we assume that these functions have continuous first partial deriva¬ 
tives in e^, e^, and z. 

When € = 0 , a family of solution curves of these equations is: 

= a + t 

z * 0 . 

Throughout this paper, we shall consider ( 0 ,, 0 ^, z) as Cartesian Co¬ 
ordinates, and a point (a, b, c) will denote the values 0 ^ « a, 0 ^ ® b, 

z * c. If we do this, the aforementioned solution curves generate a sur¬ 
face Eq, the which is invariant to all translations of 

the form 0 ^ —► 0 ^ + » 9 ^ + laog, n and m integers. 

We inquire as to under what conditions does there exist, for 
€ ^ 0 , a surface consisting of solution curves to the system (l ) so 

"w - 

This work was done in connection with Office of Naval Research Contract 
No. Nonr-222(25). 
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that the tend to as c —► o and z^ is also invariant to these 
translations. In our discussion, we shall use, besides the standard exist¬ 
ence and continuity theorems for differential equations [ i ], the Schauder- 
Leray fixed point theorem for Banach spaces, [ 2 ]. 

LEMMA 1 . 1 . Let be a solution curve to the system 

(1 ) passing through the point (a, b, c) and a 
solution curve passing throu^ (a + b, c). Then, 
on maicing the translation ^ ^2* 

z —> z, the curve is broijght into congruence 

with Tg. 

This follows from the fact that A, P, G, H, P, Q, and R all 
have period in ©^, and the standard uniqueness theorem for differ¬ 

ential equations. 

REJyiARK. Solution c\irves to (l) passing through (a, 0 , c) cut 
the plane ©g ® tOg for Ul and |c | small enough. For if c = c = 0 , 
the solution curves ©^ * a + t, ©g = t, z - 0 cut the plane ©g * 2 a)g, 
so by the theorem concerning continuous change of parameters, if |c I and 
|€| are small enou^, the solution curves passing through points (a, 0 , c) 
will come so close to the plane ©g = 2 a >2 that they will also cut the plane 

©2 * a>g. 

For |c I and Ic | small enough, the (unique) solution curve r 
passing through (a, 0 , c) cuts the plane * ^2 ^ which we 

shall denote by (a, oig, c). Let us write ®®(a, c) « (a, c). The trans¬ 
formation is then defined for all points (a, c) with |c| < h pro¬ 
vided that Ul < h, if h is a small positive number. is one-one 

by the uniqueness theorems, and continuous, by the theorem on continuous 
change of parameters. We therefore have; 


LEMMA 1 . 2 . If h is small enough and | € | < h, the 
transformation is topological on the strip 

{(a, c) I lc| < h). 


Suppose 
g(a + CO.) 
tlon 

Lemma 1.1 
lies on 


Let 7 be a curve lying in the strip | c | < h of Lemma 1 . 2 . 

7 is given in the form c » g(a) and suppose furthermore that 
» g(a), i.e., 7 has period co^ in a. Then the transforma- 

maps 7 on some curve 7 consisting of points (a, c). By 
(a, c) will lie on the curve 7 if and only if (a + co^, c) 
7, i.e., 7 has period co^ in a if 7 has period co^ in 


a. 
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Ve nov maice a moi*© detailed study of the system (i). For our pur¬ 
poses, It is best to rewrite these equations as follows: 


( 2 ) 


de, 

l+zF+eP 


1+zG+eQ 

dz . 

Az+z^H+eR 

dOg 

1 +zG+eQ 


For 0 small enough in absolute value there exists a unique solution pass¬ 
ing throu^ (a, o, c) which we shall write in the form 


0 ^ (a, c, © 2 ) 

Z (a, c, © 2 ) • 


Here the functions on the right have continuous first partial derivatives 
in a, c, and 6 ^ and are analytic in e near e = 0. Also, by the dis¬ 
cussion of Section i, 0 ^(a, c, Q^) and Z^(a, c, 9^) are defined on the 
whole interval o < if Ic| and Icj are small enough* In the 

notation of Section l we have: 


a » e^(a, c, tOg) 
c = Z^(a, c, 0 )^) 


We now make the 


ASSUMPTION. The quantity 




is <0 for all a. 

Since A(e^ + < 0 ^, Og) - A(ep the numbers Mg^ are uniformly 

bounded away from zero. 

Using this assumption we obtain estimates for the four quantities 


^ ^ M and ^ 

da' dc' da do 


Let € ■ 0 and c - 0 . Then the solution to the system ( 2 ) is 
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e 


1 


a + eg 


z 


0 


whence a «= a + (Og and therefore 


ba. 


1, 


8a . 


0 


for c and e = o. We determine the other two quantities for e and c = 0. 
If u denotes either of the quantities a or c, and we use subscripts 
to denote partial differentiation in the usual way, we obtain from the second 
of the equations (2): 


A . Z 1. 4. A 4. ,TI , 

aeT TT5!r ^9, ^ 


t 

39 39 

+ 2Z^H + ZHg^ + ZHg^ ^ 

■ * ^z^u * ^9, air * ^9^ air}) 


in case € =* 0. If also c = o, z * o for all and we obtain 


dZu . 

357' Az, 


u 


so that 


r 2 -M 


Now clearly 


z„(o) 


z<j(o) 


8c 

’ba 


8c . 
:5c “ ^ 


so for € and c « o. 


8c 


8c _ ^-Ma 




e < 1. 


Since the fo\ir partial derivatives 

8a 8a 8c 


■§a' *5^' "Sa^ 


■, and |£- 
8c 



ONE-DIMENSIONAL REPEATING CURVES 


201 


are continuous in a and c (In fact, mlformly continuous In a because 
of the periodicity of the functions on the rl^t of ( 2 )) and analytic In 
€ we obtain: 



LEMMA 2.3 Let 7:0 = g(a) be a curve lying In 
|c I < h such that g'(a) = ^ exists and Is bounded 
for all a. Then, If h Is small enough and jc | < h, 

7 * 7 Is a differentiable curve lying In jc1 < h. 

Moreover^ If p Is a point of 7 for which | ^ | < ^ ^ 

then I — I < 1 at the corresponding point p = o^p of 7. 
I da I “ 

PROOF. 



be 

dc 

/dc 

dc 


-Sc 

\Ha 

da 

da 

^ da 

/dc' 



-dc 



exists If the denominator on the right side Is different from zero. But 
by Lemma 2 . 1 , 



< 5 , 



dc 

SO the denominator ^ different from zero If ^ Is bo\mded, and 5, l.e., 

h. Is small enough. That 7 lies In |c| < h follows from Lemma 2 . 2 . 
Using the Inequalities of Lemma 2 . 1 , 
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do 

da 


< 


'-•('•liil) 


1-28 


If 


1^1 s ’• 


If h 13 so amall that 48 < i - e 


-M 


then |—I 
da 


< 1 . 


3- 


We nov combine the resiilts of Sections 1 and 2 In order to es¬ 
tablish the result of this paper. 


LEMMA 3*l* For h sufficiently small. If |€| < h and 

7 Is a curve In |c| < h for which |c^ " 1 - I®*! “ 

{a.^, Cj^) on 7, then y = *^7 lies In |c| < h and 

lO) - Ogl < |S, - agl for (5^^, 5^^) on 7 . 

PROOF. Let h be chosen so small that the conclusion of Lemma 2.3 holds. 
Let (a^, c^) be a point of 7 so that for any other point (a, c) of 
7 , |c^ - c| < |a^ - a|. Let us consider (a^ 5^) on 7 ; we wish to 
show that If (a, c) Is on 7 , |c^ - c| < |a^ - a|. 

Let us denote by R the region 

|(a, c) I |c - c, I < |a - a^ I, |c| < h| . 

R Is bounded by the two lines 


: 0 - 0 , » a - a, 

M. : c - c, - a^ - a, 

which meet In the point (a^ c^). Consider the curves: and 

They Intersect In the point (a^, c^). By Lemma 1 . 2 , 
maps R topologically on a region R. Since and form the 
boundary of R, R Is one of the two regions In | c 1 < h bounded by 
and M.. Qy Lemma 2.3 the curves and M^, as well as any curve 
I « ♦ 1, where 1 Is any line In R, all have slopes of absolute value 
less than one everywhere. Therefore R Is that region bounded by M 
and M_ which Is contained In the set 

j(a, 5) I |5 - 6,1 < |a - a, 1, |o| <h|. 

Since 7 lies In R, 7 lies In R, and the result Is proved. 
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REMARK. If 7 is a curve having the same property as in the a- 
hove Lemma, then for some function g, 7 is the set of points (a, c) for 
which c ■ g(a). For if (a^, c^) and (ag, Cg) lie on 7, a^ - a^ 
implies “ ^2’ 

Consider now the Banach apace B of all continuous functions 
f (a) on the real line for which f (a + ) « f (a), using the uniform norm. 

Consider the subset D of B, consisting of functions g for which 
|g(a)| < h for all a, and Ig(a^) - g(ag)| < |a^ - ag|. D is a bounded 
convex subset of B, and is compact in B by Ascoll *3 theorem. If h is 
small enough and | e | < hj the function Induces naturally a continuous 
mapping of D into Itself by Lemma 3*1 • Namely, to g(a) in D 
corresponds a curve 7:0 = g(a); and if 7 = ®^ 7 ; 7 Is given by some 
function c » g(a), and g(a) also lies in D, by this Lemma. We write 
g = Tgg • : D —> D. The continuity of follows from the theorems 

on continuous change of parameters in a differential equation. 

By the Schauder-Leray theorem, has a fixed point in D; 

i.e., for some g, T^g = g. Therefore, If 7 is the curve c » g(a), the 
curves 7 and 7 = are identical. Now consider the surface con¬ 

sisting of all solution curves to equations (i) passing through the points 
(a, 0, 0) with (a, c) on 7- The surface Eg intersects the plane 
Og » ojg in a curve 7, and by the above discussion, 7 and 7 are 
brought into congruence on making the translation 



It follows that Eg is invariant to translations of the form Sg —^ ©2 +<02' 

and hence also to translations of the form ©g —> ©2 + ® 

teger, by the uniqueness theorem for differential systems, since A, P, G, 

H, P, Q, and R have period ojg in ©g. By Lemma l.l. Eg is also in¬ 
variant to translations of the form —> ©^ + nu)^, n an Integer, 

since the curve 7 has period in a. We have therefore found, for 

I € 1 small enough, a surface Eg consisting of solution curves of (1 ) 
which is invariant to all translations 



z —> z . 

For each h, h small enough, find two such invariant siirfaces Eg for 



KOOSIS 


€ « + h. Then, for Ic] small enough# a family of invariant surfaces 

so that Zg tends to z^ as € -► 0 has been found, where Z^ is the 

- ©2 plane. 

We have proved: 

THEOREM. Consider the system 

* 1 + zP(e^, ©g, z) + €P(©^, ©g, z) 

©2=1+ zG(©,, ©g, z) + €Q(©,, ©g, z) 

z * A(©^, ©g)z + z^H( 0 ^, ©g, z) + €R(0^, ©g, z) 

where all the functions on the right have continuous 
first partial derivatives, and have periods in 

©^ and a>g in ©g. If 


J A(a + ©g, e2)d©2 < 0 


for all a, then there exists for any c small enough 
in absolute value a surface z^ consisting of solution 
curves to the system, such that z^ is Invariant to 
all translations of the form 


n and m integral. The surfaces z^ tend to the 
©^ - ©2 plane as € - > o. 

REMARK. The theorem is also true if 


J A(a + ©g, 0 g)d 0 g > 0 


for all a, as is seen by using the plane ©g - - ojg instead of ©g = osg 
in Section 2 . So we may replace the condition 

J A(a + ©g, ©g)d0g < 0 by J A(a + ©g, 02)d©g o 


for all a. 
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